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\ T Ear Union Stairs in Wag ping, young Gentle- 
men are boarded and taught the Mathe- 
matics and Merchants Accompts, by Thomas Ha- 
ſelden, formerly Teacher of the Mathematics to 
his Majeſty's Volunteers in the Royal Navy. 
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| HE knidwikdhee of the Mathema- 
tics has ever been judg'd abſolutely 


neceſſary for the underftanding of 
N Shia Philoſophy. And it is well known 
that the moſt antient Philoſophers did ne- 
ver admit into their Schools any one who 
was not beforehand mw equip d with this 
kind of learning. 

Such knowledge is more eſpecially re- 
quiſite at this time o day for thoſe perſons 
who frequent the College Royal, ſince the 
Natural Philoſophy there illuſtrated, is no 


other than a continual application of Ma- 


thematics to the various Branches of that 
Science. 


And yet it to falls out, that very few of © 


thoſe who attend our Exerciſes, are herein 


ſo well inſtructed, as to be. able to keep 
pace with us: this induces us to the pub- 
liſning theſe Leſſons, which contain no more 


of the Science than what is neceſſarily in- 
troductory to Philoſophy, and to put them 
into their hands, that ſo they may be 


brought the more eaſily to acquaint them- 
ſelves with as many particulars of it as are 


fully ſufficient to the matter wg arc to be 


inſtructed i = 
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Advertiſem ent. 


Theſe Leſſons are however a ſhort Epi- 
tome of all the eſſential Propoſitions in the 
Elements of Mathematics, which Propoſi- 


tions will be found to be ſo immediately 
deducible from one another, that thoſe we 


have omitted may be look'd upon as need- 
leſs; and the prodigious number of them 


would ſerve only to render that Study diffi- | 


cult and impracticable, which in reality is 
the moſt caſy of all others, and may be 
call d the Key of them. 

Theſe Propoſitions are ſo naturally dil- 


pos'd, that you may paſs on with no leſs 


difficulty from the tenth to the eleyenth, 


or from the hundredth to the hundred — 
firſt, Oc. than from the firſt to the ſecond; 


d that in a ſhort time, without calling 1 in 


any other afliſtance, you may of your ſelf 


become maſter of as much as is requiſite to 
the reading of all the Books in Mathema- 
tics, Geometry, and N atural Philolophy that 
are yet extant, 


But notwithſtanding our utmoſt endea- 
your to remove in theſe Leſſons all the 


difficulties which uſually oppole beginners, 


if it ſhould ſo fall out that there is need of a 


further. illuſtration, the free acceſs which 
they have to the College at the known 
hours, where they may be ſatisfy'd on the 
ſpot, will clear the way, ſo that nothing 
needs impede their progreſs. 


j bh Advice 


Advertiſement. 


Advice to Beginners. 


It is no ways neceſſary, towards a ſpeedy 
408 ſound progreſs in the Mathematics, to 
be ſollicitous about retaining the ſubſtance 
of theſe Lectures in the memory. They 
' ſhould be read Article by Article, 155 forth- 
with put in practice with the pen, till by 
repeated uſe they become familiar; a new 
dne being never to be enter*d upon, till the 
precedent one be throughly maſtered. If 
this method be purſu'd, the Mathematics, 
which at firſt ſight are apt to excite terrible 
apprehenſions in beginners, will be ſoon 
- found to be the leaſt difficult of all the 
Sciences; that in general, all perſons who 
have the uſe of reaſon, are capable of learn- 
ing them, and that no more than a mode- 
rate ſhare of time is neceſſary thereunto, 
A Maſter ſhould never, on any ſcore, be 
conſulted, before the retarding difficulty has 
been ſuffciently ſtruggled with and found 
too mighty; the Leſſon ſhould be read over 
and throughly confider'd again and again, 
without forgetting to confult the marginal 
: Articles, which ſhew how the thing under 
5 confideration i is deduced, and to obſerve the 
general and particular connexions which eve 
ry Article has with the precedent ones. 
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Advertiſement. 


If the audy of the Mathematics be thus 
carried on, a little time will advance the 
| ns to the Art of Arts, the Art of Think- 
ing, or of conducting Reaſon i in the ſearch 


ny ol Truth, and of communicating ſuch 


Truth to * Pin when it is diſcover'd: So 
that even thoſe who are diſpos'd to ſlight 


the object of this Science, may notwith- 
ſtanding conſider N umbers and Figures as 
examples to which the rules of Reaſon are 


applicable in their utmoſt extent, which 
may induce them to ſet aſide ſome leiſure 


hours for inſtructing themſelves therein. 
We know that God himſelf has made all 


things in number, weight, and meaſure, 


and that thoſe who would arrive at perfec- 
tion in their undertakings, cannot do better 
than to imitate him. Number, weight, and 
meaſure, are the objects of the three princi- 


pal parts of the Mathematics, namely, of 
Arithmetic, of Mechanics, and of Geome- 


try, and on theſe all the reſt depend. 


There is one inconvenience which ſeems : 
to offer it ſelf, I mean that the greater part 
of thoſe who might be induc'd by theſe mo-— 


tives to ſtudy the Mathematics, as all may 


and ought to do, muſt not have too much 
of their precious time taken up therein. 
Our principal view in theſe Leſſons has 
been to: keep clear of this inconvenience, . 


and experience will convince thoſe who will 
let 
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Advertiſement. 
ſet themſelves about it, let them be ever 
ſo little habituated to labours of the mind, 
that they may acquire a thorough know- 
ledge in Mathematics, without being ſenſi- 
bly miſled from their neceſſary occupations ; | 


nay, on the contrary,” they'll find ſuch in- 
quiries to help them forwards in all occa- 


ſions of life. N 64% 9 
If they are able, without any other - 
fiſtance, to underſtand the ſubſtance of theſe 

Lectures, then are they ſuch as they would 


deſire them to be; let this be the mark 


whereby they ſhall diſtinguiſh in due time, 


whether our labours merit their attention. 


+ 


ca. 


Second Advertiſement. 


I. 


Ou have here a Collection of : Ma- 


YM thematic Leſſons, which the publick 
ſeems to deſire with impatience ; and tho 


it be reduc'd to a very {mall Volume, it is 


not however to be look'd upon as an Abridg- 
ment, but on the contrary, as the moſt am- 
ple Treatiſe of Calculus that has yet ap- 
pear'd. 
All the Operations in whole! Numbers, 
Fractions, Radicals, Polynomes, and the 
Exponents of Powers, are here laid down, ac- 


curately demonſtrated, and deduc'd direct- 


ly from the Definitions of thoſe Operations; 
as well as ſuch fundamental properties of 
Numbers as ſerve for Principles to thoſe 
Operations. 
But we have in theſe deductions diligent- 
 Iy ſtudied to avoid uſing any foreign helps, 
ſuch as the theory of ratios ſimple and com- 
pound, thoſe of proportions and progreſſi- 
ons, of figurate numbers, of combinations, 
of the reſolution of equations, c. which 


are here wholly omitted, but of which we 


ſhall 
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Second Advertiſement. 


hall give particular Treatiſes, and theſe be- 


ing diſengaged from the ſubjects compris'd 
in theſe firſt Lectures will be more fimple, 


more exact, fuller, and more intelligible, 


and at the ſame time ſhorter than thoſe we 
have hitherto had; theſe Treatiſes will be 


the fruits of the preceding ones. 
"i 


As we cannot with too much care avoid 


laying a multitude of objects at once before 
the minds of beginners, which would con- 


found their ideas, and blunt the point of 


their attention; our principal view in theſe 
Lectures has, and ſhall always be, to ren- 
der theſe Treatiſes independent one of ano- 


ther, and in this will conſiſt the ſpecial cha- 
racter of this Work. 


But it has been no eaſy task to do this, 


for we have been oblig d to melt down 
the whole Matter, if we may uſe this 


expfeſſion, in order to give it a new 
form; we have been oblig d to gather to- 
gether things that were widely ſcatter d, 


and to find out almoſt every where new 


demonſtrations to connect them together; 


we dare not however promiſe our ſelves 
that we have executed our project with all 
requiſite cxacinels, and that there is no 


room 


Second Advertiſement. 


zoom left to reviſe it; nevertheleſs I hope 


the reader will take it kindly of me to 


have put him in a condition te purſue 


the deſign that we have propos d, vi. 
of rendring cafy a Science, which is, as 
one may ſay, the cradle of the reſt, ne- 


ceſſary to all, and to the acquiring of 


which we have not a very large portion 


of time to ſpare; for we are not made 
to calculate numbers, nor to meaſure lines 


only. 
III. 
As we cannot arrive to the knowledge 


of what we are ignorant of, but by princi- 
ples already known, and the imagination 


of beginners being commonly ſo far re- 
mod, as well from a general and ab- 


ſtrated way of thinking on ſuch princi- 
ples, tho* never ſo ſimple, as from conſe- 
quences that are more compounded ; I 


-4 have w ith; the lame care endeayour'd nor 


to throw at once the imagination of my 
reader into ſuch a general way of reaſoning, 
which can be attain'd only by refining and 
enlarging the mind ; and this can be done 
but by degrees. 1 

For this reaſon, in treating of whole 
numbers for example, I have not endea- 
Me: - | youred 
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Sec oud Advertiſement. 


voured to give the demonſtrations of the 
operations ſo general a turn as might ex- 
tend to Fractions, to Radicals, &c. of which 
the reader can as yet have no diſtinct no- 


tion, becauſe one only word is often ſuffi» 


cient to give & generality to demonſtra- 
tions that will take in theſe new objects 
as ſoon as they offer, and that the imagi- 
nation of the reader ſeldom finds it felf 
ſufficiently diſpos'd to fall in with theſe. 


general demonſtrations, till he arrives at 6 


the end of the Calculus. 

ork. AW 1 
For the fame reaſon T have not fol- 
low'd the method hitherto practis d, vis. 
to lay down at firſt long abſtracted rules. 
which cannot preſently be underſtood, nor 


can ever be comprehended but with in- 
finite trouble; but proceeding ſtep by 


ſtep, and always preſerving the light o 


evidence, I at laſt come to the general 


rule which I lay down, and which at the 


lame time is demonſtrated in all its caſes. 


V. The. 


PS. 


Second Advertiſement. 


1 wks 5 
The firſt Leſſon treats of the r 


Operations in Whole Numbers, Which are 


Numeration, Addition, Subtraction, Mul- 
tiplication, 1 Diviſion. 


The ſecond cderprch nd all the Raine 

ations in Fractions, which ariſe from 

Diviſion, and all the preparations neceſſary” 
to theſe O — 


The third contains the compoſition of 


Powers, and the extraction of the Roots of 


Numbers both whole and fracted. 1 make 
uſe hut of one general rule only for the 
extraction of Roots, which extends it ſelf to 
all degree without uſing a formula. 


N on * 


The Furth contains all the ſundamental . 


| properties of Numbers, theſe I reduce to 


four Operations which ſerve as preparations 
to tie Calcatus following, and which very 
much contribute to the eaſy retaining theſe 
properties, the 7 to the Science of N um- 
bers. 


Theſe "EO are, if | To find the 
greateſt common Diviſor of two or more 
7 EC. Numbers. 


* 


Second Advertiſement. 
Numbers. 2, To find their leaſt Multi- by 
plc: 3 BO firid all the ſimple or prime 


SN ns 4, Te 0 find all the Diviſors of 
1 Hoy umber. | 


The fifth dukes the Cee of” Rady 
cals, which are a conſequence of the ex- 
traction of Roots. Here may be obſerv'd 
the new method I uſe in paſſing from the 
Calculus of rational Numbers to Irrationals, 
and which ſaves a great many uſeleſs Pro- 

poſitions. 

The ſixth Leſſon contains the Calculus 
of Polynomes, commonly call d Algebra; 
here we ſhall ſee that this Calculus is a 
conſequence of the foregoing; and as it 
comprehends all thoſe that go. before, 'it 
could not be perfectly unde 00 but in 
the place where we have put it, Which 
contributes very much to the rendring, bt 
caly. FR © os. an 


8 


The eh Leſſon is no more than a 
conſequence of the foregoing, one. . 


2 wy , 


4 The eighth and laſt Leſſon contains the 
Calculus of Powers by their Exponents; * 
; which has ſo much contributed in our days 
to ſuch profound diſcoyeries in all the ma- 
dhematieal 


Second Advertiſement. 
thematical Sciences and Natural Philoſo 
phy: We ſhall here find it treated of ii 
its utmoſt extent, and intirely deducec 
from what goes before, which has not yet 

| been done, that I know of, to the preſent 


time. 
; ; 
SS 7 
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Preliminary Definitions. 
a ; I. 5 . 


Ropofi 1t1en, is here the <a Name given to | 
a Diſcourſe, by means of which * Reader 


P 


15 inſtructed i in 2. thing. 
| 
Devaning tion, is a Diſcourſe by which the truth | 
of a has and is made — 


Con EY is a Diſcourſe which: prepares the 
way for the Demonſtration of a © 22g Fon. — 


Definition, is a Propoſition by which we attri- 5 


tribute a Name to a Thing, and never ſtands 1 in 
need of a Demonſtration. : 
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| Thea is a Propotition by which. we attri- 
1 " ſome Property to a Ta 
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Problem, is a Nepal which orders ſome- \ 
thing to be done. iz „ 


3 vn. Aa 
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tion. 


vn. 


3 is a Theorem ſo clear chat it bas no 


need * * demonſtrared. | 


VIII. 
Poſtulate, is a Problem ſo oaks to execute, chat 


4 there is no need of a Conſtruction. 


IX. 
Corollary, is a \« Conſequence of another Propoſi- 
5 is a 3 which ſerves * no 


85 other uſe, but the Demonitration of others. 


The principal Parts of the Mathematics are, 


Arithmetic, Algebra, Analyſis, Geometry, Me- 


chanics, Aſtronomy, Dialling, Geography, A. 
vigation, Acouſtics, or the Science of 8 


a Optics, D opties, e 8 6. 
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FIRST LESSON 


of the fi mple Operation of Arithmetic 


in whole Numbers. 


| PRELIMINARY DEFINITIONS, 


(84% SOS . . 
Bis Y the word Mathematics we underſtand all 


thoſe Sciences which have 3 for 
their Object. 
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TI is every thing which's we can conceive 


| to conſiſt of Parts: Every thing that is capable of 


more and leſs of Augmentation and Diminution: 
Every. thing to which ſomething may be added, 


E f or from which ſome part may be l away: As 


a block of Marble, a heap of Cont . 01 wc 
there are two kinds, VIZ. 


C 
br: 
* 
4 
% 5 5 5 
3 1 
13. | : 
% 2 * 
. 
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Quantity Diſcrete of which the Parts are ſef Spa- 


rated, and — Continued of which * Parts 1 
are united. | 8 
g (4) „ "IV. 


Quantity Diſcrete is call'd Nane of which * 


— moſt ſimple is or One. | 
TT 


4 Mat hematic Leſſons. 


That Science which treats of Number or Quan- 
tity Diſcrete is calPd Arithmetic. * Fr 


(60 „ 


That whick treats of Quantity continued is 


calPd Geometry. 
DEFINITION and PROBLEM I. 


O NUMBER, is to form Numbers by 
the continual Addition of the ſame Num- 

ber, and when that Number is Unity, thoſe which 
are produced are called V hole Numbers. 


T -” 
| ; 80 the firſt and moſt ſimple of all Numbers 


1s | One 
which is expreſs'd by the Sign 1 
One and one form the Number Two 
which is expreſs*d by. the Sign LAS 7a 
Two and one make the Number Three 
which is expreſs*d by the Sign | 
Three and one make the Number Four 
which is expreſs'd by the Sign 5 


Four and one make the Number a ve 


which is expreſs'd by the Sign oe 
Five and one make the. Number Six 
Which is expreſs'd by the Sign 6 
Six and one make the Number Seven 
which is expreſs'd by the Sign 


7 
Seven and one make the Number Eight 


which is expreſs d by the Sigg 8 
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Of the ſimple Operations of Arithmetic. 5 


Eight and one make the number Mine 
which is expreſs'd by the Sign 9 

Nine and one make che Number WM 
and ſo on. 


But as whole Nane will proceed on * In- 
* ſince we may always add Unity to any 
Number how great ſoever it may be, it is plain 


that if we go on to impoſe new Names, and o 
introduce new Signs, which have no relation to 
each other, for Numbers thus generated, the ex- 


preſſion of Numbers would ſoon become 1 imprac- 


ticable. 


To avoid this i inconveniency, we ſtop at Ten; 


we might indeed as well have ſtop'd at Eight, or 


any other Number, and *tis a thing very particu- 
lar, that all Nations ſhould agree in a Matter ſo 
arbitrary as this; but it evidently proceeds from 
the denary Number of our Fingers, and ge we 
naturally Number upon them. 

It has therefore been thought ſufficient to intro- 
duce the ten Signs 9. 8. 7. 6. 5. 4. 3. 2. I. 0. 
which are call'd Figures, of the nine firſt of which, 
the Significations have juſt now been determined, 
and the laſt o which is- called a Cypher. N 
— 


To form then any Nun ſuch an one + for 
Example as ſhall expreſs diſtinctly and commodi- 


oy the Grains in a Sack of Corn. 


, Part all the Grains, which are to be con- 
ser as ſo many Units, into as many little heaps, 


of ten in each heap, as 18 poſlible, which being a 
done there can remain but ine, or eight, or ſe- 


ven, or ſix, or five, or four, or three, or !wo, or 
one, or none, of thoſe Grains. We can therefore 
W S ex _— the number of Grains that remain 

BD 3 | over 


2 2 2 
2 * 


2 2dly, 


* Mathematic Leſſons. 
over and above the tens of Grains by ſome one of 
thoſe Words, and by ſome one of theſe Figures, 


9, or 8, or 7, or 6, or 5, or 4, or 3, or 2, or 
1, or o, which anſwers to that word. 
For Example, if over and above the tens, there 


remain four Grains, then put 4, as at B, and 4 
| ſhall be the Figure expreſſing the odd units; if 
there had been never a Grain remaining, then we 
muſt _ O. „5 


e come now to the tens, which we 


number after the ſame manner as the units, thus. 


8 EE 
Two tens On 8 or Twenty 


Three tens or dag 
r or Forty 


Five tens | or Fifty 


Six tens oy or Sixty 


—— :. ea 
Eight tens | or Eighty 
Nine tens IS or Ninety | 


Finally, ten tens. Bon | 
And by theſe means, after having diſtributed 


all theſe tens, into tens of tens, or having form'd ſo 
many heaps conſiſting of tens of tens, or ſecond 


tens as is poſſible, there can remain at laſt but 
nine, or eight, or ſeven, or ſix, or five, or four, 


or three, or two, or one, or none of theſe firſt 
tens, and conſequently we can always expreſs the 


remainer by ſome one of theſe Figures, 9, or 8, 
or 7, or 6, or 5, or 4, or 3, or 2, or 1, or o, 
which anſwers thereto. For. Example, if fix tens 
remain, we put 6 before the Figure 4 units as at- 
B: and 6 ſhall be the Figures expreſſing tens: if 


7 there had been no remainer, then a Cypher muſt. 


have been placed there. 64. B. 


3. Coming now to tens of tens, or ſecond 


tens, we number them in the ſane manner as be- 


fore; 


P 
n 885 r 


— 0 * 

3 7 3 1 8 : 72 ® . * _ 
8 «Ns r 1 . Eee GA ; e 2 Weng 5 a 1 D n 2 
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fore; for after they are diſtributed into heaps, each 
conſiſting of tens of tens of tens, or third tens, there 
can remain but either ine, or eight, or ſeven, or 


ſix, or foe, or four, or three, of two, or one, or 


none of the ſecond tens, and conſequently that re- 


' mainer may always be expreſs'd by one of the 
Figures, 9, or 8, or 7, or 6, or 5, or 4, or 3, or 
2, or 1, or o, which agrees therewith. For Ex- 

ample, if there remains five ſecond tens, then put 

the Figure 5 before 6, which expreſſes the firſt 


tens, and 5 ſhall be a Figure expreſſing ſecond 

tens, and then the whole will ſtand as at B. 

: ES | . 564 K.. 

4, And proceeding on in the ſame manner, 
we ſhall come to the claſs of tens of tens of tens of 


tens, c. where there can remain but either nine, 


or eight, or ſeven, or fix, or five, or four, or three, 


or t, or one, of theſe compoſitions of tens, which 


we can always expreſs by ſome one of the Figures 
9, or 8, or 7, or 6, or 3, or 4, or 3, or 2, or 


1, which correſponds thereto. And in the end 


we ſhall have the number AB of Grains of Corn, 
how great ſoever it be, expreſs'd in Figures. 


A. 5927605430087598564 . B. | Js. 


ur, Where we may obſerve that gvery F igure 


which compoſes a number AB has #9 values, the 
one proper, which is the number that it ſignifies, 
the other relative, which depends upon the place 
that it poſſeſſes, ä 
So the proper value of 4 is the number four: the 
proper value of 6, is the number Six; but becauſe 
6 ftands in the ſecond place or rank, it does not 
only ſignify ſix, but / tens, which is its relative 


value. The Figure 5 which ſtands in the third 


rank or place ſignifies. five tens of tens, or five /e- 
| "2 4 1 


— 


— 4 : 
— — 
1 —— ro - 
PPP , 2 — 
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cond tens. The Figure 8 which ſtands in the fourth 
place, ſignifies eight tens of tens of tens, or eight 


third tens, and ſo on in ſuch ſort that each unit of 
each rank, whatever it be, is ten units of the 


rank that immedia tely follows it, which muſt be 
well obſerv'd. 

Gy, To avoid the confuſion, which the Names 
that we have juſt given to the ſeveral compoſitions 


of tens of each rank, would create, it has been found 
neceſſary to give chem others, vi. thoſe of hundreds, 

thouſands, millions, miliards, biliards, triliards, qua- 
 iriliards, &c. But that we may not uſe theſe 
Names oftener than is neceſſary, a number AB 
being propos d, we divide it into bars containing 


three Figures each, beginning from B. 


A. 36 528 427 of 594 280 754. B : 
4th, 37. 24. ; iſe, 3a. * TY 


The Grſt — 5 towards B ſhall be units, the ſe- 


cond- thouſands, the third millions; the firſt bar 


after the third ſhall be miliards, the ſecond bili- 
ards, the third triliards, the fourth quatriliards, 


and fo on ad inſinitum. 


Obſerving that by the word hundred is meant 


ten tens; by the word thouſand, ten tens of tens, 


or ten hundred; by the word millions, ten hun- 


dreds of thouſands by that of miliard, ten hun- 


dreds of millions and by that of Pitiard: ten hun- 


dreds on: miliards, and ſo on. 


(9.) 3 


So that to pronounce a number 9 by TY : 


gures, 


1ſe, If 


1 
0 
. 

5 
7 
9 
2 
7 
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It, If the number is compos'd but of one Fi- 
gure as 4, it will always be eaſy to pronounce it 
by the word four, which anſwers to that Figure. 
: 2b, If the number is compos'd of two Figures, as 
64, tis plain that 6 being in the ſecond row ſignifies 
6 tens or /ixty, and that 4 being in the firſt row 
ſignifies four, and conſequently 64 ſignifies ſixty 
four, that 50 ſignifies juſt five tens, or fifty ; that 
10 ſignifies one ten, or ten; that 11 ſignifies ten 
and one, or. eleven; that 12 ſignifies ten and two, 
or twelve; that 13 ſignifies ten and three, or thir- 
teen; that 14 ſignifies ten and 4, or fourteen; 
that 15 ſignifies ten and five, or fifteen; that 16 
_* ſignifies ten and ſix, or /ixteen; that 17, 18, 19, 
ſignify ſeventeen, eighteen, nineteen ; that 20 ſigni- 
fies two tens, or /wenty; that 21, 34, 45, ſig- 
nify 7wenty one, thirty four, forty five, cc. 
3, If a number is compos'd of three figures, 
as 654, it is eaſy to ſee that 6, being in the third 
+> Tow, ſignifies ſix tens of tens, or ax hundreds; 
that 5 being in the ſecond row, ſignifies five tens or 
= fifty, and that 4 being in the firſt row ſignifies four, 
*- conſequently. 654 ſignifies fix hundred fifty four, 
and for the ſame reaſon 604 ſignifies fix hundred 
and four, and 6oo, ſignifies ſix hundred, & .. - 
> 4», If a number is not compos'd of more 
'* than nine Figures, knowing, by ſeparating it into 
bars, and beginning from the ſide of units, that 
the firſt bar will be units, the ſecond thoufands, 
and the third millions, it will not, after this, be 
more difficult to number it than one compos'd 
but of three figures. Thus we may ſee without 
difficulty that 4347 (ſuppoſing a bar at the third 
Figure) ſignifies 4 thouſand 236. That 25236 
ſignifies 25 zhouſand 236. That 549359 ſig- 
nifies 549 zhouſand 359. That 4013 ſignifies 
4 thouſand 013, or 4 thouſand 13. That 20003 
3 „ ſignifies 


tens, in order to ſignify ſix tens or ſixty. 
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ſignifies 20 zhouſand 003, or 20 thouſand and 3 
That 300052 ſignifies 300 7houſand 052, or 360 
thouſand 52. That 25342543, by dividing it in 


bars of three Figures each from the place of units, 


ſignifies, 25 millions, 342 thouſands 543. That 
4003052 ſignifies 4 millions 3 thouſands 52. That 
40000007 ſignifies 40 millions (9/00) thouſands 007, 
or 40 millions 7, CW. 

5, To conclude, when a mitmber as 


A. 74 423 328 142 759 873 564 B. 


1 compos d of more than nine Fi igures, knowing 


that, by ſeparating it into bars of three Figures each, 
inning from unity, the firſt after the third is 


miliards, the ſecond biliards, the third triliards, 
the fourth quatriliards; we may ſee without diffi- 


culty that this number Genie 74 1 


423 triliards, 328 biliards,” 142 miliards, 7 59 mil- 
lions, 873 thouſand, 564. | | 


(10.0) Fa 1 IV. | 


To vc now any number by Fi igures 
it, If the number p d does not exceed 


nine, we muſt uſe one . eſe Figures, 1. 2. 3. 
4. 5. 6. 7. 8. 9. Thus we expreſs the number 


ſeven by the Figure 7. one by 1. nine by 9. 
2, To expreſs fifty three we put 53, for 5 


| being i in the ſecond row ſignifies five tens, or fifty; 
and 3 being in the firſt row, ſignifies three. And 
to expreſs a number that ſhall conſiſt of an exact 


number of tens, as ſixty we put 60, putting o in 
the firſt row becauſe there are no units, and that 
the 6 might ſtand in the ſecond row, or that of 


5 3u, To 
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3. 9 3, To exprels three hundred fifty four, I put 


o 334, becauſe 3 being in the third row ſignifies 
n bree hundred, and 5 being in the ſecond row ſig- 


nifies fifty, and 4 being in the firſt ſignifies four. 
Jo expreſs two hundred and thirty, IJ put 230, 


„ units, and to make the 3 come into the ſecond 

1 row, and the 2 * the third. To expreſs 2 

hundred and four, I put 204, putting o in the ſe- 

? cond row, becauſe | ere are no tens, and that.2 

might fall in the third row, and 4 in the firſt. . 

And to expreſs /even hundred, I put 700, the cy- 

g phers ſerving to no other end but to make the 
„ Pigures ſtand in the row to which they belong. 

is - 4, In fine, it is not at all more difficult to 


„ _ expreſs a number tho? ever ſo great, than it is to 
- _ exprels one of three Figures only; for if in the 
„ _ Pronouncing any number there is no rank want- 
ning, we have nothing to do but to put the Figures 


dne after the other, and if any rank be wanting 
to ſupply it with a cypher. 85 
[ Thus to expreſs ſeven e eight bundred + 
ſixty nine, or 7 thouſand 869, I ſet Gen the Fi- 
* gures 7869 one after the other, becauſe there is 
no intermediate rank wanting, and 7869 is the 
© expreſſion of the number propos'd, for 7 1s in the 
* firſt place of the ſecond bar, which is thouſands, 
and 8.6.9. are allo in their proper ranks. To 
2 expreſs fifty ſeven thouſand eight hundred ſixty nine; 
or 57 thouſand. 869, I put 57869, and for 349 
- thouſand 746, I put 349746. 
But to exprels 32 thouſand 27 ſince 32 is in 
the bar of thouſands, I put it down directly, and 
in the room of 27, 1 put O27, becauſe the rank 
of hundreds. is wanting, and 32027 is the expreſ- 
ſion of the number propos d. For 40 thouſand 6, 
I I put 40 for che thoulands, — 006 f in the f | 
0 7 | 0 


3 | putting O in the firſt row becauſe there are no 
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of 6, becauſe the rank of tens and of hundreds is J 
wanting, and I have 40006. For 35 zhouſand 1 


put 35 for the thouſands, and 000 for the hun- 
dreds, tens and units chat are wanting, and J have 


33000, and for one hundred thouſand T put 100000. 


lv, To expreſs 54 millions 847 thouſands 759, 
I put*thoſe Figures one after the other, and the 


_ expreſſion 54847759 ſhall be that of the number 


propos'd; for by this management 54 will be m 


the third bar which is that of millions, 847 in the ſe- 
cond, which is that of thouſands, and 759 in the 
flirſt, which is that of units. | 
But to expreſs 49 millions 30 thouſand 7, ſince 


49 muſt be in the third bar becauſe they are mil - 
lions, and conſequently ought to have ſix Figures 
following them; in the room of 30 thouſand, I 
put o30 becauſe the hundreds of thouſands are 
wanting, and 007 in the room of 7 units becauſe 
the hundreds, and the tens of units are wanting, 


and I have 49030007. 


And for 30 zriliards 7 millions 63, I put down 
directly 30 for the triliards, ooo for the biliards, 
which are all wanting, ooo for the miliards, 007 


for the millions, 000 for the thouſands, 06 3 for 
the units, and I have 3000000000700006 . 


So that there 1s always three Figures for units, 
three for thouſands, three for millions, three for 
miliards, three for biliards, three for triliards, and 
ſo en, filling all the empty ranks, except that 


which is moſt remote — units, which we ex- 
| ery — as IT is pronounced, with cyphers. 


1 _ 
To conclude,” c one thing ought here to * par- 


5 ticularly obſerv'd for the ſake of what follows, 


and that is, * the expreſſions of numbers, ſuch 


— a - 
: 
3 2 * x p 
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as we have been juſt explaining, are altogether 
founded upon this arbitrary ſuppoſition, viz. that 
the units of one rank or row, are tens in that 
F which immediately follow, that is to 8. that 1 in 

any number 3 d as B | 


3579864. B 


| each unit of the Figure 6 is ten of the rank in 


n 3 which 4 ſtands ; each unit of 8 is ten of the 


rank 6 ſtands in; each unit of 9 is ten of 8, 
and fo on. Or that ten units of one rank are 
© equal to an unit of the rank immediately pre- 
ceding it, and this is the NY of the fer 
rations that follow. 


? 40 DEF. and PROB. . 


170 add a number B to 8 A, that i 18, to 
find a third number Z, which we call che 


5 Sms, equal to the two firſt numbers A and B. 


Thus, to add the number 39 to the — 


N 26, is to find the number 65, equal to the two 
3 | numbers . 26 1 39. 


4 


| (139 I. 


To do this in all its * Lobferdss: 3 when 
one of the numbers doth not exceed nine, the 
operation is eaſy, and may be underſtood with- 
out trouble, at one ſimple viep. 

Thus I know diſtinctly that 3 and 4 make 7. 
7 and 8 make 15. 15 and 9 make 24. 24 and 8 
make 32, Sc. Neither is there hardly any far- 


ther 8 in finding the ſum of the largeſt k 
? numbers, for here, that which would be impoſ- _ 


ſible for us to effect by one ſimple view, and at 
| once, 
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once, we do by piece-meals without burthening 
the ye” 


teas ; el e | e 

To add then any numbers, that we have a mind, 

together, as 600389 and 703695 which I denote 
by A andB, and to find the ſum of themZ. 

I put one under the other, the units of the one 
under the units of the other, tens under tens, hun- 
dreds under hundreds, . and fo on. 

And beginning with units I 660389 | A 
ſay q and 5 make 14 (ar 4 units 503695 | B 

1 3 
Z 


Es 


and 1 ten) I put. 4 under the 


row of units, and retain 1 to — a 
be added to the row of tens fol. = 
lowing. 4 


Where I fay 1 and 8 make 9 and 9 make 18 
(tens or one hundred, and 8 tens) I put 8 under- 
neath, and retain 1 for the * row, which 
18 chat of hundreds. bf 

Where I ſay 1 and 3 make 4 and 6 make 10 
| (hundreds or 1 thouſand, and no hundreds over) 
I put o under the hundreds, and retain 1 for the 

following row of thouſands. 

Where I ſay 1 and o make 1 and 3 make 4, I 
put 4 under the thouſands; and I ſay o and o 
make o, I put o under the tens of thouſands and 
go on to the following row. þ 

When I fay 6 and 7 make 13 (hundreds of 

thouſands) TI put three under the Wandelt of thou- 
fands, and — 15 which I put in the following 

row of millions. 

1 And the number Z, which ſtands underneath, 
is plainly the ſum of the two numbers A and B,. 

ſince the number Z evidently contains the ſum of 

the units, tens, hundreds, &c. or of all the parts 


of 


2 # She 2 - 2 FR 


added into one ſum Z, it may be done by adding 
the firſt A, to B, and cheir ſum to C, and the ſum 
of theſe to D, and this ſum to E, and ſo on: And 

the laſt ſum mall evidently be the ſum > on all Z 
7 thoſe numbers. 


3 Of the f ; had they of ri 18 


2 Y Jof the numbers A and B, and n, che 
. ſum of all thoſe numbers. 


f . 
bo \ ha 
9.8 ; * " 
"0 9 ; > . * 
1 1 1 
Sf 
7) 
bes 
7 
"A 


if many ES as 1 B. c D. E. are to — 


2 this o _ being too tedious, we e may 
idge it after the following manner. To add 


} —_ gp five numbers, viz. 600579. . 075 « 
40027. 32 . 2400741, which I denote by A. B. 


FF C.D. E, and to find the ſum Z. 


I begin by putting theſe numbers under each 


© other, units under units, tens under tens, &c. 


I add. all their units together in this manner, 


„ viz. 9 and 5 make 14, and 7 make 21, and 


7 9, and 7 make 16, and 2 make 2400744 
18, and 3 make 21, and 4 make 
- 25, (ors tens and 2 hundreds) 3042054 12 


2 make 23, and 1 make 24 | 
(or 4 units and 2 tens;) I put oog79 . 
don and retain 2 for thefol9 675 B. 
lowing row. 40027 [C. 


Where I fay 2 and 7 make [Mie 


I put 5 underneath, and retain 

2 for the following row. a 
Where I ſay 2 and 5 make 7, and 6 make 13, 

and o and 7 Sk 20, (hundreds or 2 thouſand;) 


I put down 0, and retain 2 for. the following 
row. 


Where I * 2 and o, and o, and o, make 2, 
which I put down; o and 4 and o make 4, which 
[ put down; 6 and 4 make 10 I put o and re- 

. 5 


| N N 
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tain 1; 1 and 2 make 3, which put underneath 
alſo. — . os 


And the number thus put down . Is | 


the ſum of numbers A. B. C. D. E propos'd; for 


it is evident this number contains in order the ſum 


of all their units, tens, hundreds, Sc. and conſe- 


quently their total ſum. 
-, Hug ER. TS 


To prove the truth of the operation, after 


having perform'd the addition from the top down- 


ward, we do the fame from the bottom line up- 


wards in this manner; 1 and 2 make 3, and 7 
make 10, and 5 make 15, and 9 make 24, by 
this I ſee that the 4 placed below is right, and I 
retain 2; 2 and 4 make 6, and 3 make q, and 2 


make 11, ang 7 make 18, and 7 make 25; by 


which J ſee the 5 is right, and I retam 2; 2 and 


7 make 9, and o and 6 make 15, and g make 


20, I find o is right; I carry 2, 2 and o, and o, 
and o, make 2, I put 2; o and 4 and o make 4, 
I put 43 4 and 6 make 10, I put down o and re- 
tain 1; 1 and 2 make 3. x . 


And finding by this ſecond operation the ſame 


| ſum Z. that was found by the former; it is a proof 


that I have been deceiv'd neither in the one nor 
the other; for it is plain that in which ſoever of 


theſe ways we make the addition of thoſe num 


bers, we ought always to have the fame ſum; 
and it is morally impoſſible that in AY one 


o dif- 


and the ſame operation after two manners 


ferent, that we ſhould be deceiv'd in both juſt in 
the ſame place. „ 5 


(16.) The 
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(. 198-0 +" 


The numbers which we thus add are either equal | 
or unequal ; when they are unequal, there i ＋ a ne- 
ceſſity to follow the rules foregoing; but when 
they are a equal, then the operation may be 
greatly abridg'd ; and they are theſe abridgments 
which in hs, bn will furniſh the Rules o Mul- 

plication. * 229 


| (8) GENERAL RULE. 


To add two or more 3 together, and to 
find their ſum. 

iſt, Put down the numbers under each other, 
units under units, tens under tens, Ec. and draw 
a line underneath. 

25, Add all the units of thoſe numbers toge- 
ther. And firſt, if their number does not exceed 
nine, put down. under the line, and in the row 
of units, the Figure which expreſſes that number, 
If there had been no units in that row, put down 
o, if there be one, put down 13 if two, put down 
2, Sc. . Secondly, if the number of units ſurpaſs : 
nine, and amount to an exact number of tens, 
as 10, 20, 30, Cc. put a Cypher underneath; 


but if it does not amount to an exact number of wy 


tens, as 27, then put the 7 units under this row, 
and retain the 2 tens to be carried to the following | 
row. | 
: zu, The "OM practice is to be follow d-in all 

the other rows as in the firſt, for the units of any 
one row are always tens of that which follows, 
and the number put under the line ſhall be * 
ſum of the numbers W 7 


G- {+ - -a_ 
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Au, If there be a very great quantity of num- 
bers to be added together, as 20, 30, 100, Cc. 
then add the ten firſt together by themſelves, af- 
ter that ten others, and ſo on by tens, or if you | 
will, by eights, or fives, and at laſt by adding | 
all thoſe partial ſums into one, we ſhall have their N 
ſum total. 1 
5, The proof of this operation lies in adding | 
them up again, .after having ranged them in a dif- 
ferent order, or in making the addition, firſt from 
the top to the bottom, and then from the bottom 
to the top. 1 
ly, The 8 of theſe rules is included e 
in the precedent operations. ; 
DObſerve, that the progf of an operation can ne- 
ver be demonſtrated like the Rule, it only admit- 
ting of a high degree of probability. For how- 
ever unlikely it may be, that we ſhould be miſta- 
ken in going through the ſame operation two or 
more different ways, yu the thing is however not 


i enpoſlible. 
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O ſubtract from a number A, another B, | 
5 that is to find a number Z, calbd the diffe- | 
rence, by which the firſt A exceeds the ſecond BB. 
Thus to ſubtract from the number 35, the 
number 7, is to find the 1 28, by which ; 
35 ſurpaſſes 2 vs | 


(20.) EEG CG FO 


To do this in all its caſes, I e in the firſt 
place, that when one of the numbers propos'd 
does not exceed xine, the operation is * and 
aUſlinctly to be underſtood, 


4-2 "> 


„ os Rae Ce. 


On 
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Thus we know withour difficulty that 6 ſub- 
tracted from 9, remain 3; 3 from 8, remain 


53 4 from 4, remains 03 5 from 14, remain 93 


from 16, remain 7, Cc. and there is little 


— difficulty in finding the difference of the. 


greateſt numbers, for here we do that by parts, | 


which cannot be done at once. 


70 0 e : 
Thus to ſubtract from the number A. 5 3049 9 
The number B. 20404 
and to find the difference - 510094 | 


4 put the greater A above, and the e leſſer B be- 
low, units under units, tens under tens, c. and 
beginning with units, Ifay 4 units ſubtracted from 


8 units, remain 4 units, which I put under units; 
O or no tens from ꝗ tens, remain 9 tens, which 


put underneath ; 4 hundreds from 4 hundreds, re- 
mains o or no hundreds, I put o underneath ; 0 


thouſands, from o chouſinds; remains no tic 1 


ſands or O; 2 tens of thouſands from 3 tens of 


thouſands, remains one ten of thouſands, I put 1 
underneath ; ; and no hundreds of thouſands from 


5 hundreds of thouſands, remain 5 hundreds of ; 


thouſands, which I put underneath. 8 
Or more ſimply thus, 4 from 8, remain bs - 
o from 9, remain 9; 4 from 4, remains 03 o 


from o, remains o; 2 from 3, remains T3 no- 


thing from 5, remain g. 


(20% 2 We, III. 


To prove that the operation is right, add the 
2 Z to the leaſt number B, thus, 4 and 4 
. 8 make 
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make 8, which I ſee is right, becauſe it agrees 7 
with the units of the number A. 9 and o make 9, | 
which is alſo right, becauſe it agrees with the tens } 
of A; o and o make o; 1 and 2 make 3; 5 anꝗd 
o make 5. And finding by this ſecond operation 
the number A to come out, it is to me a proof that 
T- have done right in both operations. For the 
difference Z of two numbers A and B, being the 
number by which the greater exceeds the leſſer, 
then the ſaid difference Z being added to the leſſer J 
B, the ſum ought to be the greater A. And if 
we. find it ſo, the is 9 perform d. 1 


1 5 60 — 

1 : | 

| To ſubtract from the munber A..3 3 A. 

| the number B. 140839. B. 
i and to find their difference Z. 209528. Z. 3 
| . * having put the lefler B, under the greater l 
V under units, tens under tens, c. L 
5 I I fay 9 from 7 I cannot, I therefore add one 
if ten to the 7 units of the number A, and I'fay 9 
| from 17, remain 8, which I put underneath, 


and retain one ten to be added to the 3 tens of the . 
number B, ſaying 1 and 3 make 4, from 6 re- 
main 2, which I put underneath; 8 from 31 
cannot, I add ten, and then 8 from 13, remain 
5, and I retain 1; 1 and o make 1, from o ' 
cannot, I add therefore ten, and then 1 from o 
remain 9, and I retain 1; 1 and 4 make 5, from 
95 remains o, and 1 from 3 remain 2. And thus | 
the number Z ſhall always be the difference of thee p 
- Two numbers A and B. 
Since in this operation, whateyer is added to 
the units of the number A, is aken trom the tens 


4 | | | of 


R 


4 
* 
2 
* 
is 
7 
22 
7 0 
- 18 
3 
* 
- 
"ai 
"£10 
- 21 
* 
4 


ſubtract the ſecond C, which will 357. 


2 thelaſtremainer Z ſhall be the dit- 241. 
flerence requir d. © FI 
the number A, may be either equal 


equal there is no other way but = 82 
to follow the foregoing Rule, | 


” 
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: of the ſame number, and that which is added to 


its hundreds, is alſo taken from its thouſands, and 
ſo in the reſt. This can make no alteration 1 in the 


difference of thoſe numbers. 


This manner of if ubtraction i 18 the i more * | 1 
tageous, becauſe it is general, and that the me- 


mory is never charged with any number, but what 


it immediately diſengages it ſelf from again, and 


alſo becauſe it is of great uſe in diviſion. 


The proof is the ſame as before, thus 8 and 9 


make 17, 7 agrees with the units of A, I retain | | 
1. 1 and 2 and 3 make 6, which alſo agrees with 


the tens of A. 5 and 8 make 13, 3, and I carry 
1. 1 and nine make 10, o and carry 1. 1 and 4 
make 5. 2 and 1 make 3. Thus I ſee that Z and 


B added together make A, whence I conclude the | 
n to have been n rightly perform'd.”.: "2 


| ej 


If there are many numbers B, C, D, Ge. to be 
ſubtracted from the ſame nume A, then ** 


4 ſubtract the firſt B, and this will 


give a remainer X; from which 268 3. 


give a remainer V, from which ſub. — 
tract the third D, and ſo on, and 2326. 


Now the numbers B, C, D, Sc. 2085. 
which are to be ſubtracted om 543. 


or unequal. When they are un- —.—. 


Or elſe to add, firſt of all, all the . 


2 C, D, Sc. cogether and ſubtract their ſum X 


C 3 1 


from the number A, and this will 
give the remainer Z at once, the — 
ſame as before. 5 
But if the numbers B, C, D, Sc. 241. 
are all equal, then the operation 6543. 
may be much abbreviated, and 
theſe abridgments will furniſh rules 1141. 
for Diviſion, as ſhall be explain'd — 
im its proper place. ER 1542. 
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(25. GENERAL RULE. 


To ſubtract one number from another, iſt, Put 
| the leſſer number under the greater, units under 
| units, tens under tens, Sc. and draw a line un- 
derneath. 2h), Beginning at the place of units, 
if ſubtract the lower Figure from the upper. And 


ö j it, If that which is below is equal to the upper 
il one, put o under the line. 2h, If it be leſs, ſub- 
it tract it from the upper, and put the remainer 


bl below the line. 3ly, If it be greater, add one ten 
1 to the Figure above, and from the ſum ſubtract 
if the Figure below, and put the remainer below the 
line, and retain that ten, to be added immedi- 
ll - ately to the lowermoſt Figure of the following 
i — 3 5 | 

C 3ꝙ50ũ, Practiſe the ſame rules in every row, and 
| tme numbers that come out below the line ſhall 

| be the difference of the two numbers propos'd, as 
„ is evident. BT, V 
i 4'y, The proof of the operation is to be made, 
| | by adding the difference Z to the leſſer number B, 

| in order to ſee if their ſum is equal to the greater 
number A, and if it be the operation is right. b 


(26.) DEF. 


— 
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(26) DEE. and PRO B. IV. 


O multiply a number A by another B, that 
is, to find a third number Z, calPd the Pro- 
duct, which contains the firſt A in the ſame man- 
ner as the ſecond B, contains unity. 

Thus to multiply 2457 by 8, 2457. A 
that is, to find the number 19656, 8. B 
which contains 2457, in the ſame  ———— 
manner that 8 contains 1, that is 19656. Z 
to lay 8 times. ——— 


Fp WF YA WR GS 


(27.) | thy 
Io do this, we muſt firſt ſee if it has any re- 
lation to the precedent rules, for we cannot come 
to know what we are ignorant of any other way, 
[ 1 help of ſome precedent knowledge in the 
mind. 3 5 | : 
No I ſee plainly, that if I put down the firſt 
number A, as many times as there are units in the 
ſecond number B, and add them together, their 
ſum Z ſhall be the product requires. 
To multiply then 2457 by 8, 2457. A 
we have no more to do, than to 2457 | 
put down 2457 eight times, as you 2437 
ſee here, and the ſum 19646 w all 2457 
theſe numbers, ſhall be evidently 2457 
the product of 2457 by 8; for it 2457 
zs clear by this operation, that 2437 
a 2457 is put 8 times in 19656, or 2457 
that 19656 contains 8 times 2457 — bh 2 
i. e. in the ſame manner that 8 19656. Z 
contains 1. Thus Multiplication— 
is nothing but an addition of many 
equal numbers. 1 


co ũ 
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But this manner of performing multiplication 
will become impracticable, as ſoon as the multi- 
plier becomes a little bigger, as if 2457 were to 
be multiply'd by 754; we muſt therefore find 
out ſome way to ſhorten it, keeping at the ſame 

time the demonſtration in view, for thus it is we 
advance in the ſciences. And this is beſt done by 
Je ce of the moſt ſimple caſes firſt. 


i 2 


og: tis very plain that to multiply any num- 
ber, ſuppoſe 2457 by 10, we need do no more 
than to put o after the units of that number, and 
then 24570 is the product; for by this means 
the units 7 of 2457, become 7 tens, the 5 tens 
become -5 hundreds, the 4 hundreds become 4 
thouſands, and fo on, and conſequently the whole 
number 24570 is ten times 2437. | 

That to multiply the ſame number 2457 by 
100, is to put two Cyphers, and then 245700 
is the product, for by this means its 7 units be- 
. comes 7 hundreds, 1ts 5 tens become 5 thou- 
ſands, Cc. and conſequently the whole number 

245700 is 100 times more than 2457. 

That to multiply 2457 by 1000, is to put three 
Cyphers, and that 2457000 is the product; that 
to multiply by 10000, is to put four Cyphers, 
And univerſally to multiply any number by 10, 
100, 1000, 10000, T00000, EFc.. is to put fo 

many Cyphers after its units, as there are Cyphers 
= the- multiplier, : 


c 
= 
1 
b | 
- , 
RT > 
: : 
i * 
FT + : 
- 
: ; 
$73 
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$1 
2 
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4 
$ 
\ 
1 
. 
18 
I , 
1 
1 
8385 
1 
1 
1 
1 
FH 
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To multiply now any num- 

| ber A whatever, as 45693, by 

any other number one has a 
mind to, as 

I conſider, Gt to farts the 
number 4, I muſt put 4 times 
the num̃ber A, as may be ſeen 
at C. 

I To ſatisfy ihe 5 tens of the = 
number B, I muſt put go times 
the number A, but becauſe 
this will be im practicable, I 
conſider, that by utting it 
down only once in fi ch man- 
ner that its units 3 may be 1 in 
the row of tens, as at D, will 
be all one as if it had been 
ut down ten times ſucceſſive- 707561322 222. 2 
, for that would amount to — 3 
456930, which contains 10 times 45693. So 
that by putting down A in this manner 5 times 
ſucceſſively, we ſatisfy the ſecond figure g of the 
multiplier B; for this is the ſame thing as if. we 
had pur it down 5 tens of times, or 530 times. 

For the ſame reaſon, by putting the number 
A 3 times ſucceſſively in the row of hundreds, 
as may be ſeen at E, we fatisfy the figure 3 of 
the multiplier ; 1 for this! is the ſame as if we had 
put it down 300 times, ſince 4569300 is 100 
times 45693. 

And to ſatisfy che 2 thouſands of B, I put down 
the number A twice, ſo that unit's place may ſtand 
under thouſands. And if the multiplier B had 
had tens of thouſands, hundreds of thouſands, 
Sc. the ſame method muſt have been purſued. 

Lafily, I add all theſe numbers into one ſum 

25 which 3 is K the "PIE of the =_ | 
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ber A multiplied by B. For *tis plain by the o- 
peration, that the number Z contains 2354 times 
the number A, that is, in the ſame manner, . or as 
many times as B contains 1. 

But chis is not yet the method that we _ a- 
bide by, for tho? it is already very much ſhorten'd 
in compariſon to the former; yet as there are 
ſtill in the multiplication ſome operations which 
may be perform'd more eaſily, and at one ſimple 
view, it will be very advantageous to | abridge 
them. 


(29. | IIũI. 


Thus I conſider that when the two numbers 
propoſed do not exceed nine, the operation is al- 
ways eaſy, as that twice 3 make 6; 3 times 4 - 
make 12; 5 times o make o; 7 times 1 make 
73 5 times 9 make 45, GS. 

Bur if there is found to be any difficulty, let 
the following table be uſed, which contains in 

order all thoſe operations. 

For ſhortneſs we ule the ſign x x in lieu of che 
word times. 


Thus, 
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Thus, 
o x 0.B 013 x. o. 8B of5 x @ 
Oo x 1. O37 „ JE = KS 
0. N 2. 0 %% x . = © 
oO N „ © O13 X 3%ͤͤͤ © 0 
o x ei X 4 15 = $5 
1 * & 0Of39 „ 5 MM ORRS 
1 Xt. 13 „ 6. % * % 0 
i. x 2. 213 x 7% 2m © Res 
I & 3 33 x %. 245 © 
I * 4. &C-|[3 x 9. 2715 * 9. 45 
2 „ ©. ' O04 x o. is os „ 6.286 
2 M l. 4% & ! a S 
2 * 32. 44 M . —j-Gõ 
2 „ 3, 64 K 3. ᷑⁵ ꝙ-ᷣ 
2 * 4 84 „ 14. 
2. * 5. 10[(4 „ 5. 
2 „ 6. 124 x 6. 4% ̃ © 
2 „ 7. IAI Xx 7. 616 a Ss 
2 x $8. 164 x $8. . a0 
2 * 9: 1814 .x 9. 3619 x 9. 81 


; We muſt only obſerve, that 5 times 4 is the 
* fame thing as 4 times 5 ; 6 times 3, as 3 times 
6 7 times , as 9 times 7; and ſo in others, 
and that we ought to uſe ourſelves equally to both 
theſe manners of multiplying theſe numbers. 
When either of theſe numbers exceed 5, we 
divide the operation, as for 6 times 8, I fay 3 
times 8 make 24, and 24 make 48; for 7 times q, 
or 9 times 7, I ſay, 3 times 7 make 21, and 3 
times 21 make 63, &c. Has 
We ſhall give in the ſequel a Method to avoid 
the multiplications of the figures 6, 7, 8, 9, oy | 
5 | | tne 
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the fame figures z which operations the Imagina- 


tion cannot ſo eaſily take in at one ſimple view. 


This being — 


( 30.) 3 IV. 
To r any number A 2 any other we 
pleaſe B. 


I put doyn the multiplier B under the number 
to be multiplied A, units under units, tens under 
tens, hundreds under hundreds, Sc. 


And calling to mind the former operation, in 


che room of putting down the number A 4 times, 


units under units, as there, I ſay 4 * 3 make 


12, I put 2 as at C under the figure 4 of 
the multiplier, and J retain 1 to 

be added to the row following. 45693. A 
4x9 make 36, and 1 make . 
37, I put down y and retain 3. — — 
4 K* 6 make 24, and 3 make 27, 182772. C 


I put down 7, and retain 2. hve þ D 
4* 5 make 20, and 2 make 137079.. E 
bh, I put down 2, and retain 91386. BS 

4 x 4 make 16, and 2 — 


a * 18, which I put down 107561328. Z 
I entire. | 5 


inſtead of putting the number A down 5 times, 
units under tens, as before, I ſay 5 x 3 make 13, 


I put g as at D, under the figure 5 tens of the 


aun B, and retain I. 53 x 9 make 45, and 
1 make 46, I put down 6, and retain 4. 5 x 6 
make 30, and 4 make 34, I put down 4, and re- 


tain 3. 5x5 make'25, and 3 make 28, I put 
down 8, and retain 2. 5 x 4 make 20, and 2 


make 22, which I put down entire. 0 


Coming | 


FO LO ITS 
1 
2 . 


And coming, to the 5 tens of the multiplier, : L 


Of the ſimple Operations of Arithmetic. 290 
Coming now to the hundreds 3 of the multi- 
plier B, inſtead of Putting 3 times the number 
A down ſucceſſively, units under hundreds, as 
bhefore, I ſay, 3 od make 9, I put down 9, as 
at E, under the figure 3 of B in the place of 
4 hundreds. 3X9 make 27, I put down 7, and 
7 retain 2. 3 X 6 make 18, and-2 make 20, I put 
o, and carry 2. 3 x 5 make 13, and 2 make 17, 
J put down 7, andretain 1. 3x4 make 12, and 


I make 13, which I put down entire. 


We come now to the thouſands 2 of B, BY 
inſtead of putting down the number A 2 times, 
units under thouſands, as before, I ſay, 2x3. 
make 6, I put down 6 under the 2 thouſands of 
B, as at F. 2 * 9 make 18, I put down 8, and 
retain 1. 2 x 6 make 12, and 1 make 13, I 
put down 3, and retain 1. 2x5 make 10, and 
1 make 11, I put down 1, and retain 1. 2 * 4 
make 8, and 1 make 9, which I put down. 
And thus we muſt always proceed, thar is to 
1 fay, all the figures of the number A muſt firſt 
be multiplied by the units 4 of the number B, 
then by its tens 3, then by its hundreds 3, then 
by its thouſands 2, and then by its tens of thou- 
ſands, hundreds of thouſands,  &c. if ſuch there 


are. And the product of units C, muſt be placed 


under units; che product of tens D, under tens; 


ce product of hundreds E, under hundreds; he 


product of thouſands F, under thouſands, Se: | 
Laſtly, The particular products C, D, E, F, 
Sc. muſt be added into one ſum Z, whic h ſhall 
be the total product of the numbers A and B, as 
before. 
For the number Cc contains the wathber A, 4 
times, ' becauſe it contains 4 times its units, tens, 
padreds, thouſands, &c. The number D con- 
ins A, not "cally 5 times, but 5 tens of times, 
| OT 
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or go times. E contains it 300 times. F 2000 
times, Sc. becauſe the units of D are placed in 
the ſecond row; thoſe of E in the third; and 
thoſe of F in the fourth, &c. And conſequently 


the number Z, which is the ſum of the numbers 3 


— — — 
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C, D, E, F, Sc. contains the number A 2334 1 


times as B contains 1. 


. 5 E V. 


times, that is, in the ſame manner, or as many 


0 prove the truth of the operation above, it 
muſt be obſerv'd, that it is the ſame thing to 
multiply a number A by another B, as it is to 


Y 


2 
ir 
7 
1 
. 2 
. — 
2 
* 
q oh 
5 
* 
* — 
E 
q, 
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multiply B by A. 18 
To multiply A (16) by B (13) let A. 

16 be put d 13 times, as at A. 16. 13. 
And to multiply 13 by 16, let 13 be 16. 13. 
ut down 16 times, as at B. Now 16. 13. 
if from each of the numbers of B 16. 13. 
you take 1, as there are 16 of them, 16. 13. 
you will have one of the numbers of A. 16. 13. 
And ſince this operation may be repeat- 16. 13. 
ed as many times as there are units in 13, 16. 13. 
that is, 13 times, you will find in B13 16. 13. 
of the numbers of A; tis plain there- 16. 13. 
fore, that all the numbers B make a 16. 13. 
ſum equal to the ſum of all the num- 16. 13. 
bers A, and conſequently 16x13 is 16. 13. 
equal to 13 x 16, and the caſe is I 3. 
the ſame in all other numbers. A 13. 
and B. | | 13. 


* In the foregoing example then, after 2 
multiply'd A and B, and found the number Z, 
if you multiply B by A. and find the ſame num 


ber Z, then the operation is right. 


VI. 


rr 


Ou under 5; as uſual. 
3 ply A by 2, the tens of thou. 
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162. e r 
en 47082. A 
By Deer. 


I kale the number A 188328. C 


by 4, the units of B; and 235410. D 
becauſe there is o in the 141246. E 
row of tens, I neglect it, — 
and multiply A by 3, the 14148329328. S 
hundreds of B; and becauſe 

2 there is o in the thouſands, and alſo in the tens 
of thouſands, I neglect them both, and multi- 
ply A by 3, the hundreds of theukinds of B, 


lacing the product D under the multiplying fi- 
3 5, and E under 3, as uſual, and the ſum Z, 


: of the particular products C, D, E, is always the 


product of the two numbers A and B. 
For the number Z. contains the number A 300 
thouſand 5 hundreds 4 times, or 300504 times; 


ſince the number C, which contains it 4 times, 


is put as units; che number D, which contains 


it 5 times, is put as hundreds; and the number 


E, which contains it 3 times, 1s put down as 
hundreds of thouſands, 


> * 
2 . : © 
* . 
4 II 5 
5 5 ® 
tg 7 
2 
2 


To multiply 4678 } by 25000, I raging the 
three cyphers at the end of the multiplier, and 


2o on to multiply A by 5, the 


thouſands, purting the 3 467 A 
multi- - 25000. B 


fands, putting the product D 2339000. C 


under 2. And the ſum Z of the 93566 D 


N C, D, Sc. is plainly i 
e of A by B. For 1169575000. Z 
all contain 25000 times ßxꝛw 


= * 


„ 
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32 
the number A, becauſe the number 233915, 
which contains it 5 times, is under the thouſands, 
and 93566, which contains it 2 times, is under 
the tens of thouſands. | 


To multiply „ 
By 205000. B 


I content my ſelf with multiplying 37 by 206 


as at M, and put after their product 7585, the 


Cyphers (0000,000) which I find in both the 


numbers A and B, and the number Z ſhall be 
the product of thoſe two numbers. 


For, to multiply A by B 37 370 000. A 


according to the rules fore- 209 205 000. B 
going, we muſt put doõwnäkpa⸗y⁊ñ 


the three 000 of the mul- A 1850000, oo E | 
miplier B, as at C, and then 7400000 D 


multiply A by 5, faying, — 


g O is o, which I put 7585, oo00, ooo. 7 1 


don tliat I may keep each — 
of the following figures in their proper ranks. 


| 8 * 6 O, 5 Xx O is o, 5 x O is o, 5 * 7 make 
33, I put down 5, and retain 3. 5 x 3 make. 
1353, and 3 make 18. Then we muſt — 


A'by2 in the ſame manner, and put the produ 


1 D under 2. And laſtly, we muſt add the pro- 
ducts C and D into one ſum Z, which evidently 


contains the cyphers (0000) of the number to be 


multiply d, the cyphers (000) of the multiplier 


B, And che product 7585 of the figures 37 
8. And we may ſee very plainly that it al 


4 (he: the * in every like example. 


1 — ; 3 
2 CE : 15 ö 


A a. 1 


number D, which I double at 
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To multiply 57968 by 8697; this I could a 
according to the ordinary rules, but becauſe I have 

not force of imagination ſufficient to perceive at 
7 a ſimple view the greateſt part of the products of 
the Fi igures 6, 7, 8, 9, by the ſame Fi igures ; 
and that in the Sclences, the moſt important maxim 

of all is, to advance nothing but what we have a 
diſtinft perception of, and never to truſt to one's 
memory; we muſt here, as well as in all other 
caſes of the rule, do that by picce-meals that 
cannot be done at once. 

Thus, to avoid the perplexing operations of 
the Figures 6, 7, 8, 9, by the fame Figures, in- 
ſtead of multip lying the number A by the: units 
7 of B, I — 4 it firſt by a5 „ 
which gives the number C, and 
afterwards by 3, which gives the 
number D, which I put in the 
ſame row. i 

Then, inſtead of hin 8 
ing A by the 9 tens of B, I 
multiply it by 3, which gives 
the number E the ſame as the 


F, ſetting down the product in L ; 
the ſame rank. * 
Then inſtead of multiply 8 . 
A by 6, the hundreds of B, 1 
m_ ly i it by 3, which gives — 
e number G, the ſame as D, which I put 
a__ at H in the fame rank. © 


_ Laſtly, inſtead of ci A by 8 the thou- - 5 0 
fands of B, I multi ly it by 4, Which gives me 


the number K, the 1 * e 
* 3 "_ 


3 pe ce — — 5 k 
* 
* 
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again at L in the fame rank; and ths ſum of 


C, D, E, F, G, H, K, L,-ſhall be the product 
5 2 of che numbers A and B, as is evident. 


This practice is ſo eaſy, ſo ſhort, and ſo well 
proportion'd to the narrow limits of our imagi- 


nation, that it is altogether preterablet ro the com- 
mon en | 


(36) A 3 


If we would find the 


product of many numbers 


o, Sc. Wwe 
muſt firſt multiply the 
firſt A by the ſecond B, 


and we ſhall have the pro- 
duct Z of the two firſt A 


and B; then we muſt mul- 


tiply che product Z of A 


and B, by C, and we 


ſpall have the product Y 
' *of the three A, B, C, 
then we muſt multiply che £ 


product Y by D, and 


we ſhall have the pro- 


duct X of all the four A, 
B, C, D, and ſo on. The 


numbers from whence pro- 
ducts are form'd, ſuch as 

A, B, C, D, &c. are call'd . 
| Roots, 


6755 F 


If the numbers = we multiply are equal 


os For! 


248. B 
2832 7 
F410 
708 


2354 
351158 
438960 
263376 
175584 


5 206662368 Y | 
e 266 D 


1446636576 


413324730 
5579883936 of 


* 
4 2 | 


when we multiply 25 = 25, the prodat} (62 7 


een comes out 18 


Pd the ſuare, or 10 
PRs 


a ww 4k Fu as © Dov. o£©AM ah 


87792. Z | 
C 6 


— —_ 


, as 


land © Land mend r__ JP. Lon 


Af M09. IN jay Ws, ws 


by OS + & 


e 


Z 
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power of 25; and if we multiply this product B 


(625) again by A (25) the product C which comes 
| out is call'd the Cube, or third power of the num- 
ber 25 which produced it. And if we go on to 


multiply the third power C by A, the product D 
is the fourth power of 25, and ſo on... 

Thus the firſt power of 25 18 25 X 1, or 255 
the ſecond power or Square of 25; is 25 x 25, or 


625; the third power or the Cube of 25, is 25 x 


625, or 15625 ; its fourth power is 25 x 15625, 
or 390625, Cc. And 25 18 


the firſt root of 25, 25 is tje 25. A 
ſecond, or ſquare root of 625; 23. 4 
25 1s the third, or Cube root of ß 
3 15625; 25 is the fourth root 125 
of 390625, and ſo on. CRE 
Thus the firſt power of 2, — 
is 2 x 1, or 2. Its Square or 625. B 
ſecond power is 2 x 2, or 4. 28. 4 
Its Cube or third power is a !“ 
4, or 8. Its fourth power is 31285 
2 „ 8, or 16, Sec. And 2 is 1290 7." 
che firſt root of 2; 2 is the ſe-- — 
cond, or ſquare, root of 4 2. 13626. C 
is the third, or Cube, root of,. 25. a 
83 2 1s the fourth root of ——— 
16, . 7 


The firſt power of 1, is 1« 31250 


1, or 1; its ſecond power is 
I 1, or 1; its third power 390625 D 


is always 1X 1, or 1, and fo” 25 a 


on to infinity. And the firſtaↄqꝛ - 
root of I is 1; the ſecond root 1953125 _ 
of x is 1; the third root of 1 is 781230 
always 1; and fo on. _ — 
The firſt power of IO, is 10 9765025. E 
x „ or. 105 the ſecond 1 I 1b«hhͤ 
o „ 10, 
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10, or 100; the third is 10 x 100, or 1000 the i 

fourth is 10 x 1000, or 10000, Cc. And 10 1s | 
the firſt root of 10, the ſecond root of 100, 
the third root of 1000, and the fourth root of 


10009, Sc. 
And it is the ſame in all other examples, ho -W- 


ever great or ſmall the numbers be. 


65 | GENERAL RULE. 


To- any one number by another. | 
i, Put down the numbers under each other, 
units under units, tens under tens, c. and draw- | 
ing a line underneath, begin with units, and mul- | 


tiply each Figure of the number to be multiply'd, n 


by the units of the multiplier, putting down un- 


derneath the units of each little product, and re- 
taining the tens to be added to the product fol- 
lowing. In the ſame manner multiply the number 
to be multiply*'d by the tens, then by the hun- 
dreds, &c. of the multiplier, putting the pro- 
duct of tens under tens, Sc. Laſtly, add all the | 
products into one ſum, and this ſhall be the total | 
product requir'd. ; 
2395, If the multiplier is 1, follow'd with many | 
Cyphers, as 1000, put thoſe Cyphers after the 
183 to be multiplied, and you have the pro- 
U £ 
P there are Cyphers: intermix'd between 4 
— * igures of the multiplier, they are to be neg- | 
47, If there are Cyphers at the end of the Mul- 
tiplier, they muſt firſt be put down, and then the 
TX. > mag continued as uſual, always carefully ob- 
ing to put the units of each product — "el 
the Figure of the multiplier whichior orms that pro- | 


duct. 
SU, I 
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5, If there are Cyphers at the end both of the 


number to be multiply'd, and the multiplier, 
then multiply the Figures by the Figures, and af- 


ter their product put all the Cyphers which are in : 
both. . 
61y, If there are any of the Figures 6, 9, 8, o 
in the number to be multiplied, and in the mul; 
tiplier, then part the operation; and inſtead of 
multiplying the number to be multiply'd by , 
multiply it firſt by 5, and then by 4, of by 3, 
and this product by 2. Inſtead of multiplying by 
8, multiply it by 4, and again by 4. Inſtead of 
multiply ing by 7, multiply by 4 and 35 and in- 
ſtead x; multiplying by 6, multiply it by 3 and 
by 3. 
, To prove the operation, multiply anew . 
the multiplier, by the number at firſt to be mul- 
tiplied ; and if the product be found always the 
fame as before, the operation is right. 

81y, The demonſtration of theſe rules i is included 


*in the examples. 


(39.) DEF. and PRO B. v. | 
O divide : a numb A by Mother B. ac | 
is, to find a third number Z, call'd the Quo- 
tient, which the firſt A contains in the ſame man- 


; ner as the ſecond B contains unity. 


D 37.4 5 0. 


/ 


(Ao.) . I. 


Z of two numbers A and B, I ſee 
(by following the ſame method as 


in the preceding problem) that I 


have no more to do bur from the 


number A to ſubtra& the number 
B; again from the remainer C; a- 


: gain from the remainer D; again 


m the remainer E; and ſo on, 


as many times as is poſſible, and 


then the number of times that the 
number B can be ſubtracted from 


the number A, ſhall be the Quo- 


tient requir'd. 
For it is plain that the number 

A contains all the 8 numbers B, b, 

b, Cc. Now taking one for each 


of theſe 8 numbers, we ſhall have 


the number Z, which 1s 8. Since 


therefore A contains B 8 times, that 


is, A is 8 times B, and conſequently 
Ari. 31. B times 8, if 8 be taken 


from Aas oft as poſſible, in the ſame 
manner as B before, the number of 


times muſt be equal to B, that is 36 


times; conſequently Z or 8 ſhall be : 
the thirty ſixth part of A, or Z ſhall be the num- 
ber which A contains 36 times. Z (8) then ſhall F_ 
Quotient of A (288) divided by B (36) 


be the 
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To find univerſally the Quotient 


N 
0 
. 


— 


9 


; 
* \. 
2 

i 
EL 44 

Ws, 
1 
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27 
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and the ſame. thing will happen in other exam- | 
ples. But becauſe this manner of operation is too 
often impracticable, it is neceſſary to find out 
ſome way to abridge it, which follows. 
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0 * | | II. 

If it be propos'd then to dh... 
the number 8607819. A 
. „ 233. B 
and to find the Quotient 5 34023. 2 


Inftead of ſubtracting the Diviſor B from the 
number to be divided A, and after that from the 


remainer; and ſo on, as in the foregoing Ex- 


ample; 
_ 1s; T chooſe from among a numbers 1, 10, 
100, 1000, 10000, I00000, Sc. the greateſt, 
that being multiplied by the Diviſor B, may pro- 
duce a number leſs than the number to di- 


vided A. 


In this example the decimal number to be 
choſen cannot be 100000, becauſe its product by 
B (253) is 25300000, which having a Cypher 
more than the number A, is conſequently greater 


i than A. But the cheimal number to be choſen. 


is 10000, by which the Diviſor B being multi- 
plied, makes a number C (2530000) leſs than the 


number to be divided A, 30 which can never 


be ſubtracted 10 times Nom the number A, be- 


cauſe 10 times the number C would give the num- 
ber 25300000, which we knew before to be greater 
than A, and which nnen cannot bs, ſub- - . 

tracted from A. ; 


The. number C then containing 10000 times 


exactly the number B, if I can know-how many 
times the number C can be taken from the number 


to be divided A, I ſhall be able to know at the ſame 
time how many times the number B can be taken 


from 1 it, viz, 10000 times, if C can be taken from it, 


D2* + a 
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once; 20000 times, if C can be taken from it 


twice; and ſo on. 
To do this I put the number 8607819 A 


C under A, units under units, — 
tens under tens, c. and ſay 253 B 
how many times 2 in 8, 4 times; 3 


but becauſe 3; is not likewiſe con- 2530000 C 
tain'd 4 times in 6, I know that 1017519 M 
the — of the number C can- — 
not be taken more than 3 times from the num- 
1 

To aſſure my af effectually that C may be 


taken 3 times from A, I ſay, 2 1 ſubtracted 


3 times from 8, remains 2, which being join'd to 
the next Figure 6 makes 26, from which the Fi- 
gure 5 of C may likewiſe be taken 3 times, and 
there will remain 11, which being join'd to the 
Figure following makes 110, from which three 
may likewiſe be taken three times, and there re- 
mains 101, which being join'd to the following 


Figures 7819 that remain, form the number M | 


which I put underneath. 

And having by this operation taken away three 

times the number C, which contains 10000 times 

the diviſor B, 1 know that J have already taken 

away 30000 times the diviſor B from the number 
A; I therefore put 3 * Z in the row of tens 
of thouſands. 

"  2ly, I begin the operation again, and the re- 


mainer M, which muſt of neceſſity be leſs than 


the number C that contains B 10000 times exact- 
ly, which C has been taken from A as oft as poſ- 
ſible, cannot now contain 10000 times the divi- 
for B; I therefore multiply B by the decimal 
number 1 000, which N — the 
10000 91 > ** made uſe of. 


And 


or” 


7 2 00 


© 2 & 


W 


ys {t C0 cd. 


28s 


tain'd 5 times in the number x I 
of M which anſwers to that Fi- 1017819. M 
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And to know how man 


times the number D can be ta- 8607819. A 
ken away from the remainer = - 


MN, I ſay how many times 2 in 2% 


10? 5 times juſt; but becauſe 34 . 2 


the following Figure 5 of tjùe„ũ„ꝰ'd 


number D is not likewiſe con- 3520000. C 


gure, I know that the whole 253000. D 
number D cannot be taken away — 1 
more than 4 times from the re- 5819. N 


mainer M. 


And to know certainly whether D can be taken 
4 times from M, I ſay, 2 being taken 4 times 
from 10, there remains 2, which being join'd to 
the next Fi igure 1 makes 21, from which 5 may 
alſo be taken 4 times and there remains 17, from 
which 3 may alſo be taken 4 times, and 3 remains, 
which being join'd to the remaining Figures 8 19, 
forms at once the remainer N, which J put under- 


neath. 


3, I begin the operation again, and the re- 
mainer N, leſs than the number D which con- 


tains 1000 times exactly the diviſor B, cannot now 


contain it 1000 times; I therefore multiply B by 
the decimal number 100, which n pre- 


cedes the 1000 that I juſt before made uſe of, and 


I have the number 25300, which cannot be taken E 


from the remainer N, and therefore I put o in the 


Quotient Z, the reaſon of which will 8 Pre- 


| ſently. 


4, I therefore multiply B by the decimal num- 


ber 10, which immediatel y precedes the 100 that 


J juſt before made uſe of, and I have the num- 


ber E, which contains the diviſor B Jer 10 


Times. 
| And 


4 
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And to know TT 7 74 | 
times the number E can be 8607819. A 


taken from the remainer N of 
the number A, I fay, how 2853. B 
many times 2 in 5? 2 times, 3402. Z 


and 1 remains, which with the = 
8 that follows makes 18, in 3520000. C 
which 5; is likewiſe contained ? —.— 
times, and 8 remains, which 10178 19. M 


with the 1 following makes 81, 253000. D 
in which 3 alſo is contain'd 2 
times, and 75 remains, which 5819. N 
being join'd to the following 2530; E | 
Figure nine that remains, gives —— 

at once the remainer P, which I 759. P 


put underneath. 

And by this operation the number E which 
contains A times the diviſor B, having been taken 
2 times from the remainerN of the number to be | 
divided A, I know that the number B has now |: 
been taken from it 34020 times, I therefore put 
2 in the quotient Z, and in the row of tens. By 
which we may ſee the reaſon we had to put o in 
the row of hundreds, viz. to preſerve to che Fi- 
gures 34 their proper ranks. 

50, I begin the operation again, and multi- 
plying the diviſor B by the decimal number 1, 
which, immediately precedes the 10 I juſt before 
made uſe of, I have the number F, equal to the | 
diviſor B. 

And to know how many t times the number 47 
can be taken from the remainer P, 

I ſay in 7 how many times 2 ? 3 times and 1 - 
remains, which with 5 makes 15, in which 5 is 
likewiſe contain'd 3 times, and o remains, which 
with 9 makes 9, in which 3 is alſo contain d 3 
times, and nothing remains. 

24 e And 
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And by this operation the 


3402 34 times from the number 


number F which contains the 86078 19. A 
diviſor B once, having been 1 cans” 
ken 3 times from the remainer 253. B 
'P of the number A; I know 34023. Z 
that the diviſor B has been ta- — 
ken 34023 times from the num- 2530000. C 
ber to be divided A, I there- — 
fore put 3 at Z. 10178 19. M 
And now I know at laſt, that 253000. D 
the number Z thus found, is tage | 
Quotient I require, or that Z is 5819. N 
contain'd 253 times in A, or is 2530; RK 
the two hundred fifty third part — 
of it. 759. P 
For 253 having been taken 253. F 


A, *tis plain that the number A is equal to 3402 2 
times 253, +44 conſequently N o 25 3 times 


34923, N 
(42.) 3 


By this operation we know two is with re- 


gard to the two numbers propos'd. 


It, How many times one, of theſe en is 
contain'd 3 in the other, and this the 3 2 


ſhews us. 


2ly, What that number i is, which one of the 


numbers propos'd A contains ſo many times as 
there are units in the other B, and the Quotient 


Z is this number, or that equal part of A which 9 


we deſire. 

Thus in the example foregoing, I Ws: by the 

N that 253 is contain*d 34023 times in 

8607819, andthat this ſame number contains 253 

times 34023, or * 34023 is the two Lo 
- © __ 
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fifty third part of the number propos d 8607819, 


which ſhould be well obſery'd. = 


. 


We may yet very much ſhorten the operation, 
Iſt, By making the ſeveral multiplications of the 


diviſor B by the numbers 1, 10, 100, 1000, &c. 


in the mind only. aby, By carrying the Figures 
of the diviſor B into their proper places, under 
the Figures of the ſeveral remainers M, N, P, &c. 
by the imagination only. 3), By neglecting to 
bring down the Figures of the number A, as be- 


ing uſeleſs in the operation. 


” 


follows. 3 | | 
Thus inſtead of putting as be- ... 
fore the number C under A, 1 86078 19. A 
put a point over each of the three 
firſt Figures of the number A, 253. B 
and carrying, in my thoughts 3 


B under the firſt Figures, 2 un- io1 M 


der 8, 5 under 6, and 3 under | 
o, I ſee, as before, that the diviſor B multiply'd 


by 10000 is contain'd 3 times in the Figures 860 


of the number to be divided, that is to ſay 30000 
times in A, and that there remains 1017819, I 


In reading this article, we ought to have the pre- 
| cedent operation freſh in our minds, and to make 
our ſelves maſters of it before we attempt what 


ut the remainer 101 under 860, without bring- 


ing down the other Figures 7819, and I have the 


remainer M. And after having put down 3 in 
the rank of tens of thouſands in the quotient Z, 


o 


point, 


or under the Figure o, over which I put the laſt 


I be- 


" 
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I begin the operation again, and putting a point 
over the following Figure 7 of the number A, I. 


bring it down to the Figures 101 of M, and I ee, 
as before, that the diviſor B 1s | 


43 contain'd 4 times in the Figures | 8607819. A 4 


1017 of the remainer M, that — 
is to ſay 4000 times in Men- 2233. B 
tire, and that there remains 5, 340 

that is to fay 38 19; and after 
having put 4 in the quotient Z 1017... M 
in the rank of thouſands, 3681. N 

I begin the operation again, 75. P 
and putting a point over the Fi- 


gure 8 of the number A, I bring i it down next to 
the Fi igure 5. of N, and ſee that the diviſor B is 
not contained in 58, I therefore put o in the place 
of hundreds in the quotient Z. 
And putting a point over the following Figure 
1 of A, I bring it down to the Figures 58 of N, 
and ſee as before that the diviſor B is contain'd 2 
times in the Figures 581 of the remainer N, or 
20 times in N, and that there remains 75, that is 
to fay 7593 and after having put 2 in the quo- 
tient Z in the place of thouſands, $1 
| I begin the operation again. 
and putting a point over the Fi- 86078 19. A 
gure 9 of the number A, I bring 25 


it down to the Figures 75 of P, 233. B 
and I ſee, as before, that the 34023. 2 
diviſor B is contain'd 3 times 1 
in the remainer P, and that there 1017 ... M 

is nothing remaining, ſo that 681. N 
the ſame number B is contain d 759 P 


34023 times in the number to 
de divided, and 34023 is the quotient or the 
two hundred fifty third part of A. 


| x 


be divided A; but becauſe the 
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In the preceding example we have found the. 


remainers M, N, P, &c. directly and at one ſim- 
ple view; and this ſhould be always practiſed 


when we can do it without confuſion, and will be 
| eaſy to be done when the diviſor has but two Fi- 
gures in it; but when the diviſor conſiſts of many 


Figures, this will be impoſſible : Upon the whole, 


when thoſe Figures are greater than 5, then we 


muſt have recourſe to multiplication, and to avoid 


the confuſion that would otherwiſe ariſe, we may 


purſue the following method. 
_ V. 

— pan9449- A 
by.” 3 
and to find the Quotient a... 

I put a point over the three :! 
firſt Figures of the number to 736 M 


diviſor 769 cannot be taken from the number 304 
I ͤ put another point over the fourth Figure 3, 
and I ſay how. many times 7 in 30? 4 times (for 


4 x 7 make 28) and 2 remains, which with the 


Figure following makes 24, from which 6 may 


likewiſe be taken 4 times; but becauſe there will 


nothing remain, and that cannot be taken 4 
times from the 3 following, I conclude that the 
diviſor B can be taken from 3043 but 3 times. 


I fay then 7 being taken 3 times from 30, re- 
mains 9, which with the 4 that follows makes 
94, from which 6 being taken 3 times, remains 


76, which being join'd to the Figure following 3 


makes 763, from which 9g being taken 3 times, 


remains 736, as may be ſeen at M. q 


a ak owl had a — 
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Or more commodiouſly thus; having ſufficient 
knowledge from the firſt ſtep foregoing, that B 
can be taken 3 times from 3043, I put 3 in the 
. quotient, under 3 I draw a line, and ſay 3x9 
make 27, from 3 I cannot, I therefore add 3 
tens, and then 27 from 33, remains 6, and I re- 
tain and carry 33 3 * 6 make 18, and 3 makes 
21, from 24 remains 3, which I put underneath 
and retain 2; 3 x 7 make 21, and 2 makes 23; 
from 30 remains 7, and I have the ſame remainer 

a ( e e he Oe 


. bring down the following 30432449. A 
Figure 2, and fay in 73 how | 
many times 7 ? and becauſe ſee 769 B 
that it will go more than 5 times, N 
J put a point in the Quotient — n 
Z, and this point I regard as 7362 M 
occupying the place of the ſaid 3317 N 
Figure 3; and now ſay 3 tines 
9 make 45, from 52 remains 7, and I retain 833 
5 times 6 make 3o, and 5 makes 35, from 36 
remains 1, and I retain 3; $5 times7 make 35 
and 3 makes 38, from 43 reſts 5, and Iretain 4 3 
4 from 7, remam . 
Now I ſay in 35 how many times 7? 4 times, 
which with the 5 that the point was put for, makes 


9; I therefore put in the room 
of the ſaid point, and ſubtract 30432449. A 
four times more the diviſor 79 769 B 
from the number 3517, ſaying N 
4 times 9 make 36, from 37 - 
remains 1, and I retain 3 4 7362 M 
times 6 make 24, and 3 makes 3517 
27, from 31 remains 4, and 4414 P 
retain 3; 4 times 7 make 28, 1.41 
d.z makes 31, from 35 remains 4. 
| I bring 


= 


— 


I bring down the following Fi- 


re 4, and ſay in 44 how many 
5 7? I ſee that it will gos 

times at leaſt; but ſince it may 
poſſibly go more than 5 times, 1 


put a point in the quotient, which 


Point always ſtands for 5, and ſay 


5 times 9 make 45, from 54. reſts 


9 and I retain 3; 5 times 6 make 
30, and 5 makes 35, from 41 re- 


mains 6, and retain 4; 5 times 7 


I bring down the next Figure 4, 
and ſay in 3694 how many times 
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— 


. 


30432449 


| 769 
39. 


7352. 


3517. 
4414 


569 


remains 5 3 


and becauſe the remainer 569 is leſs than the di- 
viſor, I know that the diviſor could be contain'd 
no more than 5 times in the remainer 4414 juſt 
above it, therefore I put 5 in the room of the point. 


769, or in 56 how many times 7 ? 


and becauſe it will go more than 
5 times, I __ 4 point in the quo- 
fay 5 


tient, and ſay 5-tumes g make 45, 


5 times 6 make 30, and g makes 


- 


35, from 39 remains 4, and I re- 


tain 3 3: 5 times 7,make 35, and 


3 makes 39; from 46 remains 8, 


and retain 4; 4 from 5 remains 1. 


Now I fay in 1849 how many 


times 769, or in 18 how many 
times 7? 2 times, which with the 
- 5 that the dot ſtood for makes 7; 

I therefore put 7 in the room of 


the dot or point in the quotient, 


and ſay, 2 times 9 make 18, from 


19 remains 1, and I retain 1; 2 


x 6 make 12, and 1 make 13, from 


30432449 
769 


— 99 


—— K—ÿ 


7362. 
3517. 
4414. 

5694 
1849 


30432449 


769 
3957 


| 7362. 


. Wy 99S SD ee 205 5 e 


K 
v 
P 
2 


18 
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14 remains 1, and retain 1; 2 times 7 make 14, 
and 1 makes 15, from 18, remain 3. | 
I bring down the next Fi- Her 
gure 9, and fay in 31 how 30432449 


many times 7 ? 4 times, I put | © a 

4 in the quotient, and fay 4 =. 
times 9 make 36, from 39, 39574 7 
remain 3, and I retain 3. 4 — 
times 6 make 24,and 3 makes 7362 
27, from 31 remain 4, and 3317 
I retain 3. 4 times 7 make 4414. 
28, and 3 makes 31, from $5694. « 
31 remains nothing. Thus 1849. 
the number 39574, is a ſmall * 3119 
matter leſs than the quotient 43 


requir*d, which will be be- | — 
tween the numbers 39574, and 39575: We put | 
therefore the number 43 that remains, over a line 

after the quotient, and the diviſor below, theſe 
will form a fraction of which we ſhall treat here- 
after; this fraction added to the number found, 
ſnall give the exact 5 e of the two maine 


* n 
(45) VI. APE 3 7, + "Ne 
; | . 1 1 w IM - 2 * ; 
To divide the number 7749861239 
1 put e a point over the four _ 8 
firſt Fi igures, and fay in 7 ho / =— 


many times 1? 7 times; but ] content my ſelf to 


ſee if it will go 5 times; for if it goes more 
than 5 times, then I ſhould make the operation - 

at twice; I put then only 5 in the quotient, 
which I write under the Figure 9 over which the 
point ſtands, and I ſay 5 times 5 make 25, from 
29, remain 4, which 1 Put underneath, and re- 


tain 
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tain 2. 5 times 3 make 15, and 2 make 17, from 
24, remain 7, and retain 2, 5 times 4 make 20, 
and 2 make 22, from 27, remain 5, and retain 
2. 5 times 1 make 5, and 2 make 7, from 7 re- 
— ©: 8 


gure 8, and ſay in 5 how ma- — 
ny times 1? 4 times, and 1 1435 B 
remains, which with the 7 5400600 


that follows make 17, in — 
which 4 is alſo contain'd 4 3748 


times, and 1 remains, which 8612 
with 4 make 14, in which 3 259 


is alſo contain'd 4 times, and 


2 remain, which with 8 make 28, in which 5 


zs alſo contained 4 times, and 8 remain, which 


I put underneath, and alſo 4 in the quotient, 
and the operation for this row is compleated. 
This method ſhould be always uſed when it can 
be done without confuſion. = - N 
T bring down the 6, and becauſe 86 is too lit- 


tle, I put o in the quotient, and bring down the 


14 and becauſe 861 is yet too little, I put o in 
the quotient, and bring down the 2. And now, 
I fay, in 8 how many times 1? 8 times, but 8 is 
too great, as is alſo 7; let us ſee then whe- 
ther 6 will do. 1 being contain'd 6 times in 8, 
remain 26, in which 4 is likewiſe contain'd 6 
times, and remain 21 in which 3 is alſo con- 
tain*d 6 times, and 32 remain; in which 5 is alſo 
cContain'd 6 times, and 2 remain, which I put 
underneath. þ. | | 
I bring down 5, and becauſe 25 is too little, I 
put o in the quotient, and bring down 9 ; and 
| becauſe 259 is yet too little, IJ put another o in 
the quotient, and the operation 1s compleated. 
4 = 0 


I bring down the next Fi- 7749861259. A 


Of the ſimple Operations of Arithmetic 31 
Thus I know, 1f*, That the number B is con- 
tain'd in, or may be taken 5400600 times from 


the number A, and that there remains 259. 


21y, That Z isreciprocally contain'd in, or may be 


taken from A 1435 times, and that there will 


remain 259 3 and conſequently the 14.35% part 


i of A, or the quotient of this diviſion is ſome- 
thing greater than Z, but not an entire unit, and 


this exceſs is the fraction 4443p. 
(46.) ä 


When the diviſor does not exceed 9, we need 


put down neither the multiplication nor ſubtrac- 
tion, becauſe the ſeveral remainers may be found 


directly with great eaſe. ; 


Thus to divide 69765 by 5, 1 69766 


ſay in 6 how many times 5? Once, 


which I put underneath, and one 13953 hs 


remains. In 19 how many times 


5? 3 times and 4 remain. In 47 how many 


times 5? 9 times, and 2 remain. In 26 how 


many times 5? + times, and 1 remains. In 


15 how many times 5? 3 times. And the 
number 13953 which is underneath, is the quo- 
tient requir d. I 
To divide 457983 by 2, I ſay in 4 how many 
times 2, or more ſimply the half of 4 is 2, whic 
I putunderneath ; the half of 5 is two, and 1 re- 


mains; the half of 17 is 8, and 1 remains; the 


half of 19 is 9, and 1 remains; the 
half of 18 is 93 the half of 3 is 457983 
one, and 1 remains. And 228991 —— 


is the 12 and the 1 which re- 2289914 


mains I put down in a fraction. „ 
To divide 457983 by 3, I ſay the third of 4s 1, 


2 


and 1 remains. The third of 15 is 3. The third of 
| | KE 2. I 


4 

2 

x 

þ 

s 
"i 
1 
þ 
1 
: 


| 
' 


52 Matbematic Leſſons: * 
7 is 2, and 1 remains. The third of 
19 is6, and 1 remains. The third of 457983 
18 is 6. The third of 3 is 1. And the — 
number below is the quotient. 152661 


Jo divide 379854 by 10, I cut off 


the Figure 4 of units, and 37985 is 379854 ; 


the quotient, and the remainer 4 37985 fr. 
makes the fraction fg. 


For *tis plain that 10 times 37985, or 3798 50, 
being ſubtracted from 379854, there remains 4. 
And to divide 379854 


by 100, I cut off the two laſt 3798 22 | 


Figures, and 3798, with 54 the 
remainer, or , is the quotient. 

For the fame reaſon if we are to divide by 
1000, we muſt cut off the three laſt Figures, and | 


1o on. hs 

F 1 K 
F >: 42807 
by 12 F 8 23567 * 


I fay in 42 how many times 122. 


- times, and 6. remain. In 68? 5 times (for 5 x 
12, make 60) and 8 remain. In 80? 6 times 


(for 6 x 12 make 60 and 12) and 8 remain. In 


87? 7 times (for 7 x 12 make 60 and 24, or 84) 


3 remain, which I make into a fraction. 
We ſhould accuſtom our ſelves to divide by 12, 
for this is of great uſe, and to do it with eaſe *tis 


ſufficient to obſerve that 5 x 12 make 60, and that | 


9 x 12. make 108, the reſt may be perceiv'd at 
one ſimple view. —— 
48.) GENERAL RULE. 


To divide one number by another, and to find 
the quotient, F 
iſt, Put 


. 
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 xfe, Put the diviſor under the number to be 
divided, units under units, tens under tens, Sc. 
and beginning at the Figure the fartheſt remov'd 
from unit's place, put a point over as many Fi- 

res, as will make a number at leaſt as great as 
the diviſor; then ſee how often the Figures thus 
pointed will contain the diviſor, which will always 
be an eaſy matter, becauſe ſuch number of times 
can never exceed 9; and thus you will have the 
firſt Figure of the quotient, which put down un- 
der that Figure of the number to be divided, over 
which the laſt point ſtands. ; 

21y, Multiply the diviſor by the firſt Figure of 
the quotient, and ſubtract the product at the fame 
time from the number to be divided, and put the 
remainer underneath. 3 

3y, By repeating the ſame operation, you will 
find ſucceſſively each of the other Figures of the 
quotient, obſerving always to-put a Cypher when 
the diviſor is not contain*d once. „ 

4, To divide a number by 10, 100, 1000, We. 
cut off as many Figures, reckoning from units 
place, as there are Cyphers in the diviſor. The 
remaining Figures ſhall be the quotient, and thoſe 
which are cut off ſhall be the remainer. , 

ly, For a proof, multiply the quotient by the 
diviſor, and, adding the remainer of the diviſion, - 
if any, to the product, if this ſum be the fame 


with the number to be divided, the operation iS 


night. 


. 6ly, As to the remainers, put them at the end 
of the quotient over a ſhort line, and the diviſor 


below, theſe will form a fraction, of which we 


ſhall diſcourſe elſewhere ; this fraction join'd to 
the Figures already found, gives the exact and 
compleat quotient of the two numbers. The de- 

"9 monſtration 
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monſtration of theſe rules is included in the exam- 
ples. | 


49.) DEF. and PRO B. VI. 


O find the greateſt common Diviſor of two 
numbers A and B, is to find the greateſt !' 
number Z, which will exactly divide, or which | 
is contain*d preciſely one or more times in both 
theſe numbers. 15 te els 

Thus to find the g. c. d. of the numbers 12 and 
8, is to find the greateſt number 4, that will di- 
vide 12 and 8 exactly. 


(50.) I. 


To do this, I conſider that the exact diviſor of 
a number B, cannot be greater than the number it | 
ſelf, tho? it may be equal to it. Thus 9 cannot 
be the exact diviſor, or cannot be contain'd in 8 


an exact number of times. The caſe is the ſame * 


with 10, 11, 12, Sc. to infinity. But 8 is con- 
tain'd exactly one time in 8; ſo that 8 muſt be 
conſider'd as an exact diviſor of 8. 
From whence it follows, that to find 
the g. c. d. of two numbers A and B, 54. A 
we muſt divide the greateſt of the two 18. B 
numbers propos'd A, by the leaſt B, 7% 
and if there be nothing remains, the number B 
ſhall be the g. c. d. of the two numbers A and B. 
For B being contain'd a certain number of times | 
[exactly in A, and one time in B, therefore B ſhall 
be a common diviſor both of A and B; and fince 
no number greater than B can be contain'd in B, 
no common diviſor of A and B can be greater 
than B. TH 8 85 
(51. ) But 


. 
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a = II. Hl 
But if in dividing A by B, there comes out a 
remainer C, I ſee immediately that the g. c. d. of 


the two numbers A and B, cannot exceed the re- 
mainer C. For ſince ſuch diviſor muſt be con- 


7 tain'd a certain number of times exactly in B, and 


alſo in all the B's of which A is compos'd ; if this 


diviſor is not contain'd exactly in the remainer C, 


it cannot be contain'd exactly in A, which is 


equal to C, and a certain number of B's. Thus 


the g. c. d. of the numbers A and B, is a diviſor 


of the numbers B and C, and conſequently can- 
not be greater than the g. c. d. of B and of C. 
From whence it follows, that to find 


the g. c. d. of two numbers A and B, we 171. A 


muſt firſt divide A by B, and if there 54. B 
be a remainer C, then divide B by C, 9. C 
and if now nothing remains, but that 1 


C divides B exactly, and is conſequently, by the 


foregoing rules, the g. c. d. of B and of C, 
then this remainer is alſo the g. c. d. of A and 


of B. - 


For, from what we have juſt demonſtrated, no 
number greater than C can exactly divide A and 
B. Now C will be contain'd exactly once in C, 


and ſeveral times in B, and conſequently ſeveral 


times exactly in A, which is equal to C, and to 


a certain number of B's. C therefore ſhall exact- 


ly divide both A and B, and conſequently ſhall 


be the g. c. d. 
„„ 


To find therefore univerſally the g. c. d. of two 
numbers A and B, I divide firſt A by B, and if 
8 | E 4 there 
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there come out no remainer, B is the g. c. d. of ; 


A and B. 
But if there be a remainer C, * I divide B 4 
C, and if nothing now remains, C is the g. c. 


.O D 


of A and B. 

But if there be a remainer D, Idi- 43 'P 
vide C by D, and ſo on, till Ifinda 102. 
remainer E, "which will exactly di- 30. 
vide the foregoing. * 

And this laſt remainer E is the g. 6. 


c. d. of the numbers A and B. 

For by what we have juſt before ſeen, che g. c. d. 
of two numbers A and B, ought not only to di- 
vide, withouta remainer, A and B, but it ought 
alſo to divide exactly the remainer C, and con- 
ſequently to be a common diviſor of B and C. 

The g. c. d. of A and B then cannot exceed the 
g. c. d. of B and C, and ought alſo to divide 
exactly the remainer D, and to he conſequently | 
the common diviſor of C and D, for the ſame 
reaſon. | 

Since then the g. c. d. of A and B, cannot ex- 
ceed the g. c. d. of B and C, nor the g. c. d. of 
O and D, ul muſt divide exactly the remainer E, 
it muſt conſequently alſo be a common diviſor of 
D and E; and ſo on. 

The g. c. d. of A and B then cannot exceed 
the — E, and muſt divide it exactly. 

Now this laſt remainer E dividing it ſelf and 
alſo D exactly, it will divide C which is com- 
pounded of E, and of ſeveral D's. E will alſo 
divide B, which is compounded of D and of 
. ſeveral C's. E, will likewiſe divide A, which is 
compounded of C and of ſeveral B's. E there 


will not _ be a diviſor, but the 8: c. d. F A 
and B. 


650 We 
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ͤ : 


We have juſt ſeen that every common diviſor 
of two numbers A and B, is neceſſarily a diviſor 
of their g. c. d. E, which muſt be well obſerv'd. 
From whence it follows, that to find the g. c. d. 
of three numbers A, B, C. | 
Since every common diviſor of three numbers 
A, B, C, is neceſſarily a common diviſor of the 
two firſt A and B, I ſeek in the firſt place for the 
95 c. d. M of the two numbers A and B as be- 
. 5 ; | 
And fince every common diviſor 162. A 
of the two numbers A and B, is alſo 108. B 
a common diviſor of their g. c. d. M, 72. C 
I now ſeek the g. c. d. N of Mand 
of C. yh * a 
And *tis plain that the g. c. d. N 18. N 
of M and C, ſhall be the g. c. C0. 


of the three numbers A, By . 

66 %/%hi ͤ́ ẽꝙ̃ .ññ ᷑ 
To find the g. c. d. of four num- 167 f 

bers A, B, C, B. 108. 8 


I firſt ſeek the g. c. d. N of the 7%. 0. - 
firſt three A, B, C, and then I ſeek 45. D 
the g. c. d. O of D and N, which — 
ſhall be the g. c. d. of the four num- - 54. M 
Da ECD :- | 18. N 
For every common diviſor of the 9. O 

four numbers A, B, C, D, being ne- 5 
ceſſarily a diviſor of the g. c. d. M, of the two firſt 
A, B, and of the third C, this common diviſor 
hall alſo neceſſarily be a diviſor of M, of C, and 
of D. fo that it cannot be greater than the g. 5 4 
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O of the three M, C, D. Now O being a diviſor 
of M which divides A and B, O ſhall be a divi- | 
for of A, B, C, D; and conſequently their greateſt | 
common diviſor. F. 8 


(55) CE NE RAIL RULE. 


iſt, To find the g. c. d. of two numbers A and 

B, divide the greater by the leſſer. And, taking 
no notice of the quotient, if there be a remainer, 

divide the leſſer number by this remainer. And 
if there be ſtill a remainer, divide the preceding 
remainer by it, and ſo on till a remainer he found 
that will exactly divide that which immediately 

precedes it. And this laſt remainer ſhall be the 
g. c. d. of the numbers A and 8. 

2, To find the g. c. d. of three numbers A, 
B, C, find in the firſt place by the preceding rule 
the g. c. d. M of the two firſt A and B, and then 
the g. c. d. N of M and C; and N ſhall be the 
g. c. d. of the three numbers A, B, C. 

zu, To find the g. c. d. of four numbers A, B, 

C, D, firſt ſeek the g. c. d. N of the three firſt 

A, B, C, by the preceding rule, and then the g. 
c. d. O of N and D; and this ſhall be the g. c. d. 
of the four numbers A, B, C, D. And ſo on ad in- 
finitum. 4 


nd of the firſt Leſſon. 


THE 


TR = 
. THE 
SECOND LESSON. 
Of the on of 4 
in Frattions or broken Numbers. 


DEFINITIONS. _ 


(56.) * 


RAC TIO N 8, or broken Numbers, are 
F ſuch as expreſs the parts of an unit, 1 : 
which we may 1magine as many as we 
pleaſe, either equal or unequal. 
For though unity is the moſt ſimple of all num- 
bers, yet for all that we do not fay that a nume- 
rical Gar! is ſimplicity it ſelf. 'Tis very true, 


that in perfect ſimplicity we cannot conceive parts, 


and that unity agrees with this perfect ſimplicity ; 


but it does not follow from hence, that perfect | 5 


ſimplicity ſhould agree with a numerical unit, in 
which we have always conceiv'd as many parts, 


either equal or unequal, as we would. 


(57. II. 


When we con ** an unit as confiftin but of 
one part, this part which is the unit it ſelf is calPd 
one firſt, and is thus expreſs'd 4. And when we 
conſider the unit as divided into 2, or 3, Or 4, 


er . other number of equal parts we have 
| a minp 


3 
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a mind to, as 36, or 247, Sc. cach of theſe 
pa TS 

is call'd 


One half, if into To Res 
| One third, if into 2» D : 3 
One fourth, if into 8 ' © 
One fifth, if into. 8 . # 
| One 36th, if into * 
One 247th, if into — x7 E LIEN 
And fo on to infinity. 
188.) | III. 


Numbering on, or adding each of theſe ori- 
ginal fractions + 4 3 4 r , to it ſelf, as we 
did unity in the numeration of whole num- 
bers, we ſhall form in order all the other 
fractions, of which the number is infinitely infi- 
RR... - 8 

Thus with the fraction one firſt 1, we generate 
. the fractions 2 Arft s, three firſts, four firſts, 

and which we expreſs thus, +4 2 4 4 44 242 Ge. 
and theſe firſt fractions are not different from the 
whole numbers 1. 2. 3. 4. 5. 36. 247 Sc. for as 
z by the foregoing article is equivalent to 1. 
wall be equivalent to 2. 4 to 3. And ſo on. 
With the fraction 2, or one Half, we ſhall form 
the fractions à /wo halves. + three halves. * four 
Balves, and ſo on, as 2s thirty fix halves, &c. 

With the fraction , or one twenty ſeventh, we 


| 1 4 
form the fractions 2, 2, 5, 45 242 Ge. 


(59.) After 
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(59. IV. | 
After the ſame manner we may form all other 
fractions, of which each expreſſion ſhall be com- 
pos'd of two numbers. That which is above is 
call'd the Numerator, or firſt term; and that 
which is below is calPd the Denominator, or ſe- 
cond term. And in this whole Leſſon we ſhall 
conſider none but ſuch fractions whoſe terms are 
whole numbers. 
Now as one cannot come to the knowledge os a 
thing otherwiſe than by that which is naturall 
. knowable in that thing, we will take the greateſt 
care to remark in the firſt place, what may natu- 
rally, or at a ſimple view, be known in Fracti- 
ons. Thus we will obſerve, | 


* 


(60. E 

* the fractions + 4 3 4 3 Ce. from hich 
all others are deriv d, go on continually decreaſing. 
So that one + is more than 2, and £ more than 4, 
and ſo on: This is evident for this reaſon, that 
the more equal parts one conceives to be in a 


whole, the leſs thoſe parts muſt neceſſarily be. 
(61:7 | ST 5: 2 


That the ſecond term of a fraction denotes * 
ways into how many equal parts we ought to con- 


ider the unit, of which we have the idea in ou? 


imagination, to be divided in relation to that 
fraction; and its rs frſ term denotes how many ſuch 
| parts the fraction ſignifies. | 
In the fraction , for example, becauſe the ſe- 
cond term 1s 12, we conſider the unit as divided 
into 12 equal parts; and becauſe the firſt term is 


* | 5» WE 


*. 
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5, we underſtand that the fraction +5 is 5 of 
thoſe 12 parts, or, which will come to the ſame 

ching, that £- is 5 times Y: that ZZ is 12 times 
z: that . is 345 x. And fo in others; all 
which is evident from the very formation of frac- 
tions. Fi” | 


(62.) | i 


From whence it follows, that when the firſt term 
of a fraction contains its ſecond a certain num 
ber of times exactly, as once, twice, 3 times, 36 


times, Sc. then the fraction is equal to 1, or 2, 
or 3, or 36, Sc. or ſome other whole number. 
For then the fraction is once, or twice, or 3 times, 


or 36 times, or ſome certain number of times all 


the parts of the unit. | 
Thus the fractions + 4 + 2£2, Sc. are each 


uivalent to one. For + for inſtance (where, 
becauſe its ſecond term is 5, we conceive the unit 


divided into 5 parts) is (becauſe its firſt term 5 is 
equal to its ſecond term) equivalent to all the f/7h 
rts of unity, and conſequently to unity it ſelf. 


Thus , whoſe firſt term 14 is twice its ſecond 


term 7, contains all the parts of the unit twice, 


and is conſequently equal to 2. Thus , is equi- 


valent to 3, and to 8, and ſo on in others ad 
infinitum. ” 


(63.) ny 2 IV. 


That when two fractions have the ſame ſecond 


term, that whoſe firſt term is the greateſt, is the 


greateſt fraction. And when they have the ſame 


firſt term, that whoſe ſecond term is the greateſt 


is the leaſt fraction. | 
1ſt. Pitch upon any two fractions you pleaſe 
| 1 which 
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which have the ſame ſecond term as 44 , it is 
plain that the fraction 4+ or 15 X* r, whoſe firſt. 
term 15 is the greateſt, is greater than the other 
Ar, or 8 x r, whoſe firſt term 8 is the leaſt. 
2, Pitch upon any two fractions that have 
the ſame firſt term as 13 , it is plain 

* ſince - is leſs than 3, that 14 or 15x * 61 
r ſhall be leſs than , or than 15 x 3, | 
the ſame thing will be in all other examples. 


(64.) 0 - 


That when two fractions have the ſame ſecond 
term, we may eaſily find their ſum and diffe- 
rence, by taking the ſum and difference of their 
firſt term, without meddling with their ſecond 
term. i 
Chooſe two fractions at pleaſure, which ſhall 
have the ſame ſecond term as £- and &. Iſt, I 
ſay, that to add them together, we-need only add 
the firſt term 8 of the one, to the firſt term 5 of 
the other, and 44 is the ſum. 2, I ſay that td 
ſubtract , from vr, we need only ſubtract the 
firſt term 5 of the one, from the firſt. term 8 of 
the other, and 38- is their difference; this is ve 


| clear, and is a conſequence of Article the 58m, 


The caſe is the ſame in other examples. 
(g.) VI. 


That if we multiply or divide both the terms 
of a fraction by the Kh number, we do not alter 
its value. LEE 
, If, Pitch upon any fraction you pleaſe, as 
7, and upon a whole number 6, multiply both 
the terms of the fraction by the whole number 
6, I fay that the fraction 3+ which is * 
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by this operation, ſhall be of the ſame value 
with K. SE i EL 17 75 

For upon account of the ſecond term of æ be- 
ing 7, you muſt ſuppoſe the unit to be divided 
into 7 equal parts: If now upon account of the 
whole number 6, you ſubdivide each of thoſe 7 
parts into 6 more, you will have 6 x 7, or 42, 
ſuch parts as each of the 4 parts of 4 contain 6, 
and conſequently ſuch as the whole fraction 4 will 
have 4 x 6, or 24; 4 therefore 1s equivalent 
to 4. And the ſame in all other examples. 

2%, Pitch upon any fraction you pleaſe, as , 
whoſe terms 12 and 9 may each of them be di- 
vided by any whole number 3, and the fraction ? 
which comes out ſhall be equal to, or of the ſame 
value with , the fraction propos'd. 

For multiplication being the proof of diviſion, 


in multiplying both the terms 4 and 3 of 


'* 24 the fraction + by 3, you will have 12 
33-4 and q, and conſequently * by the demon- 
ſtration preceding, is of the ſame value as +. The 
ſame in all other examples. 5 
Me may ſee by this article that there are an in- 
finite number of fractions whoſe terms are alto- 
gether different from each other, which yet may 


be of the ſame value with any we pleaſe to pro- 


poſe, as r; for by multiplying both its terms 8 

and 12 ſucceſſively by 2, 3, 4, 5, Sc. we ſhall 

have the fractions 24 24 22, Fc. of the ſame va- 
lue as r. The ſame in others. 


(566. VII. 


From whence it follows, that we may multiply 

a fraction by a whole number two different ways. 
Iſt, By multiplying its firſt term by ſuch whole 
number, and this is always poſſible. 2h, By di- 
„ 55 5 
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viding, if it be poſſible, its ſecond term by the 
_ whole number. 

It, To multiply the fraction 2, by the whole 
* 4, I multip 155 the firſt term 3 of 4 by 45 
and the fraction A which comes out, is 

the product of 4 by 4. * LE. 
| Fora plain by the operation that 4= con- 
| tains 4 times 3, or ſo many times as there are units 


in the multiplier 4, or that 42 is equivalent to the 


| ſum of the fractions 4 1 4. The ſame in other 
examples. 

25, But to multiply a fraction 7 = by a wikdle 
number 5, ſuch as can divide exactly the ſecond 
term of the fraction .7; (inſtead of multiplying its 
firſt term 7 by 5, which would produce a fradkion 
28, both whoſe terms may be exactly divided 
by 5, and fo reduc'd to 3) I divide the ſe- 
cond term 20 of * by 5, and I have 


for the product the fraction 24 Cpt 65 | 


the ſame value as 43, but of which the 


terms are leſs. We ſhall therefore either way 
find the product of the fraction by a. whole 
number 5, whether we divide, when it is poſſible, 


its ſecond term 20 by 5, which gives 2 or mul- 


tiply i its firſt term 7 by 5, which gives 23. 8 


(67. ) V 

From whence it follows again, that we may 
divide a fraction by a whole number two different 
ways allo. 

1, By dividing, if it be poſſible 20 do it with- 
out a remainer, its firſt term by ſuch -whole 
number. | 

217, By multiplying its ſecond term by the ſame 
whole number, and this is always poſſible. Thus, 
_ it, To divide the fraction 2& by a whole num- 
ber 6, when its firſt term can be cxatly divided by _ 
F * 
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ir. I divide the firſt term 24 of the fraction 2 


by the whole number 6, and the fraction 3, 
which comes out, is the exact quotient of 2& di- 
vided by 6. For it is plain by the operation that 


'& can be taken 6 times exact! from , and. 


conſequently ꝶ is the number which =# contains 6 

© © _ - DAR „ 2 
21y,. But to divide a fraction 2 by a whole num- 

ber 5, which will not exactly divide its firſt term, 


(I firſt multiply both the terms of the fraction 


z by the whole number 5, and I have 
65. a fraction 43 of the ſame value as , 
| the firſt term 35, of which may be divi- 
_ ded by the whole number 5); then I divide this 
firſt term 35 by 5, and the fraction 3 ſhall be 


the quotient both of 33, and alſo of its equal 2. 


But ſince it is needleſs to multiply the firſt term 
7 by the whole number 3, and afterwards to di- 


vide the product 35 by 3, it follows, that to di- 


vide a fraction 2 by a whole number 5, tis ſuffi- 
' Client to multiply its ſecond term 6 by the whole 


number 3, without meddling with the firſt term 


7, as the rule preſcribes, and we ſhall have at 
once the quotient 3 of 2 divided by 5. 85 


(68.) — = 


We ſee farther by what has been juſt ſaid, that 


a fraction is always the exact quotient of its firſt 
term divided by its ſecond. 
The principal uſe of fractions is to furniſh us 
always with the exact quotient of two numbers 
| propos'd, which the rules of diviſion of whole 
numbers can but ſeldom do. If for example we 
would find the quotient of 25 by 7, and that to 
do this we make uſe of the ordinary rules, we ſhall 
find 3, with a remainer 4, which gives us to un- 
. Gr derſtand 
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derſtand that the exact quotient of 25 by 7, or 
the number which 25 contains exactly 7 times, 


or the ſeventh partof 25, is greater than 3, be- 


cauſe 3'x 7 make but 21, and leſs than 4, be- | 


cauſe. 4 x 7 make 28. And ſince there is no 


whole number between 3 and 4, tis plain that if 
we would determine the exact quotient we muſt *' 


have recourſe to another ſort of numbers; and 


— 


„ ö r 
To divide therefore 25 by 7 exactly, we muſt 
form a fraction, of which the number to be di- 


vided 25 muſt be the firſt term, and the diviſor 


7 the ſecond term; and the fraction & ſhall be 


the exact quotient, or the ſeventh part of 25, or 


the number which 25 contains 7 times exactly, 


For by the definition of fractions + is exactly _ 


the ſeventh of one, and conſequently „ or 25 x & 
is exactly the ſeventh part of 25, or of 25x1.. 


Thus to divide 8 by 12, and to find the quo-—- 
tient exactly. The rules of whole numbers give 


nothing, becauſe 12 is not once contain'd in 8, 
and yet the number which 8 contains 12. times, 
or the twelfth part of 8 muſt. be ſomething. 


Therefore to determine the juſt value, I make - 


a fraction , of which the firſt term is the num- 


ber to be divided 8, and the ſecond term the di- 


viſor 12, and is the exact quotient of 8 di- 
vided by 12, or 5. is exactly the twelfth part of 
8. For + is the twelfth part of 1 exactly, 
and conſequently , or 8 x A 1s likewiſe ex- 
actly the twelfth of 8, or 86x 1. 3 


Thus we may fee that the quotient of 2958 | 


by 24 is exactly #252, for 2 is exactly the quo- 
tient, or the twenty fourth part of 1, and con- 
ſequently 4244 is hkewiſe the exact quotient, or 
the twenty fourth part = 2951, or of 2958 x1. 


ſuch numbers are the Fractions we are now treat- 
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If we would know how many units or whole 
numbers are contain'd in the fraction 2352, we 


ſhall find by the rules of common diviſion that 


2938 contains 123 times 24, and 6 remain, and 


conſequently, this fraction contains 123 times all 
the parts of the unit, or 123 units, and .5,, 
which we put down thus 123 , for it 


* 62, contains 224 and %, and we know * 


that 2242, where the firſt term contains 

| the ſecond 123 times exactly, is equal 

* 65. to 123. We know alſo * that the frac- 
tion e, both whoſe terms may be divi- 


ded by 6, is equal to= ; fo that the fraction 


2358 is ar laſt reduced to 123 4, which was 


what we promis'd to demonſtrate art. 44. 


| | XI. 

We may ſee that any fraction, as 2 which, 
as has been ſhewn at the beginning, is 25 times 
F, is alſo, from what has been juſt ſaid in this 
article 3 of 25, that & is equally 8 x ,, and 
+: of 8. 42254 js both 2958 x , and, V of 


' 2958; and fo in others, which ought to be well 


obſerved. 
ET 
Laſtly, to multiply any fraction, as & Df its 


ſecond term 8, we need do no more than caſt off 


its ſecond term, and the whole number 25 ſhall 
be the product, or the number that contains 8 
tunes %, ſince 25 divided by 8 is . * 


4 | —_ 
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All theſe remarks, tho? ſo eaſy to be under- 


ſtood, are yet of ſo great importance in relation 
to what follows, that they muſt be made very 
familiar to us by working a good number of 


examples, before we proceed further ; for it is by 
practice and continual exerciſe only, that we ac- 


ure the Mathematic Sciences. The calculus of 
e is the moſt eſſential point of the Ma- 


i thematics, and it is by their help only that we 


| can reſolve exactly and in the ſhorteſt way an in- 


finite number of uſeful queſtions in commerce, 
as we ſhall ſee preſently. 8 


(72.) PROBLEM I. 


To perform all the oper ations 7 Arithmetic in 
frattions. „ 


1 I. 


To reduce, * it is poſi 83  fraftion into a 
whale number. Divide its firſt term by its ſecond 


term, and the quotient ſhall be the whole num- 


J ber = uir'd. 


us to reduce 4= into a whole number, = 
ride 42 by 7, and finding the quotient to be 6 


without a remainer, I conclude that 4= 1s juſt equal 


to 6. For this reaſon, becauſe a fraction i is juſt ſo 


many units as its firſt term contains its ſecond 
times. 


But if when in dividing the firſt term of a 
fraction by its ſecond term, there be a remainer, 


then we know that the fraction muſt be expreſs'd 


partly by a whole number and partly by a frac- 
tion. Thus we know that , or 4 and + 1s © 
and 3, becauſe that in dividing 45 by — there 


comes out in the quotient 6, and 3 remain. : 5 
F 3 We 


. 
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We ſhall ſee in the ſame manner, that the 
fraction £222, where we know by diviſion that 
the firſt term 5779 contains 231 times the ſecond 
term 253 and 4 remain, is 231 whole numbers 
and ,; which we 11 down thus 231 4. 
But the fraction , whoſe firſt term 8 is leſs 4 
than the ſecond 12, cannot be reduced into whole | 
numbers ; the fame in other examples. ; 


74). N 


2 o reduce a complex fraction, or a Gaction com- 
pounded of a whole number and a fraction into a 
ſimple fracton. Multiply the whole number, 
which is before the fraction, by the ſecond term 
of the fraction, and to the * add the firſt 
term. 
Thus to reduce 6 + into a ſimple fraction, I 
multiply 6 by 7 and! have _ product 42, to 
which I add 3, and I have , which is equiva- 
lent to 6 4, ſince is 42, 2 2, and 42 18 6. 
Thus to reduce I 35 2 2 into a ſimple fraction, 
I multiply 135 by 27, "and I have the product 
3645, to which I add the firſt term 18, 7 1 
know that , or 3245, and 42, is 135 2 
And to reduce 1.4 ny 1 by bn to 
which I add 4, and I know that 1 5, or 3 and 
is . And ſo in others. 


A 


To reduce two or more fractions to a common de- 
nominator or ſecond term, without changing their 
value. 

iſ, For two fractions only, multiply mutual- 
ly each of the terms of one * the ſecond term 
of the other. 

Thus 


r guid 'T 
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Thus to give the ſame ſecond term to the frac- 


tions + and 2 „I multiply firſt each of the terms 


3 and 4 of the fraction 4 4 by the ſecond term 5 


of the fraction 3, then 1 multiply the terms 2 


and 5 of the other fraction; by the ſecond 


term 4of the fraction 4 and this does not? * 6 5. 


change their values; and the fractions 25 
and 29 have evidently the ſame ſecond term 20, 


ſince 4 x 5 is the ſame as 5 x 4, and ſhall be the 
ſame value as the preceding ones 4 and 3. In- 


ſtead of 25 and - 2. we write . 


2 © 


And to give che ſame ſecond term to 25 and 
, I can do it by multiplying 25 and 3 by 63 

and 32 and 6 by 3 as before, and ſhall have + 52 
and £5. But conſidering that by only multiply- 
ing 3 "the ſecond term of 4+ by 2, I ſhall have 


the ſecond term 6 of , it is ſufficient to multi- 
ly both the terms of 25 by 2, by which means 
ſhall have the two fractions and of the 
ſame value with 2 and 2325 and which "have the 
fame ſecond term 6. 
Where conſidering again, that by dividing the 


ſecond term 6 of * by 2, I ſhall have the fe- 
cond term 3 of =; £ and that both the terms of 


22 may be "divided by 2, I content my ſelf to 
divide the terms 32 and 6 of by 2, and I have 


* 25 and 44, or 41 1 of the ſame value with 4 
85 * 22, and which have the ſame ſecond term 3. 


Thus to give the ſame ſecond term to the 
whole number 7, or 2, .and to the fraction 25 


it is ſufficient to multiply 7 and 1 of 2 by the 
ſecond term 4 of 4. And £8 and 4 ſhall be of 


the ſame value as 7 and Pa and ſhall have the 


lame ſecond term 4. For 1 and + I ſhall have 


+ and 4, Sc. | 
go x 0 the fume ſecond term to "ER 
bacio 7» 3, f. I firſt give the lame denomi- 
e F 4 ä 


5 % ms 8 — 


b 
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nator to the two firſt of them 3, #, and I have 
35 and 3 Then I multiply the terms 15, 8, 
20 of the two 43 A by the ſecond term 3 of the 
third fraction 4, and terms 4 and 3 of + by the 
ſecond common term 20 of 43 and ; which 
changes not their value, and I have a=, 
or £5, 38, 42, which have the ſame ſecond term 
60, and are of the ſame value as 3, 4, F, the fracti- 
ons propos d. | 7 
3j. To give the ſame ſecond term to four fracti- 
ons 3, 4, 5, £; I firſt give the ſame ſecond term 
to the three firſt 3, 3, 4, and I have $5 38 38. 
Then I multiply each of their terms 45, 24, 
80, 60, by the ſecond term 2 of the fourth 
fraction 5, and the two terms 5 and 2 of £ by 
the common ſecond term 60 of the foregoing, 
which changes not their value, and I have s, 
£43., £82, 222, which have the ſame ſecond term 
120, and are of the ſame value, or equal to thoſe 
propos d. . . 
And ſince all the terms of theſe fractions can 
be exactly divided by 2, they may be reduced, 
without changing their values, to g 24 38 8, 
or to 28 %-. . 
a4. The ſame method is always to be follow'd 
in giving any greater number of fractions the 
fame ſecond term, or as it is commonly expreſs'd 
in reducing them to the ſame denomination, 


(76.) 1. 


To reduce a fraction to its exponent, or to its leaſt 
terms. Divide both the terms of the fraction by 
their greateſt common diviſor. 
From what has been hitherto ſaid we may ſee, 

that of all that immenſe number of fractions, 
there is always an infinite number of them of the 


ſame 


n ß , jo IS. OE. 


ſame value. 
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ſame value with any one propos'd, be it what it 
will, as £ for inſtance ; for by multiplying the 
terms 8 and 12 of this fraction by any whole 
number, be it what it will, we do not change its 
value. Thus 5. 24 1 47 $2, Gc. are all of the 
But ſincè the greater the terms of any fraction 
are, how little ſoever the value of it may be, or 


by how much the more they are remov'd from 


unity, by ſo much the'more the comprehenſion 


of that fraction becomes difficult to the imagina- 


tion, which always regards the number of the 


| parts into which unity is divided : Thus the va- 


lue of r is much more eaſily comprehended 


than that of 24, tho? it be the very ſame ; we ſee 
therefore how proper it is, when a fraction as 23 


is propos'd, to find, of all the fractions that may 
be equal to it, that alone whoſe terms are the 
leaſt of all. And to do this we need but, as we 
have juſt ſaid, find firſt the greateſt common 
diviſor 16 of the terms 32 and 48, and then di- 
vide both thoſe terms by this greateſt common 
diviſor, which will give 3, a fra&tioffof the 
ſame value as 34. 33 Xp | 
To reduce the fraction 4242222, I divide firſt 


both the terms by 1000, by cutting off three 


cyphers from each, and I have in the firſt place 
2232 ; then I divide the terms of this by their 
greateſt common diviſor 9, and I have laſtly ==, 


or 175, of the ſame value with thoſe fore- 


going. | | 
| To reduce 445, I ſeek the g. c. d. of the 
terms, which I find to be 1, which denotes that 


the fraction 244 cannot be reduced to lower 
terms without changing 1ts value, as we ſhall 
_ demonſtrate elſewhere. We might indeed reduce 
it to 43 and z 1, which laſt we might reject. 


For 


* 
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For 345 and ++ is equal: to $15and 345 by di- 
viding by 5 is equal to 43. 
The fraction 235 cannot neither be reduced to 
lower terms, but may however be reduced to 
f whole numbers, and is — to 1 re, or 1 84 
1 and 21r, or by taking f 725 which is a ſmall mat- 
| ter greater than + + and 1er, we may reduce it 
0 1 r. 
To reduce the fraction 240008 2, I firſt cut off 
a like number of cyphers from each term, and I 
4 have 24g. For by this ſingle operation I divide 
on them both by 1000, which does not alter the va- 
{| lue of the fraction. Then I divide both the 
terms of 242 by their greateſt common diviſor 


12, and I "have * or 6 3 of the ſame value 
with 242222. 


1 terms which ſhall ſtill preſerve their ſecond terms 
bl. r 
| Divide their in terms 36, 40, 46 by. their 
oY g. c. d. 4, and the fractions r and 42, which 
come offit, ſhall be of the ſame value and in leſſer 
terms, ind alſo have the ſame ſecond term 12. 
We may indeed reduce each of thoſe fractions 

into leſſer terms, for r may be reduced to and 

2 to 3j, but then the fractions + and 3 have not 
the fame ſecond term. 


zu. Thus to reduce the three rations $4 10 22, 
which have the ſame ſecond: term, into. leſſer 
terms, ſo that they may ſtill have a common ſe- 
cond term; we muſt divide their four terms 34, 
36, 40, 48, by their g. c. d. 2, and the 1 
ons 24 44 424 of the ſame value as the prece- 
dent ſhall be reduced to their leaſt terms, as we 
ſhall demonſtrate Web and alſo have che 
fame ſecond term. 


2 
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And following the ſame method, we- may re- 
_ - duce as many fractions as we. pleaſe to their leaſt 
terms, which having the ſame common terms at 


firſt ſhall alſo have the ſame after this operation. 
1 e 
To find the value of a fraction, or io give it for 
4 ſecond term, any number we pleaſe. Multipl 
the firſt term of the fraction propos'd by ſuck 
number, and divide the product by the ſecond 
term. The quotient ſhall be the firſt term of 
the fraction requir d. | 
Thus to reduce the fraction £2 into another, 
which ſhall have for its ſecond term the whole 
number 12. I multiply the firſt term 52 by 12, 
and divide the product 624 by the ſecond term 
8, and putting the quotient 78 over a line, and 
the given number 12 underneath, I know that 
the fraction propos'd , is equal to 22. 
For by multiplying the firſt term 52 of £2 by 
12, we have a fraction £24, + which is 12 times 
that propos'd, viz. 52, and by dividing 624 by 
8, we find that £24 is 78 whole, which are like- 
wiſe 12 times £4, conſequently, by dividing 78 
by 12, which we do when we put 12 under 78, 
we ſhall have the fraction 22, of the ſame value 
with 8. 5 ug : N 
This reduction of a fraction to a given deno- 
minator is of great uſe in commerce. For ex- 
ample, if we would diftribute 53 ſhillings among 
8 poor people; we find by dividing 53 by 8 
that each muſt have 6 ſhillings and 3 of a ſhil- 
ling ; but becauſe 4 of a ſhilling 1s not a money 
in uſe, but only v of a ſhilling, or a penny, 
therefore we muſt reduce the 4 of a ſhilling, 
Which remain, into twelfths, or which will 
„ ; come 
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come to the ſame thing, the 5 ſhillings that re- 
main into pence, by multiplying 5 by 12, which 
makes = and dividing 60 * 8, gives 7 pence 
and , or = a penny, or At of a ſhilling ; fo 
that = poor man ſhall have 6 ſhillings 7 pence 

and half a penny, or 6 7 of a ſhilling. We 


may ſee from hence that i it is not always poſſible 
to reduce a fraction exactly to a given denomi- 
nator, but that there will often ſomething remain, 
but which we nor no notice of. 


(78.) 8 


To reduce the fractions of a fraction into a firſt 
fraction. Take the product of their firſt terms, 
and alſo that of their ſecond terms. 

We call a firf# fraction a number which ex- 
| preſſes the parts of unity, thus 4 of 1 is a firſt 
fraction; but 3, of 5, or 3 of 2 is a ſecond 
e or a fraction of a fraction; and & of 
3. 2 of + is a third fraction, ora fraction of a frac- 
tion — 4 . S. 

Now 4 of 1 is the ſame thing as ; for by 
the definition of fractions + is the i AR which 
unity contains 4 times; thus i 1s the lame thing 
as 4 of 1. And ers, A. „ or 3 x 4 is the 
ſame thing as 3 x of 1, or 4 of 1. Thus frac- 
tions are themſelves firſt fractions. 

To reduce 3 of 5, or 3. of ? into a firſt fraction; 
we muſt multiply che firſt term 3 of & by the 
firſt term 5 of r, and the — term 4 of 3. 
by the ſecond term 1 of £, which gives 5 of 
the ſame value as + of 5. For it is plain 
5 that to have g of 5, or the fourth part 
* 8. of 5 * we muſt divide 5 by 4, which 

gives +. Since then : is + of g, 2 times 
5 or 44 15 Fry the 3 of 5 Thus 
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Thus to reduce à of = into a firſt fraction, 1 
multiply 3 by 2, and 4 by 3, and £ is-equiva- 


7 lent to 4 of 3. For to have 7+ of 2, or the 


8 6 3 
fourth part of 3, tis plain I muſt divide 2 by 4, 
which gives r. And conſequently, to have 3 
times 4 of 2, or 3 of 2, I muſt multiply 2. 
by 3, which _—__ £ Or 2, equivalent to 3 of 2, 

| Thus to reduce 4 of 4 of I into a ſimple frac- 
tion. I multiply 3 by 2 by 5, and 4 by 3 by 6; 
which gives 45, equivalent to 43 of 2 of 3. For 
2 of + being +3, 4 of 2 of 4 ſhall evidently be 
3, of , which is #2, or . It will be the 
ſame in other examples ad infinitum., 


% VII. 


To add one fraction to another, or to find the ſum 
F two or more fractions. „ 
- Reduce them to the ſame ſecond term, and 
then add the firſt terms of the new fractions to- 
SAX 8 
1ſt. Let & and 2 be two fractions pro-—- „„ 
| d *; I reduce them to the fame ſe- = 
cond term, and I have ++ and +, the ſum of 
which is plainly #4, which may be reduced to 
8 EX . | - 4.5. 
2. To add 45 124 42 42 422 together. For 
greater facility, I reduce them firſt to theſe leſſer 
terms, 5.2, 42, 6 K, 3, 7 +, and omitting for 
the preſent the whole numbers, I add firſt 2 to 
4, and I have 42, or 1 ; then I add 1 fr to 
2, or er, and I have 1 Ee, which I add to , 
and I have 1 #2, or 2 #2. and ſo on, if there 
had been à greater number of fractions to have 
been added. Laſtly, I add the ſum 25 of the 
whole numbers 5, 4, 6, 3, 7, to 2 23, and 27 


23 is evidently the ſum of the fractions proper | 
KS. 1 | e 
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We might have found the ſame ſum by giving 
the ſame ſecond term to all thoſe fractions, and 
then adding all their firſt terms togerher; but 
the foregoing method 1 Is ſhorter a and eaſier. 


(80.) : vil. 


To ſubtraf a fraction from able, and to Jad 
the difference. 

Reduce them to the ſame ſecond term, and 
then ſubtract their firſt terms one from the other. 
> Thus to ſubtra& 2. from 3, * I firſt 

75. „Sive _ the ſame Econ em, and 1 

have z and 28, then I ſubtract the firſt term 8 
| of the one from the firſt term 15 of the 
* 64. other, and Z, which remains being * 

plainly the 1 of 28 and 5 ſhall 
alſo be the difference of 3 and 2, which: are of 

the fame value as 4+ and . a 

And to ſubtract 1 2 from TYP I firſt reduce 
them to 3 3 and 74, then I reduce the fractions 
F and 2 to the lame ſecond term; and now I am 
to ſubtract 9:22 from 7 . I ſubtract therefore 
10 from 27, and the whole number 3 from the 
whole number 7, I have remaining 4 27 
I To ſubtract 3 27 from 925. I * the 

fractions firſt to lower terms; Lad: now I am to 
ſubtract 3 3 from 9 3. I reduce theſe fractions 
2 129 3. to the ſame ſecond term, and now I have 

EET to ſubtract from 9 23. but ſince 35 can- 

not t be ſubtracted from 27 ; I "Ry one of the 
9 whole numbers of the fraction 9 2+ into a frac- 
tion, which makes 44, and now I have ; Fa to 
ſubtract from 8 44 and 27, or from 8.22, 1 
therefore laſtly ſubtract 35 from 72, and the 
whole me 3 from the whole number 8, and 
I have 5 ; uſe will make us perform this ope- 
ration with Prompritade and caſe, | IX, 
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To Ro 4 fradlion by anther, « and to find the 
product. 


After having feduciil the whole numbers into 5 


fractions, which is abſolutely neceſſary, 

Multiply the fraction to be multiply'd, by 

the firſt term of the multiplier, and divide what 
comes out by its ſecond term. 

Thus to multiply 4 by £ ; I firſt multiply 3 EA 

by 6, and there comes our Is » which I divide by 


= £ and 1 kave AL. r. for the product. 


For, to multiply one number * by 126. 
another 3, is, to find a third | 
which contains the firſt & in the ſame man- 
ner as the ſecond £ contains unity. Now* * 67, 

contains but the s of unity. It is ne- | 
ceſſary therefore that the fraction Z, which I 
rr 2 after ſhould contain, or ſhould be but the 

K. 0 3 . 

| Now *tis plan that to have firſt of al 1 of 23 
we muſt divide 4 by 5, which gives , and to 
have 6 times + or 5 of 2, we muſt multiply 8 
by 6, which gives 43, for the product of 3, by 
2, . _— The fame method of reaſoning 
ma pply'd to all other examples. = 
| ro — be J bſerv d that in fractions the pro- 

duct ought often to be leſs than the fraction to 
be multiply'd, viz. when the multiplier is leſs 
than unity, as 2, for then we cannot put in the 
product the whole number to be multiply d, but 
only the 4 of that number. 5 
0 direct ourſelves in this operation we muſt 
conſider that when we have for example += to 
multiply by £,-.and — we multiply firſt L z by 
6 we have a 2 „too — for it is = 
7 
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by 6 that we were to multiply + but only by 4, „ 
87 is but the fifth part of 6. We mult there- 
fore divide what comes out by 5 to have the t true 
product 28 of + by £ as before. 

To multiply 2 : by 2 2 ; I multiply 2 by 3, 
by givaling its ſecond term 12 by 3, and there 
comes out , which I divide by 5, by dividing 
its firſt term 25 by 3, andI1 — + for the pro- 
duct of f; by =. 

To multiply 4 4 by + ; I multiply firſt 4 by 3. 
and I have $, which I then divide by 5, by 
multiplying 1 its ſecond term oy 5, and [ have at 
laſt & for the product of by * 55 
Io multiply 5 5 by 7 = ; 8 
numbers into fractions, and I have 42 and , 
then I multiply by 23 and there comes out 
- 2822, . which I divide by 3, and I have 43, 


or 41 2 for the product of 5 5 by 7 . 


f "1 + JW 
To divide one fraflicg by another, and to find 
the exaft quotient. 


After having reduc'd the whole numbers into 
fractions, which is abſolutely neceſſary, 
Divide the fraction to be divided by the firſt | 
term of the diviſor, and multiply what comes 
out by its ſecond term. | 
Thus to divide 4 + by s 3 , I firſt divide 2 by 6, 
and there comes out Ep which I multiply oy 53 
and I have 34, the quotient of + divided by g. 
For, * to divide a number 2 by an- 
295 other £ 1s to find a zhird, which the > | = 
2 ſhall contain in the ſame manner as the one b 
contains unity. 
er Now ® 4 contains but the s of unity, 
therefore 2 muſt contain, or muſt be but 
f s of the number I ſeek after. 9 
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number I ſeek for, I muſt divide 3, which js the 

+ of it, by 6, which gives , equal to 4 of 
the number I am ſecking for; and then I multi- 
ply % by 5 to have all the 5 parts of that 
._ 206 therefore ſhall be as before the exact quo- 
tient of + divided by £, And we may eaſily 
apply the ſame method of reaſoning to any o- 
It muſt be remark'd, that in diviſion of frac- 
tions the quotient may often be greater than the 
number to be divided, viz. hen the diviſor is 
leſs than unity; for the quotient of a number 
divided by unity is that number itſelf, and the 
leſſer the diviſor is the greater ought the quotient 
. | | 2 : 
- To clear this point to ourſelves, we muft 
confider that when we have for example + to di- 
vide 4 , and that we divide in the firſt place 
4 by 6, we have a quotient A too little, for it 
is not by 6 that we ſhould have divided 2, but 
only by 4, which is but the fifth part of 6: from 
whence it follows, that the quotient we ſeek after 
ought to be 5 times as great as the precedent, 
therefore we muſt multiply % by 5 to have the 
true quotient 14 of 4 by $, as before. = 

To divide 24 by + ; I divide £4 by 3, by di- 

viding 12 by 3, and there comes out S, which 
IF A by 5, by dividing 25 by 5, and 1 
have $ the quotient 8 Air N 

To divide $ by +; I divide & by 4, and there 
comes out 2, which I multiply by 9, and or 
7 or 6 is the quotient of 4 by 3. | 

And to divide + by ; I divide & by 8, and 
F have , which I multiply by 3, and 43 or 3 
is the quotient. of < by 4, very: different 9 


5 


To have therefore in the firſt place 4 of the 


1 7 A 
r 
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the quotient 24. or F of + divided by &. 


To divide a whole number 12 by a fraction 2 
4 (Which is very different from dividing a frac- 


tion 2 4 by a whole number 12.) Inſtead of 12 


I put #3, and inſtead of 2 4 I put , by re- 


ducing the whole number 2 into a fraction. 
Then I divide +2 by 11, and I have 11, which 
I multiply by 4, and I have the quotient # or 


+. of 12 divided by 2 2, very different from 


che quotient 45 of the fraction 2 2, or H by the 
whole number 12. . 2 


(83) PROBLEM NI. 


To perform the operations of Arithmetic in decimal 


fractions. 


| HE operations which we have Juſt before 


laid down with regard to fractions in gene- 
ral, become ſo eaſy I: —. that they merit a 
particular regard, and ſo much the more becauſe 
we may always reduce any fraction or quotient 
of a diviſion into — to a very great ex- 
actneſs. 1 n 


We call decimal fractions ſuch as are form'd 
by the numeration of the fractions + +I $4 


reel, Ge. ſuch are 36, or 4 13 133 7344, Ge. 


8 


When the numerators of decimal fractions do 
not exceed 9, and their denominators increaſe ac- 
cording to the order of the numbers 1, 10, 100, 
1000, c. there is nothing more to be done for 
the adding theſe fractions but to join their nu- 


merators and ſubſcribe the laſt denominator. 


Thus the ſum of 36 ,d x54 rout is 48323 3 
42 — e and 


yo „ , a oa 


; 


mal fraction into its parts, we need only undo 


we ſhall have 36 +325, by ſeparating from the 
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and to ſee the reaſon of this, we need only re- 
duce the whole number 36, and each of the frac- 
tions to the denominator of the laſt, viz. 1000. 
For ſince 36 or 4 1844828, and n is 1823, 
arid 4-2 is +522 3 and that the ſum of the nu- 
merators 36000, 800, 70, 5, is 26875, we ſee 
plainly that £524 is the ſum of the foregoing ' 
fractions. 5 „ 
2 y. When the denominators do not increaſe 
in the order of the numbers 1, 10, 100, 1000, 
Sc. we need but put cyphers in the places of 
thoſe that are wanting. Thus the ſum of 36 
775 res is 4488888. For 36 is 4$22222 and 
182 is 188888. And 3600000, 7000, 5, bs 
3 | | 
3ly. Whence it follows, that to reduce a deci- 


that which we did in the foregoing article. 

Thus to reduce 14425 into whole numbers, 
reſt thoſe figures of the numerator, which an- 
ſwer to the unity of the denominato. 
And for its other parts we ſhall have 36 73 
12 1883, after the ſame manner we may ſee 

Ae: 


that 4£22224 is 36 -533535 Or 30 +57 Trsssg 


ſeparate by a point the whole numbers from the 
other parts of the fraction. Thus 36.875 and 
25824 are two equivalent expreſſions, the num- 
ber of figures which ſtand after the point being, 
always equal to the number of cyphers in the de- 
nominator, that is to ſay, 36.875 is 36 units, and 
875 thouſandths, or 36 units, 8 tenths, 7 hun- 
dredths, 5 thouſandths; and that 36.07005 is 36 
units, 7 hundredths, 5 hundreths of thouſandths. 
And when there are no whole numbers in the frac- 
799 | ö . 
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tion, as in 2253, we put o before the point; thus 

0.765 1s the expreſſion of the foregoing fraction 
abridg*d, and 0.095 18 2888, and 0.005 is 7575: 
It 1s abſolutely neceſſary to make theſe expreſ- 
ſions very familiar to ourſelves before we pro- 


ceed to the operations following. 
—_— -. II. 
1, To add two or more decimal fractions to- 


| gether 3 We need only put them under each other, 
whole numbers under whole 35-7802 


numbers, tenths under tenths, hun- 1. 05 3 
dredths under hundredths, Cc. 42687 
and to make the addition juſt as in 15.86 
whole numbers, as may be ſeen 
. 8007 


2. To ſubtract one decimal fraction from an- 
other; we need only put the leſſer under the 
reater in the ſame manner as before, and then 
make the ſubtraction according to the rules of 
common ſub traction. STI 
We may ſee very clearly the reaſon of theſe 
operations, by putting the fractions into their 
ordinary form, and reducing them to the ſame 
denominator. For 1213224 and 423243 make 


10 00 


£223222, and the ſecond taken from the third 
leaves the firſt. 5 5 
3. To multiply a decimal fraction 34.632 by 
another 0.5234. We multiply firſt the numbers 
which expreſs them as if they were -whole num- 
bers. But to know after what figure the point 
mult be put, or to know how many whole num- 
bers the product ought to contain, which regu- 
lates the reſt ; it muſt be obſerved, that the frac- 
tional part of the product muſt contain as many 
Egures as chere are figures in che fractions of 
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both the roots; that is to fay 34.632 
ſeven in this example; ſo that 0.5234 
J put the point after the ſe- — mmm 
venth figure, beginning the 138528 
reckoning from the fide where 103896 
units ſtand, and I know that 69264 
the product of 34.632 by 173160 
0.5234 is 18.1263888, or 18 = 

whole numbers, and 1263888 18. 1263888 


tens of millionths. For * the decimal , 8 
number 34.632 is 44832, and 0.5234 1s 

542434 now the product of theſe fracti- „ 81 
ons is 411384485, the denominator of ” 


100000007 


which ought to contain * as many cy- , „ 

phers as the two denominators of the * 
foregoing together, and which is conſequently 
18. 1263888. 
4b. To divide a decimal fraction by another. 
Divide the numbers which expreſs them, the one 
by the other as in whole numbers, and to know 
what figure of the quotient the point is to be 
put after, ſubtract the number of the figures in 
the fraction of the diviſor from thoſe of the frac- 
tion of the dividend, the remainer ſhews how 
many figures there muſt be in the fraction of the 

ottent. 

Thus the quotient of 18.1263888, the frac- 
tion of which contains 7 figures, by o. 5234, 
whoſe fraction contains 4 figures 18 34.632, the 
fraction of which muſt contain 3 figures. 

If there are not ſo many figures in the frattion 
of the dividend, as there are in the fraction of the 
diviſor, ſo that the number of theſe cannot be ſubtraft- 
ed from the number of thoſe, then ſo many cyphers 
mut be put to the right hand of the fraction of the di- 
vid nd, as will with the figures of the fraction of 


thee dividend make up at leaſt as many places as 
3 1 
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there are figures in the fraction of the diviſor, and 
then the 2825 on muſt be e as _ 


a. III. 


' To reduce a fraftion into decimal fractions Or 
to approach as near as we pleaſe the juſt value of 
the quotient of an imperfect diviſion, or one 
which has a remainer. 

Join to the firſt term of ſuch fraction or re- 
mainer of a diviſion as many cyphers as you” 
pleaſe, and go on to divide this remainer by the 
diviſor, ſeparating by a point the precedent fi- 
gures'of the quotient from thoſe which ſhall be 
found by this operation. 

Thus if .32466 is to be divided by 23, find 
firſt by the hs of diviſion the quotient 1411. 
But becauſe there remain 13, or becauſe the ex- 
act quotient is 1411 3+, to know how man 
tenths, hundredths, thouſandrhs, Sc. the fraction 
25 contains, I put a int 32466 
to the quotient. And put- 
ing firſt o after 13, which 2 3 
kde 13 to 130 14tt. 5652 &c 
tenths; IT go on to divide 
130 by 23, and I find g, 94 


which T put after the fi- 26. ' 
gures of the quotient (I —_ 
ſhould have put o, it 23 ©” © 
had not been contain'd in 150 
I 30). | 120 

And becauſe chere re- 50 


main 15 tenths, I put again another o after 5, 
which reduces the 15 tenths that remain to 
150 hundredths, and then I go on to divide 15 0 
by 23, and find 6, which I put in the quotient. 


And 
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And becauſe there remain 12 hundredths, 1 
again put o after 12, which reduces the 12 hun- 
dredths into 120 thouſandths, I go on to divide 
120 by 23, and find 5, which I put in the 
_ quotient, _ , | 5 3 

And becauſe there remain 5 thouſandths I put 
again o, which reduces the 5 thouſandths to 50 
tens of thouſands, which I divide by 23; and 
ſo on as far as J pleaſe, or till I find the diviſion 
exact, or that nothing remains, which ſometimes 
happens. on 
By theſe means we may reduce all fractions, 
or the quotients of diviſions into decimal frac- 
tions to as great a degree of exactneſs as we 
pleaſe, with which we may afterwards work in 
the manner taught in the foregoing rules; which 
is a thing very commodious, and of great uſe 
in practical Arithmetic. 5 | 


 _ADYERTISR ME NT. ; f 


| The calculus of fractions is of ſo great uſe in 
the Mathematics, that we muſt make it very 
familiar to us, if we would make any thing of a 
progreſs therein in a ſhort time. But the prac- 
tice of this calculus is not neither the moſt im- 
portant thing, but the reaſon of the rules there 
preſcrib'd and demonſtrated, to which we ſhoul 
give the greateſt attention. 
We ſhall find at the end of this work a great 
number of queſtions, which we may reſolve with 
the greateſt facility by the help of fractions, 
in which we may exerciſe ourſelves, to make 
their uſe the more familiar to us. 85 
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Of the compound Operations of 
Arnhmettc. 


Where we treat of the C ompoſt tion of the Power 
of numbers both whole and broken, and 0 
their Reſolution. 


7 . I # 2 7 TT * - "3" 2 *- — 0 — _ 1 7 a 3 * 
PP 44" - © 21-46 AR 
* K -< N „ e 
— —— — K — non ON > 


DEFINITIONS. 
3 * 8 


IE PR Power of a number is the pro- 
duct of unity by that number. 
| Its ſecond Potper is the product of the 
Firſt by the ſame number. 
Its third Power is the product of the ſecond 
by the fame number: And ſo on. 
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Thus 


is 32 K 1 | or | 32 
is 324 432 N39 
is 32 x 1024 or 32768 
1s 32 x 32768 5 1048576 
is 32 * 1048576 of 3355543? 


And {0 on ad infini n, 
64 „ 


The firſt 
| 24, 
3%. 
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The firſt power of g is 5xx or 5 
Its ſecond power is 5X5 or A 
Its third power is 5 x 25 or 125 


Its fourth power 1s 5 Xx 125 or 625, 
Its fifth Power. P 
| And ſo on. | 8 
The 84 2 * 1 Ir . ® 
Its ſecond power 1s 2 * 2 of - 4 
Its third power 1s 2 X 4 or 8 
Its fourth power is 2x8 _ or 16 
Its fifth Power is 2x 16 or 32,0 
„ 1 
The firſt power of 1 h XI a 
Its ſecond power is 11 1 
Its third power is . 1 
Its fourth power is 1%F -.W * 
And ſo on. 
The firſt power of 10 is 10 x 1 or 10 
Its ſecond power is 10 * 10 or 100 
Its third power 18 10 * 100 or 1000 
Its fourth power is 10 Xx 1000 or 10000 
+" fifth power is 10 10000 or 100000 ; 
- And fo on, ED | 
The firſt ow is 1 x1 1 4 
„ | Tr EY 14 
2% 418 4 XK 4 O Te i 
3 4 * 1 24 [i] 
4, 8 is 4 * 11 R > 1 
gh, ni 09 n 
And ſo on to infinity. by 
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(88.) 55 


The number from which a power is fora" is 
calPd its Root. Thus 


32 is the firſt root of > "22 
32 is the ſecond root of +» „ 
32 is the third root of | 32768 
32 is the fourth root of 1048576 
32 15 the fifth root of _ 33555432 
. And fo on. 


” is the If, 24, 34, 4, 5®, Ce. Root 
O1 I > 8 | 


4 15 the firſt root of 2 
1 is the ſecond root of . 
2 is the third root of " 3 - 


_ 


2 is the fourth root of 56-28 25 
| And ſo on to infinity. 


(89.) | | Mm. 

The ſecond power is call'd the Square, and the 
third power the Cube. Thus R 
The ſquare of 32 is 1024, and the cube of 
32 is 32768; and 32 is the ſecond, or ſquare 
root of 1024, and 32 is the third, or cube 

root of 32768. 

The ſquare of 3 is 9, the cube of 3 is 27 ; 
of 3 is the _—_ root 4 9, and the cube root 
of 27. 

The ſquare of + is r, the cube of 4 is 22 ; 
and 2 4 is the (quare * of 15 and the cube root 
ot 54+ | 


(90.) 5 1 i 


To extract any root propos'd out of a whole 
number, is to find a — which being mul- 


tiply'd 
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| tiply'd by itſelf, beginning with unity, ſo man 
times as the propos'd root has degrees in it, ſhall 
produce the number given. * os; 
© Thus to extract the ſecond or ſquare root out 
of 36 is to find a number which being multiply*d 


twice by itſelf, beginning with unity, ſhall gve 


the number 36, and this number 1s 6, becauſe 
6 times 1 is 6, and 6 times 6 is 36. | 
To extract the third or cube root out of 64, 
zs to find a number which being multiply'd three 
times by itſelf, beginning with unity, ſhall give 
the number 64, and this number is 4, for 4 x x 
is 4, 4x 41816, and 4 * 16 is 64, &c. | 


PROBLEM I. 


To extract any root propos d out of a whole number. 

Wie ſuppoſe that any one knows how to do 
this, when ſuch root does not exceed ine. 

For this end we may be aſſiſted by the follow- 

ing table, which contains in order the powers of 

the nine firſt numbers, and which may be eaſily 

continu'd, as far as we pleaſe. 


Powers, 


. 5 47h. th, 

; 12 0 1 I... SE: 
—  -F, 1. 

1 $1, _ 267. 
"36. O04, - 256. mw 
„ 3228, "O08. - YH 
30. 210. 10 00. on 
343. 2101. 8 
584. 512. 4096. 32708 ; Sc: 
. 81, 729. 6561. 59049. Sc. 


og © © 2 wo 
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This being ſuppos'd, in order to aſſiſt the at- 
tention of beginners ; I ſhall firſt lay down the 
eneral rule which I have found for the ſolution 
of this problem, and then I ſhall point out the 
methods I took to obtain it, which will be the 
demonſtration. 


0.) GENERAL RULE. 


To extraft any root out of a number propos d, 43 
Part the number Z into bars of fo many fi- 
gures each as the root has degrees, beginning 
from unit's place incluſive. 

Thus, if the ſecond, or ſquare root is to be 
extracted, the bars muſt contain 2 figures each, 
if the third or cube root, 3 figures each, if the 
fourth root, 4 figures each, if the fifth root, 5 
figures each, Fc. And we ſhall know by the 
number of bars, what number of figures the 
root ought to be 1 * Sd of.. 
| To find the firſt figure; extract the propos d 
root out of the Bet be bar, or that which is far- 
theſt remov'd from unity, viz. the ſquare root, 
if that be required; the cube root, if the cube, 
the fourth root, if the fourth root of the num- 
ber Z be requir'd ; and fo in others, without 
troubling yourſelf wliether the firſt bar contains 
as many Figures as the reſt or not, and you wall 
have the firſt figure of the root R of the num- 
ber Z, which muſt be put under the tens of Z, 
if it has two bars; under the hundreds if it has 
three bars; under the thouſands, if it has four 
bars, andſo ou. 

To find' the ſecond Ggure of the root. 

1*, Raiſe the number R already found to the 
power requir d, and ſubtract this power from the 
MY bar of the number . ä 

2 . 2h. 
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2h. To the remainer bring down the firſt fi- 
gure of the ſecond bar, and divide the whole by 
the number of degrees of the rot. 
3. Divide this new. number by that power 
of the number R, Which immediately precedes 
that which was juſt before ſubtracted from the 
firſt bar, and the quotient ſhall be the ſecond 
figure, which put after e " Wu 
To find the third ollowing figures, pur- 
fue the fame Method. 
1, Raiſe the number R, already found to the 
power requir'd, which ſubtract directly from the 
firſt bas dener. EERT 
au. Bring down the firſt figure of the follow- 
ing bar, and divide the whole by the number 
of d ‚ Dr. 
3h. divide this new number by that power of 
the number R, which precedes that Which was 
juſt before ſuhtracted, and the quotient ſhall be 
the gue requir'd, which muſt be ſet after thoſe 
a :. -.-: a:-5 5 
The finding of the fourth and following fi- 
gures becoming more and more tedious, we ſhall 
among the examples following give a method 
to ſhorten the ſame : And moreover, if after 
three figures are found we would find two others, 
it may be done at one and the fame operation, 
by only bringing down two figures to the re- 
mainer inſtead of one, and finiſhing the opera- 
tion 7 
And if 5 figures have been already found, and 
it be neceſſary yet to find 2, 3, 4, or even 
others, it may be done at one and the ſame. ope- 
ration, by bringing down ſo many figures from 
the number Z to the remainer, as we ſhould find 
ings ͤĩ Ron 


We 


_ * 
** 
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Me may ſhorten theſe rules in the extraction 


of the ſquare root, as we ſhall ſee in the ex- 


amples. But for the extraction of all other roots, 


they are much ſhorter, more ſimple, and more 


uniform than all others that have been practiſed 


to the preſent time. 


93. EXAMPLE I. 


To extract the fe- a © 17 Ig: 7 
cond, or ſquare root —u —— . 
of the number Z, 6 60.65 27 R 


part it into bars of 1 25. 

two figures ein, be.... 
gining at unity, and _ 1 
becauſe there are 13 O2 

four bars I know © 15 — 
there will be four fi- 9. 13 29. 

res in the root. 1 20 

Sn wo Abd the — 6: 
firſt figure I extract | | 00 © = 


the ſquare root of 


the firſt bar, ſaying the ſquare root of 42 is not 


7, becauſe 7 times 7 make 49, which cannot be 
Pp from 42; but 6, ſince 6 times 6 make 
which may be taken from 42, I therefore 


25 under the chouſands of the number Z, as 


at R. 

And to find the ſecond figure. 

1. I raiſe the number © already found, to 

the ſecond power 36, and ſubtract it from the 

firſt bar 42, and the remainer 6 put underneath. 
2ly. I bring down 6 the figure following, and 

inſtead of dividing the whole 66 by 2 the num- 

ber of degrees, or taking the half thereof, I 


double the number 6, which makes 12, which 


1 put under 66. 
35 And 
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3. And inſtead of ſeeing how many times 
8 half of the number 66 contains the root or 
firſt power 6, which immediately precedes the 
ſecond 36, which I juſt now ſubtracted, I ſee, 
which. comes to the ſame thing, how many times 
the number -66 contains 12, the -double of 
the root, and I find 5, which I put in the 
line R. 

And to find the third figure. 

1ſt. (Inſtead of raiſing the number 6 5 already 
found, to the ſecond power, and ſubtracting it 
from the two firſt bars, as the general rule di- 
re&ts). to ſhorten the work, I bring down the 
next figure. o, under which I put the ſecond fi- 
gure-found 5, and ſay 5 x 5 make 25, from 30 
remain 5, which I put underneath, and retain 
and carry 5. 5 x 2 make 10, and 3 which I re- 
tain'd make 13, from 16 remain 3, and I retain 
N 5 x 1 make 5, and i make 6, from 6 re- 
mains nothing; 

2. I bring down the next figure 1. I double 
the number found 65 ſaying, 5 and 5 make 10, 
I put o under 1, and retain 1. 6 and 6 make 

12 and 1 make 13, which I put under 35. 
3h. I fay, in 351 how many times er, . 
more ſimply, in 35 how many times 13 ? 
times, which I put in the root R. 

And to find the fourth figure I begin the ope- | 
ration again. 
_ 1%; I bring down. the next figure 7 : I put the 
figure found 2 under 7, and fay 2 x 2 make 4, 
from 7 remain 3; 2x0 is o, from 1 — 
13 2x 3 make 6, from 15 remain 9, and re- 

tan 13 make 25 and 1 make 3, from 3 

remains o. 
Aly. I bring down the next figure 2; I double 
the number found 652, which makes, 1304, 
which I put under 232. l 3u. 
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gy. 1 fay i in 9132 how many times 1304 V3 
times, which I put in the root R. 

And to ſee if any thing remains I continue the 
opera tion thus, 

I. bring down the next figure 93 I put the 
figure —— 7 under 9, and ſay, 7 x 7 make 
49, from 49 remains o, and retain 4 3 7 * 4 
make 28, and 4 make 32, from 32 remains o, 
and retain 3 ; 7x01 o, and 3 make 3, from 
3 remains, 0; 7 x 3 make 21, from 21 remains 
o, and I retain 2 3 7 x 1 make 7, and 2 make 
9, from remains nothing. 

For a Proof, I raiſe the number 6527 to a 
ſquare, and find it eqn to Z, the number or 


poſed. 
_ 7 cf 0 


To extract the 7 86 97 72 og Z 
ſquare root of the 


number Z. 3 TH * 2 80 53 R 
Il part it into bars 48 N 
of two figures, each 
beginning at unity, 2 5 
and bo I find 1 1. 8 2 
bars, I know there —— 
will be 5 figures 2 97 72 
in the root. 56 05 
To find the firſt 1 : — — | 
hgure 1 take he © - 37 ½ 09 
ſquare root of the 5 6x '03 
firſt bar 7, and 5 - 
I have 2 „which 64 00 
J put under the fifth row as at R. | 
To find the ſecond figure. 


Iſt. J fay, 2 2 make 4 from 7 remain 9.5 
W I put under 7. | 3 
2. 1 
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2. I bring down 8, and double 2 which make 
4. which I put under 8. | 
- 3V, I fay, how many times 4 in 38 ? ? 8 times, 
which I put in the root R. 
To find the third figure. 5 
1%, I bring down the next figure 6, under 
which I put the figure 8 juſt found, and ſay, 
8 x 8 make 64, from 66 remain 2, and retain 
63 8 x 4 make 32, and 6 make 38, from 38 


remains nothi 

21. I bring down che next figure g, and double 
28, which make 56, which ! put under 29. 
. 3b. T fay, how many times 56 in 29? O times, 
which I put in the root R. | 

To find the fourth figure, 1 begin the opera- 
_ A. rs 5 | 

. I bring 2 the next figure 7, under 

„lich I put the figure o juſt found, and I fay, 
o xo is o, from remain 7; ox61s0, from 
9 remain q; OxAis o, from 2 remain 2. 

2. J bring down the next figure 7, and double 
280, which makes 560, which I put under 2977. 

3. I fay, in 2977 how many times 560? or 
more ſimply, in 29 how many times 5? 5 times, 
{ put; in the root R. 

To find the fifth figure, I mou the operation 
again. 
aft, J bring down the next figure 25 under 
which I. put the figure 5 juſt found, and lay, 
5 x 5 make 25, from 32 remain 7, and retain 
33 5x is o, and 3 make 3, from 7 remain 
43 5 x 6 make 3o, from 37 remain 7, and re- 
tain 3; 5X 5 make 25, and 3 make 28, from 
29 remains . 

2. I bring down the next figure o, and 
double 2805, which makes 5610, _ I put un- 


der 1 4 on 
7 7 : w 35. 1 
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zu. 1 fay, in 17 how nary þ times 5 ? 3 times, 


which I put in the quotient R. 


And to ſee if there be any remainer, I continue 


the operation. 

I bring down the next figure 9, under which I 
put the figure 3 laſt found, and Rays 3 x 3 make 
9, from 9 remains o; 3 x o is o, from o remains 
O3 3* 1 is 3, from 7 remain 4 ; 3x6 make 
18, from 24 remain 6 and retain 2; 3 x 5 make 
15, and 2 make 17 from 17 remains o. 

Thus I know art laſt that the. ſquare root of 
786977209 is ſomewhat greater than 28053, 
' whoſe ſquare 786970809 is leſs than the number 
Z; but leſs than 28054, whoſe ſquare 787026926 
is much greater than the number Z. 

The next article may be ono: over in the firſt 
rezcing of this Leſſon. 


6 --.- III. 
To approach the value of the — root of 
a number Z, whoſe exact root cannot be found in 


whole numbers, as near as we 7 in decimal 


fractions. 7A 7 
After having 26053. 11406 tc. R 

found as before 6 O oo 7: 

che whole num-' 56 10 61 

ber 28053, and ow 

the remainer 4 9 25 27 

6400, put a — 

22 00 
point after the 56. To 2 24 
number R, and 


one bar of cy- 3 90 30 04 00 
phers, viz. , 5 01.06 24 40 
after the re- 3 90 30 04 00 00 
mainer 6400. 50. 10 62 28 06 
Then Idou -- 53 '66 30 31 64 Oc. 


ble the numbeg 


R, put· 


__ ee 
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R, putting the units 6 under the firſt of the cy- 


phers that were added, and ay, in 64000 how 
many times 56106, or more ſimply in 64 how 
many times 56 ? 1 time, which I put to the root 
R, after the point. I muſt have put o if the upper 
number had been leſs than the lower. 


And to find the next figure, I put the figure 


laſt found 1, under the ſecond cypher, and ſay, 


1x I is 1, from 10 remain 9, and J retain 13 
1 Xx b is 6 and one make 7, from 10 remain 3, 


and I retain 1; IX o is o and 1 18 1, from 10 
remain 9, and I retain 1; 1x1 is 1, and 1 


make 2, from 10 remain 8, and I retain 1 
IX 6 is 6 and 1 make 7, from 14 remain 7, and 


] retam 13 1 * 5 is 53 and 1 make 6, from 6 re- 
mains nothing. 80 

I now put another bar of cyphers after the re- 
mainer 78939, and repeating the ſame operation 
I find a ſecond figure. And fo I proceed as far 
I pleaſe. b 

Or more ſimply, after having found the whole 


number 28053, compos'd of 5 figures, we may 


find 4 or even 5 figures of the fraction, by join- 
ing to the remainer 6400 four or five cyphers, 
which will be the number to be divided M. See 


the following calculus. 


Double the number found 28053, which will 
give the diviſor N. | "= 
Divide M by N, and 28053. 11406 R 


we ſhall find the deci- 6400, ooo M 
mal fraction 11406, 56106 N 
which we muſt put to 11406 
the root R, and the to- 78940 

tal number R ſhall ap- 228340 
proach the root of the 391600 
number Z ſo near that 54964 


it ſhall not want one hundred thouſandth part of it. 
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To continue the approximation by this method 
we muſt, after we have found as many decimal 
figures as there are figures in the whole number, 
take the ſquare of all the number R, and ſubtract 
it from the number Z follow'd by ſo many 
bars of cyphers as there are figures in the fracti- 
on, then annex as many cyphers to this remainer 
as there are figures in number R, and divide 
the whole by the double of the number R, the 
quotient gives as many figures to be annext to 
the root before found as there were figures in 
it before, reckoning as well the whole numbers 
as the fractions, that is ten. And ſo on. 
Or more ſimply thus; inſtead of forming ſo 
large a ſquare, if we take 36106 the double of 
the whole numbers 28053, and annex to it the 
figures 11406 of the fraction, and multiply the 
whole by the fraction 11406, and ſubtract this 
product from the remainer M 6400 follow'd by 
ſo many bars of cyphers as there are figures in 
the fraction, that is, from 6400.0000000000, 
we ſhall have the ſame remainer as before, to 
which I annex as many cyphers as there are fi- 
gures in the number R, and divide the whole by 
the double of R, as was before directed. 


96.) IV. 
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(96.) . „ 


To find the third or 277 167 808 2 
cube root of the num 3 | 


ber Z, I firſt ſeparate 216. 652 R 


it into bars or partiti- 3) 61.1 
ons of 3 figures each, 20. 3 
and becauſe there are = 
three bars, I know that 274. 625 


the root will have )) 2 82 8 
three figures. -\ "Way. Eo 
To find the firſt fi  — 
gure, Itake the thircd A. 6. B. 6 
or cube root of the 1 
firſt bar; ſaying, the 1 
cube root of 277 18 | 323 
not 7, becauſe 7 x 1 | 390 
make 7, and 7x7 WI | 
make 49, and 7 x 49 4225 
wB ! 6s. © 
fore put 6 under the 
hundreds of Z, as at 21125 
R. 25350 
To find the ſecond 
e 274625 


Iſt. J form the ſecond power 36 and the third 
216 of the number 6 _— found, as may be 
ſeen at A; I put this third power 216 under 
the firſt bar of Z, and ſubtract that from this, 
and I have the remainer 61. 

21y, I bring down the next figure 1 to the re- 
mainer 61, and divide the whole by the number 


3 denoting the degrees of the root, and I have 


the number 20g. | 
zy. Ifay, in 203 how many times 36 (the 
ſecond power of the number 6, which immedi- 
x H 3 1 BE 


- . 


102 Mathematic Leſſons. 15 
ately precedes the third, which we juſt now ſub- 
tracted) and I find that it is contain'd therein 5 
times, and 5 is the ſecond figure of the root, 
which I put down as at R. ER 
To find the third figure, I repeat the ſame 
operation. | nt 
1f, I form apart the ſecond power 4225, and 
the third 275.4625 of the number 65 already found, 
as may be ſeen at B, andputting this third power 
under the two firſt bars of Z, I ſubtract that 
from theſe, and I have the remainer 2542. 
2h. J bring down the next figure 8 to this re- 
.mainer, and I have the number 25428, which I 
divide by 3 the number of the degrees of the 
root, and I have the number 8476. | 
3h. I fay, in 8476 how many times 4225 (the 
ſecond power of 65, which immediately precedes 
the third that was juſt before ſubtracted) and I 
find that it will go 2 times, I therefore put 2 in 
the root R. | | — 455 
And to ſee whether J have done right, or whe- 
ther there is a remainer, I form the third power 
of all the number R, which I ſubtract from Z; 
and becauſe there is nothing remains, I know that 
the number found R (652) is the exact third root 
of the number E. _ 


(97: ) 


: To extract * 
third or cube root 


of the number Z. 
J part it into 
bemof three figures 


each, beginning at 


unit's place, and I 
know by the num- 
ber of that 


there ought to be 
5 figures in the 


1 Fr 

And to And the 

flirſt figure, I ſay, 
the cube root 1 


13 is 2, which I 


put under the tens 
of thouſands of Z. 
? And to find the 

ſecond figure. 


Iſt. ] form the | 


ſecond and third 


eee . 


be ſeen at A, 
ſubtract the 


„ 


of the f wok Operation _ — 103 


13. 875. 804. _ 257 Z 


— 


* 24029 R 
2) 5.8 
. 1.9 # 
13.824.000 
3) 51.804.82 
eee | 
748.27 57600 M 
AS 1B ag 
"FE 24 
8 — 
go 
ial 
576.00 
f 24 
2304 
1152 
13824.000 


third 8 from 13, and 1 have 5 remain. 
21y. I bring down the next figure 8, and I 
have 58, of which I take the third part, viz. 19. 
3. I fay, in 19 how many times 4 (the ſe- 
cond power of two) 4 times, I put 4 in che 


root R. 


And to find the third figure. 
I form the ſecond and third power of the num- 


ber 24 already — as may be {cen at B, I 


H 4 


ſubtract 
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ſubtract the third 13824 from the two firſt bars 
12875, and I have 51 remaining. I bring down 
the next figure 8, and I have the number 518, of 
which I take the third 172, which does not con- 
tain the ſecond power 576 of 24, I therefore put 
o in the root R. . 10 
And to find the 4th and 5th figure, I form 
the ſecond power 57600, and the third 13824000 
of the number 240 already found, which is done 
by annexing two cyphers to the ſquare, and three 
cyphers to the cube of 24, as may be ſeen at B. 
Jſubtract this cube from the firſt three bars, 
and have remaining 51804, after which T bring 
down two figures 82, and I have the number 
5180482, of which I take the third part 1726 
827, which I divide by the ſquare 57600, put 
at the fide as at M, and there comes out 29, 
r in the root R. i % ũ 5 
Nea to ſee if I have done right, and whether 
or no there be a remainer, I form the cube 
1387417257638 of the number 24022, which 
1 ſubtract from the number Z; and becauſe there 
is a remainer N, I know that the cube root of 
the number Z 1s a little greater than 24029, but 
leis than 24030, whoſe cube 138759048 2000 is 
greater than ZL. | EY; echt 


= VL 


To approach as near as we pleaſe in decimal 
fractions to the juſt · value of the third or cube 
root of a number Z, whoſe root cannot be ex- 
preſs'd in whole numbers. das 
Put a point after the whole numbers found R, 
and continue the operation either by actually put- 
ting, or at leaſt ſuppoſing to be put, ſo man 
bars of cyphers after the number Z as we prop 


0 -. 
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; to find figures in the fraction, the new figures 
| which come out being put after the point in the 
root R, ſhall form the decimal fraction requir'd. 
In the foregoing example, after having ſub- 
 _ tracted Me cane __ „ N 
Mof thenumber 1387580482727 Z 
| already ſfound.ñ“dke 
T viz. of 24029 3 2 240299432 R 
ö as we have al- — 


ready found uve 1387417257638 99” mM 
figures of the 1632250868000 N 
root, we may 5440836226666 P 
now find four, — ͤ 2Uf•— . 
or even five more 577392141 Q_ 
by one ſimple —— 9423 8 
divifion, hy an- F 
nexing four or 2443006576 
five cyphers to : 1334352126 
the remainer N, 5 1793664446 


and dividing the | | > 
third part Þ of this number by the ſquare Q 
of the number 24029 already found, the quo- 
tient & ſhall be the decimal fraction to be an- 
 nexed to the number 24029 after the point, as 
may be ſeen at R. And now the number R ſhall 
not want the 1oooth part of unity, of being the 
true cube root of the number Z.. z. 
If we would approach yet nearer to the root, 
we muſt repeat the operation, viz. We muſt 
form the ſecond and third powers of the whole 
of R, whichlaſt we muſt ſubtract from the num-. 
ber Z, follow'd by ſo many bars of cyphers, 
three in each, as there are figures in the decimal 
fraction, and to this remainer we muſt annex ſo 
many cyphers, wanting one, as we have already 
found figures in the root R, both whole and 
fractional, and then dividing the third part _ 


this whole, by the ſquare or ſecond power al- 
ready form'd, we ſhall find as many new figures 
of the fraction as we put cyphers after the re- 

5 mainer. After the ſame manner we may proceed, 


„% WW 


To find the 365. 62762. 58329 2 
fifth root of the 243 * 325 R 
number Z. „GGG 

The ſame rule 97 24.5 
is always to be 335 54432 
follow 'd, for here 51 . 08330. 5 
ve part thenum- 6. 01666. 1 
ber into bars 4 —— 
5 figures each, : 8 
* with _— _ 
unit's place. rot — ; 
To find the e 025, I 
firſt] figure, | A3 ci pile QÞ 
ſay, the fifth root 10 3-119 Ole 
1 u 3 27 | 32 
enn... gg 5 4 17 2048 
der the hundreds. 243 | 5 3072 | 
of Z asatR. | 32768 

0 And to find . | | 32 
. fi | 55535 
2 1ſt. 1 form 2 | 25 98304 ; 
the fifth power 1048576 
253 of the num- ; "7, "W*28 
W akready i © 2097152 
found as at A, HT 3145728 
which I ſubtract _ P: |: 33954432 
from the firſt. . 


bar, and T have remaining 122. 


| 27, + 
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2b, I bring down the next figure 6, and then 
T have the number 1226, Which I divide by the 


number 5 the degrees of the root or of the power 


whole root 1s to be extracted, and I have the num- 
ber 2443. 5 „ 
3p. I ſay in 245 how many times 81? (the 
fourth power of 3, which immediately precedes 
the fifth whoſe root I am extracting) 3 times ; 
but becauſe the fifth power of 133 is too great to 
be ſubtracted from the two, bars, I only put 2 
in the root R. = "HS 
Io find the third figure I Npeat the operation. 
If. I form the fifth power P of the number 
32 al ready found, and ſubtract it from the two 
firſt bars, and I have remaining 3008330. 


21y, I bring down the next figure 5, and divide 


the whole by the number of the degrees 5, and 
I have the number 6016661. 1 33 

z. I fay in 6016661. how many times 
1048576? (the fourth power of 32) 5 times, 
which J put in the root R, c. : | 


(100.) >”... rr 


In order to demonſtrate theſe rules we muſt 
obſerve, | i ne: ro ME | 
Iſt. That any number as 9783 is always greater 
than a decimal number 1000 which has juſt as 
many figures, but leſs than a decimal number 
10000 Which has one figure more; and that a 
number 9783 leſs than a decimal number has al- 
ways leſs figures than that decimal, all which is 
EI 2 
21y, That the root of a decimal number, whoſe 
firſt bar is the unit, is a decimal number, which 
has ſo many figures as the number itſelf has bars z 
this alſo appears plain at firſt view. | 
3 . Thus 
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Thus the ſecond or ſquare root of 1 00 oO 00 
oo, which has 5 bars or partitions, is I 0000, 
which has 5 figures; for 10000 x 10000 gives 
1 00 00.00 00. For the ſame reaſon the third 
or cube root of 1 000 000 000, which has 4 
bars, is 1000, which has 4 figures. The ffih 
root of 1 00000 ooo, Which has three bars, 
is 100, which has 3 figures, and ſo in others. 

3y. That a number 73 57 98 6427 Z 
Z being propos'd, we 1 100000000 A 
may Know. for ex- 1. 00 00 oO Oo o B 
ample, how many fi- | | 
gures 1ts ſecond or ſquare root ought to have by 
dividing it into bars or partitions of two figures 
each. 

For if we put unity in the room of the figures 
of the firſt bar, and o under all the other figures, 
we ſhall have a decimal number A, whoſe root 
will have as many figures as Z has bars; ſo that 
the root of the number Z, which is plainly ' 

ter than A, cannot have . 

And if we take the decimal number B, which 
has a bar more, its root will have a figure more 
than the number Z has bars; but the number B 
being evidently greater than Z, the root of Z 
muſt be leſs chan che root B, and conſequently 
muſt have a figure leſs. The ſecond root of the 
number £ then can neither have more nor leſs 
figures than 1t has bars ; the caſe will be the ſame 
In other roots of the number Z, and of all others 
that can be propos'd. 

4. That the product of two numbers, as 
52314, and 325, cannot have more figures in it 
than the two numbers that produc'd it have to- 
gether, and that it can have but one leſs. 

For if inſtead of the number 325 we take the 
decimal number 1000, which has a figure more, 

| WC 


we ſhall ſee that the product 52314000, which 
is neceſſarily greater than the product propog'd, 
has not more figures than the two numbers 
52314 and 325 together.. "ou 

And to demonſtrate that the product of the 


two ſame numbers can have but one figure leſs, - 


inſtead of the firſt 52314, take the decimal 
number 10000, and inſtead of the ſecond 325, 
the decimal 100, which may have each as many 


figures as the number propos'd ; the product 


1000000 of the numbers 10000 and 100, which 


is neceſſarily leſs than the product propos d, can 


have but one figure leſs than the two numbers 
propos'd have both . e ; and for a much 


ſtronger reaſon, the product of the numbers pro- 


pos'd can have but one figure leſs than theſe 
numbers themſelves. _ : „ 7 
Suh. That in any number propos'd, as 53243 
we may always diſtinguiſh two parts, one of 


which, viz. 50000 ſhall be the value of the firſt 


figure, and ſhall have as many figures in it as the 


number propos'd 53243 has, and the other 3243 - 
ſhall be the value of all its other figures : or of 

which one part 53000 ſhall be the value of the 
two firſt figures, and the others 243 the value of 


all the reſt : or of which one part 53200 ſhall 
be the value of the three firſt figures, and the o- 
thers 43, the value of all the reſt ; and fo on. 


The firſt of thoſe numbers ſhall always have 
as many figures as the number propos'd, and the 


ſecond ſo many figures leſs than the number pro- 


pos'd as the firſt has figures of the number pro- 


Pos d. 
(101. ) EE: 
As to the ſecond or ſquare root,we may obſerve 


that in forming the ſquare or ſecond power of Z 
N 2 . any 
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any number propos d: Sup 33243, if we 

multiply at once the number by itſelf X, or if 
we multiply after the following r manner, It will 

come to the very ſame thing. 

Firſt, in the numbers Z and X, I diſtinguiſh 
the value of the firſt figures, viz. 50000, from 
that of all the reſt, viz. 3243; the firſt I call A 


and the fecond B ; , and then, Trove A 
it, I multiply A- 50% 953243 
the firſt part of” = 3252 52247 X 


viz. A, 85 che firſt | 
part of PT, I... ca ©: AM 
that is 0000 by 7 · -. AY 
W . 15 ,. .. AB 
the fecond . power . > 40. 53 49 BB 


of the firſt part A, 

Ss Tal 1 28 48 81 2 49 2 2 
and this will always 

contain twice as 2 25 00 OO 00 oo AA 

many cyphers as 3 34 81 70 49 M 

the ſecond part B 67 40 85 24 


contains figures. 1 | 

have put points inſtead of cyphers to avoid con- 

fuſion. 
2ly, I multiply the oy firſt part of Z, viz. 
A, by the ſecond part of X, viz. B. thar is 
50000 by 3243, and call the product AB, and 
becauſe A has a figure more than B, the product 
A A Will commonly have a figure more than 
AB; and *tis plain that the two products A A, 
AB, ſhall together be equal to the product of 
a firſt part A of che number Z by all the num- 

* 

I multiply the ſecond part B of 2 by the firſt 

A of X, that is, 3243 by 50000, which gives 
another product AB like the former, 


22 e + AB +55 = es Zu. Then 
428 A + LAB +” 


* . 
vo 
1 


8 : 
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Zy. Then I multiply the ſame ſecond part B 


of Z, by B the ſecond part of X, that is, 3243 


by 3243, and this gives a fourth product B B, 

which I form ſeparate to avoid confuſion, and 
which, for the ſame reaſon as before ſhall com- 
monly have one figure leſs in 1t than the two __ 
going ones AB, AB. 

And the two laſt da A B, B B hall evi- 
dently contain the product 
of Z into the whole — the per X. And conſe- 
quently the ſum Z Z of the four products A A, 


AB, AB, BB, ſhall contain the total product 


of the number Z by the number X, and therefore 


ſhall be the ſquare or ſecond Power of che num- 


ber * 
Hence I know that the ſquare or ſecond power 
2 Z of a number Z is always neceffarily com- 


.of B the ſecond part 


1 


pos'd of the ſquare or ſecond power A A of its 


firſt figure follow'd by twice as many cyphers as 
_ there are figures in B the ſecond part of Z; that 
is to ſay, that this ſquare A A is always to be 
placed in the firſt bar of the total Z Z, which 


cannot have more bars than its root Z has figures. 


In extracting therefore the ſecond or. ſquare 
root of the farſt bar, according to the general 


rule, we cannot fail of ne the firft figure 5 of 


the root Z. 
As to the ſecond figure, tis evident, that if 
we ſubtract the ſquare A A of the firſt figure 


. Z Z, the remainer M ſhall contain the b 6 


products AB, AB of the value of the firſt fi- 
gure A by all the others B, and alſo the ſquare 
B of all thoſe others. 


Now if the remainer M contain'd only the two 
products AB, AB, of the value of the firſt fi- 
gure A by all the reſt, and did not contain alſo. 
dhe laſt : 5 B, then we might calily _ 
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all the other figures. 1%. By taking the half of 
the remainer M, which will contain but one of 


thoſe products AB. 21. By n this new 


number N by the firſt figure KA. 
But although this laſt product B B dene us 
from thus finding at once all the figures of the 


root Z, yet (becauſe its higheſt figure ſtands in 
a rank nearer to unit's place than the higheſt fi- 
re of the products AB, AB, does, and ſo 


will not affect the quotient of the diviſion in its 


flirſt figure) it does not hinder but that we may 


begin the diviſion, and find the next figure 3. 
And tis for this reaſon that to find the ſecond 


Ss, the rule directs. 1ſt. To ſubtract the 
ſquare of the firſt figure from the firſt bar, and 
to bring down the figure following to the re- 


mainer. 2h. To take the half of all that. gb. 


To divide this new number by the firſt figure. 
Or which will come to the ſame thing, in- 
ſtead of taking the half, to double the firſt fi- 


gure, and ſee how many times this double i is con- 
tain'd in the whole. 


For the third figure. | 
Having thus found the two firſt * of the 


ſquare root of a number Z Z, to diſcover the 


method we muſt follow to find the third. 


And to do this, we muſt ſeparate the root into 
two parts A and B, whereof the firſt A may con- 


tain the value of the two firſt figures, viz. 53000, 
and the other B the value of all the reſt, viz. 


243, and form the ris 2 as before, which 
ſhall contain, 


Of the ſample a of Arithmetic. 11 ; 


i, The ſquare AA - A+ | 
of the two firſt figures | 53 243 2 
33 of the root Z, fol- - "3 02 E 
low'd by twice as many _ 
cyphers as there are fi- 2809 .. .. . . AA 
gures in the ſecond part 1 
B, which ſquare ſhal! 12 87 9. AB 
conſequently be con- 5 90 49 BB 


- tained entire in the two PEO PERL WALES 
firſt bars of the num- 2834 81 70 49 ZZ 


ber ZZ. 9... 3 
2, Two products . M 
AB, AB of the values 129 - 
of the two firſt figures 


53000 - by the others 243, which, | becauſe A 
(53000) has two figures more than B, (243) ſhall 
have two figures leſs than the product AR” 
3), The ſquare BB of the other figures 243, 
which .for the ſame reaſon ſhall have two figures 
leſs than the two foregoing products. 
Hence we ſee clearly the reaſon of the general 
rules, which, to find the third figure, directs us, 
1, TO ſubtract the ſquare AA of the firſt 
two figures, from the two firſt bars, and to bring 
down the next figure to the remainer M. | 
2, To divide M by the number of the de- 
grees of the power, viz. 2, or to take the half N 
of the whole M. 
3b, To divide N by the number A already 
found, which will give the. third figure 2, with- 
out being afraid that the product BB, which ſtands 
two rows farther back in relation to the product 
AB, will hinder the effect of the diviſion. 
For the fourth and following figures, we ſhall 
find, by following the fame "method, that the 
number ZZ contains, iſt, The {quare AA of its 


three firſt — A, which will have as many 
1 | figures 
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figures as ZZ. ah, Two products AB, AB of 
thoſe three figures by the following ones, which 
will have three figures leſs than the foregoing, or 
generally ſo many figures leſs as there are figures 


found already. 
fo 


O 


3'y, The ſquare BB of the other 
ures, which ſhall have alſo the ſame number of 


figures leſs than the foregoing. 


Whence it follows, 
that by ſubtracting the 
| ſquare AA of the three 


firſt figures from the 
three firſt bars, and 


bringing down the two 
next figures to the re- 
mainer M, and taking 
the half of this number 
N, I can, by dividing 
the number N, which 
contains the 

AB, by the three firſt 
figures A of Z already 
found; I can, I ſay, 


find the two remaining 


28 0 -' 


product 


532 43 2 
532 43 KX 
1 
2 28 76. AB 
$ 33. 70 .. AB 

18 49 BB 


28 34 81 70 40 22 


28 30 24 „ 


4 57 70 49 M 
2 28 85 24 N 


figures 43, neither can the 


product BB diſturb this diviſion, becauſe its higheſt 
figure 1 is three places remoy*d from the higheſt 


figures of N, 


And ſince the ſaid ſquare BB, which at the be- 
ginning obſtructed the finding the reſt of the fi- 
gures by continuing the diviſion there, will be ſo 
much the farther remov'd, in the courſe of the 
operation towards unity, as the number A (which 
has always as many figures as Z) has figures more 
than B, hence we may ſee the reaſon why, after 
we have found 5 figures, we may find 4 more by 
continuing the diviſion, and why, after we have 
found 9, we may find 8 more, and ſo on. 


2 


As 


W 


22 NN e 


S n D 


meals in the following manner. 
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As to the abbreviation | 


uſed in the foregoing ex- 42 60 17 29 R. 
amples, we may fee very 5 * 


plainly, that after having 6 60 6527 5 
ſubtracted the ſquare of the 11515 
firſt figure of the root 6, 


viz. 36, we have no more to 7 

do, but to ſubtract two pro- 2448 02 
ducts of 6 by 5, or the dou- — 
ble of 6, viz. 12 by 3, and the 9 13 29 
ſquare of 5 all collected in- 1 30 47 
to one line, from 660 the re- «en 


mainer when the ſquare of the firſt figure of the 
root 6, viz. 36. or rather 3600, is ſubtracted from 
the two firſt bars; which may eaſily be done by 
putting the ſecond figure g; after 12, and multiply- 


ing 125 by 5, and ſubtracting it, as we go on, 


from 660, in order to find the ſame remainer 35 
as we ſhould have had by ſubtracting at once the 
{quare of the two firſt figures 65, viz. 4225 from 


the two firſt bars 4260. And the practice will be 


the ſame with the reſt of the bars. 
(102 * | X. 


F or the demonſtration of the method of ex- 
tracting the third or cube root, it is to be conſi- 


der'd, that it is the ſame thing to multiply the 


ſquare ZZ by its root Z, in order to have its cube 
or third power ZZZ, as to find it by piece- 


12ͤüͤ - 
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Having form*d 06530 2 
the ſquare ZZ as e 33243 WI 
before, with re- WAETs + © 1b of 
lation to the firk — 5 
figure of Z, via. 35, geist Aa 

1, Imutepiy © 162185. AB « 
ie firſt parr AA 16215. AS 
*by the firſt part 10517049 BB 
A sooo) of the — — 
root Z, which 2834817049 ZZ4 
gives the cube — GC ——_ 


AAR of theva- 13 KK 
lue of the firſt fi 8 1073. AAB 
gure A, and this 8 107 5........ AAB 
contains as many 8 107 3. AAB 
bars as the cube x 611 664 139 907 Y 


ZZ, and being = * 4 
follow'd by {o I50 934 164 139 907 222. 
r da 


phers, three in 259 
each, as there 86 
are figures in B, 31. e 27; 
ſhall be contained wholly in the firſt bar of ZZZ; 
therefore by taking the third or cube root of this 
bar, we ſhall neceſſarily find the firſt figure 5 of 
—— rom? 10 
25, I again multiply the ſame number AA by 
B (3243) whoſe product AAB ſhall have one fi- 
— . 18 
Then I multiply both the two products AB, 
AB by A, which will give two other products 
AAB, AAB equal to that foregoing. 
If now there were no more products than thoſe 
three form'd from the ſecond power AA of the 
firſt figure A into all the others B, then we might 
find all the reſt of the figures, 1ſt, By ſubtracting 
the cube 125 from 150 the firſt bar. 2, by di- 
ES 7 viding 


* 
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viding the remainer 2 5934, &c. by 3 the num- 
ber 2 the degrees. 3, By dividing the third 
part 86, Sc. of this remainer by 25, the ſecond 
\ Power of the firſt figure 5. Q | 
3'y, But to finiſh the | 
formation of the cube „ .. ABB A 4 
222, we muſt yet mul- 52585245. ABBA 
1 each of the two 523852435. ABBA 
s AB, AB by 347067 590% BBB 4* 
then che produet . bs 
$ by A, and alſo by x61 1664139907 = : 
wh give further 
"0 roducts ABB, ABB, ABB, BBB, of 
I take the ſum Y, Which fum will commonly 
% WT figure leſs than the products AAB, AAB, 
And ' tis t that the ſum ZZZ of all the 
products AAA, AAB, AAB, AAB, V, is equal 
to che product of ZZ by Z, or to the Cube of Z, 
VIZ. 222, as may be ſeen page 116. 
The laſt product V will indeed hinder us from 
finding by the diviſion juſt mention'd all the reſt 
of the figures of the root; but, becauſe Y has moſt 
commonly a figure leſs than the products that 
precede it, it cannot hinder us from finding by 
ſuch diviſion the ſecond figure 3; however, when 
Y has as many figures as the foregoing: products, 
we are in danger of taking the ſecond figure of the 
root too great, which will ſometimes happen. 
In forming the ſquare of Z by taking its two 
firſt figures, or its three firſt figures, Se. and its 
cube with relation to the new parts of ſuch ſquare, 
we may ſee the reaſon of the continuation of the 
General Rule, which as it is eaſy to be underſtood, 


need not here be . inſiſted on. 
THR... - PRO- 


8 . 
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(103.) PROB LEM II. 


To extract any propos d root of a fraction. Ss 
3 53 


Educe the fraction into the loweſt terms, and 
R extract the root of both thoſe terms. vp 
hus to extract the ſquare root of £4, I firſt 
reduce the fraction into the loweſt terms, and 1 
have # of the ſame value with 35, and then taking 
the ſquare root of 4 and the ſquare root of , the 
fraction = which comes out is plainly the ſquare 
or ſecond root of 3. For 1 multiply'd by 4 make 
py 57 and + by + make 3, the ſquare or ſecond power 
of 2. R 5 
1 o extract the third or cube root of 13 124, 1 
reduce the whole into a fraction and I have 4225: 
and becauſe this is in the loweſt terms already, I 
extract the cube root of 1728, which is 12, and 
alſo the cuhe root of 125, which is 5. And the 
fraction 4 is the exact cube root of 13 £24. For 
by multiplying 1 by , and the product £2 by 
zz, and this product % by , we have the 
fraction propos'd £222 or 13 £22, the cube or 
third power of . S 
Fo extract the fifth root of 2544 f, I reduce it 

to the loweſt tegms 424 f, and by extracting the 
fifth root of both the terms, I have 2, which is 
the fifth root of 2£$24, or of £244, which is de- 
monſtrated in the ſame manner as above. And 
the caſe is the ſame in others. = 
But it often happens, that we cannot find the 
_— roots of both the terms of a fraction. And 
=_ | | 


(04) U. 
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rnd 1 


| To determine nearly the value of any root of a 
fraction propos CC. 
After having reduc'd it to its loweſt terms, and 
attempted to extract the root of its ſecond term, 
if we find no remainer, we muſt extract as uſual 
the ſame root of its firſt term. 
But if there be a remainer in extracting the root 
of its ſecond term, we may avoid it by making 
ſuch ſecond term become a perfect power after this 
manner, viz. by multiplying each term of the 
fraction by a power leſſer by one degree than the 
root propos d. Thus 
Io extract the ſecond root of 42, I begin by 
extracting the ſquare root of its ſecond term 25, 
and finding it to be exactly 5, I extract the ſe- 
cond root of its firſt term 39, which find to be 
between 6 and 7. From whence I conclude that 
the ſecond or ſquare root of 23 is between £ and 2. 
For the ſecond power of + is 24, leſs than 25, and 
the ſecond power of 2 is £2, greater than that 
propos'd 22. . | = 
But to extract the ſecond root of 24, I reduce 
it firſt into its loweſt terms, or to its exponent 
; and becauſe I cannot have the exact ſecond 
root of its ſecond term 6, I multiply the terms 19 
and 6 of 22 by 6, and I have == or , of 
the ſame value with , and which by theſe means 
has a perfect ſecond power for its ſecond term 
(Which it is needleſs to form) whoſe root is 6; ex- 
tracting therefore the ſecond root ot the firſt term 
114, - find that the ſecond root of 24 is between 
* an ** | | | 
To extract the third root of , after having 
reduced it to its loweſt terms I extract direct- 


] 4 ly, 
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ly, the third root of its ſecond term 125, and 
finding it to be 5 juſt, I then extract the third 
root of its firſt term 31, and I know that the 
third root of or of its equal 23; is between ; 
and . . | 
But to find the third root of 424, after having 
reduced it to its exponent £24, I try to extract 
the third root of its ſecond term 31; and finding 
a remainer, I multiply both its terms by the ſe- 
_ cond power of 31, viz. by 31 x 31, and have 
the fraction A or ri, whole fecond 
term is a perfect third power, whoſe root is 31. 
Extracting therefore the third root of the firſt term 
120125 of this laſt fraction, I find that the third 
root of £45, or of its equal 43; is between 357 
and £2, 3 "© 

To find the fifth root of 133 after having re- 
duced it to its exponent 2+, and extracted the fifth 
root of its ſecond term 32, I extract the fifth 
root of its firſt term 15, and find that the fifth 
root of £34, or of its equal 32, is between 3 and 
2, or between + and 1. : 

But to extract the fifth root of 34, after having 
reduced it to its exponent 3, and finding its ſe- 
cond term not to be a perfect fifth power, to 
make it ſo, I multiply both the terms of the frac- 
tion by the fourth power 3x3x3x3 of its ſecond 
term 3, and I have A or 242, whoſe ſe- 
cond term 243 is a perfect fifth power, of which 
the root is 3. Extracting therefore the fifth root 
of its firſt term, I find that the fifth root of 32, 
or of its _-_ 342, is between 4 and g, or be- 
tween 1 and 4. The ſame method is to be ob- 
ſerv'd in others. 1 | 5 


_—_. x 


To approximate the propos'd root of a fraction 
as near as we pleaſe, 1ſt, This 
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ie, This may be done by approaching equally 
the roots of both its terms. For *tis — — 
the nearer the terms of a fraction approach to the 
Juſt value of the roots of another fraction, the 


= 


nearer that fraction ſhall approach to the juſt va- 


lue of the root of this. 


But for greater eaſe, we firſt reduce the fraction 
to the loweſt terms, and cauſe its ſecond term to 
become a perfect power, and extract the root of 


it. Then putting a like number of cyphers, as 


many as. we pleaſe, to both the terms, we go on 


to extract the root of this new fraction, which 
will approach more and more to the juſt value of 
the root of the fraction propos c. 
Thus to approach nearer and nearer to the ſe- 
cond root of the fraction 413, I reduce it to its 
exponent 24, and finding that its ſecond term is 
not a compleat ſecond power, I multiply its terms 
by its ſecond term 3, and I have 242, of the ſame 
value as 2+ or 445, of which I firſt extract the 


' ſecond root, which I find to be greater than 43, 


bur leſs than 3. Then putting as many cyphers as 
1 pleaſe, only obſerving that they are equal in num- 
ber, to each term of ==2 I have 2=22222222 &c. 
of the ſame value as £42 or g, whoſe root I have 
already found to be ++, and by carrying on the 
extraction, find it to be 4434S &c, or * 3- i 
-£- &c. And thus by putting a greater num- 


ber of cyphers, we may approach nearer and nearer 
to the true value of the root propos'd, which as 


it now ſtands does not want one three thouſandth 
part of the exact root of . 25 og 
And if we would bring it to an approximation 


In decimal fractions, weneed but divide each term 
of the fraction 23358, or of 443388 by us ſecond 
term 3, without the cyphers; and the decimal 


fraction +2354, or 3.7853, which is equivalent 


o 


5 
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to 3 Ts 1788 P'S. rie ſhall be nearly of the 
ſame value with the fraction 433888. | 


0000" 


We muſt follow the ſame method in extracting 


the third, fourth, fifth, c. roots of the ſame 
fraction 445 or 24, or any other fraction. 


(106.) IV. 


Buy what has been juſt ſaid in relation to the ap- 
proximation of the roots of fractions, we may ſee 
the reaſon of the rule for the approximation of the 


roots of whole numbers, laid down in the pre- 


ceding problem. . 


For the whole number 1038, for example, is 
equal to #243, whoſe ſquare root is between 42 


and , and putting two cyphers to each term of 


2222, which does not alter its value, we ſhall 
have £22222, whoſe root is between +22 and 422, 
nearer to the true root than Ar. And putting two 
cyphers more to each term, which does not alter its 


value, we ſhall have £22£2222 whoſe root is be- 

tween £224 and 4222 nearer yet to the true root. 
And putting two cyphers more to each term we 
ſhall have 124838888, whoſe root is between 
34242 and 222, or between the decimal fracti- 
ons 32,218 and 32, 219, whoſe value is 32 2; +55 


dee. And thus we may approximate as far as 
we pleaſe. 


But we can never arrive by any means to the 


juſt value of the roots of thoſe whole numbers, 


which will not have whole numbers for their roots: 
nor to the roots of ſuch fractions whoſe ſecond 
terms, although they have roots conſiſting of 


whole numbers, yet have ſuch firſt terms as will 


not have whole numbers for their roots, as we 
ſhall demonſtrate in the ſequel, 1 


THE 


— 


Of the Fundam Properties of 5 
Numbers. 


(% PROBLEM I. 
0 10 expreſs Numbers, and the Operations 
of Arithmetic, univerſally. — _ 


Let numbers be expreſs'd by the letters of the 
alphabet a, b, c, d, e, f, &c. taking care not to 
deſign two numbers which are different, by the 
ſame letter, for this would introduce confuſion. 
In order to this we make uſe of the ſign (=) 
which ſignifies equal. Thus to ſhew that I expreſs 


tte number 36 by a, and 12 by b, I put à = 36 


and h = 12, which ſignifies that @ denotes 36, and 
5 12, or as we commonly expreſs it, that à 1s 
equal to 36, and b is equal to 12. We alſo make 
uſe of this ſign à (36), þ (12). 3 
To ſignify that one number à is greater than 
another þ we uſe this ſign (>), and this (D) when 
_ we would ſignifie that it is leſs. Thus a > b ſig- 
nifies' that @ is greater than b, and c ſigni- 
fies that þ is leſs than c, the point of the ſign of 
inequality being always next the leſſer number. 


6 \ 00 


Tuo numbers as 36 and 9 being deſign'd or ex- 
prels'd by the letters @ and b. Eo 
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iſt, To expreſs their ſum we make uſe of the 
fign (--) which ſignifies plas or addition. Thus 
4 +b ſignifies the ſum 45 of 36 and 9, or we have 
ob d=>t ee eee 

2%, To expreſs their difference we make uſe of 
the ſign (—) which ſignifies minus or ſubtraction. 
Thus a — b ſignifies or denotes the difference 27 

of 36 and 9, or we have a—b = 27. 


3y, To expreſs their product we ule the ſign (x) 
which ſignifies multiply d by, or multiplication. 
Thus ax ſhall ſignify, denote, or expreſs the 
product 324 of 36 by 9, or we ſhall have ax6 
Me alſo expreſs the ſame product by joining 
the letters without the ſign, ſo that in this exam- 
ple axb and ab are equivalent expreſſions of the 
fame number 324. Thus axb = 324, ab = 324. 
Au, To expreſs their quotient we uſe the ſign 
I (I which fignifies divided by, or diviſion. Thus 
a(b fignifies the quotient 4 of 36 divided by 9, or 

we have al 4. +37 
All theſe figns, which we ſhould make very fa- 
miliar to us, are as follows. F f 9 


g equal 9 + 8 

8 () N equal 8 — 0 8 Minus 

2 F greater © x A; multiply'd by 
&Q < © leſſer &G ( divided by 


(109.) | III. | r 
It, To add to a-+4, or to a number expreſs'd 
by a -b, another number c, we write a-|-b-|-c, 
and to add to a-, another number d, we 
muſt write a-þbÞ-c--d, &c. 5 
hes 36, b=12, c r 3, d= 5, then a 
(3 12) =48, a-b-+-c(36+12-+3)=51, 
a4-b4-+d(51-+5) = 36, Er. N T 
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To add to a number þ the fame number 3, we 
muſt ſet down bb, and to add þ to b + b we 
muſt ſet down Ab, and ſo on. But theſe 
expreſſions may be abridg'd by writing 2 þ inſtead 
of br b, 3b inſtead of b-|-þ-+6, 46 inſtead of 
DU, &c. | 
If 5 = 12, we ſhall have ö, or 15 = 12, b-|-b 
= 25 24, BUY = 3b = 36, 4b = 48, 
53 = 5X12, or 60, Sc. 55 
To add a number expreſs'd by 35, to the num- 
ber 3 d, we muſt write 35 - 3d; but to add gb 
to 5b, inſtead of writing 35 ＋ 3b, we muſt write 
85: for the ſame reaſon 360 + 156 become 31 5, 
and 360 þ12c-|-8c become 369 ＋ 20c, but 
365 ＋- 12c + 8d cannot be contracted. 
L.“aſtly, to ada the number 37 expreſs'd by fi- 
2 to the literal number 235 f 15c, we muſt 
et it down thus, viz. 25b ＋ 15c + 37: or 37 
＋ 235 + 15c, and to add 15 more to it, we 
muſt ſet it down thus, 15 + 37 + 235 - Ic, 
and becauſe 15 <|-.37 = 52, we may write it thus, 
52 -|-25b + 15c. 
21ly, To ſubtract any number 4 from any other 
5 c, we muſt put it down thus, viz. b—c—4d, 
and to ſubtract another number e from þ—c—d, 
we muſt ſet down þ—c—d—e, SG. 
If b=36, c=12, d=3, e=5, then will 
2— (30 = 12) = 24g, b—c—d(24—3) = 21, 
b—c—d—e(21—5) = 16, and ſo on. 
From 5 - to ſubtract the ſame number d, we 
muſt ſet down þ— d—4, or þ— 24, and to ſub- 
tract yet another d, we muſt ſet down þb==d—d—&, 
or- 34, Se. 
If 5D 36, and d = 3, then will þ—d d, or 
5 — 2 (36 — 3 — 3), or (36 —6) = go, and 
b == 34 (36 — 9) = 27, &c. EY 


And 
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And to ſubtract the number 3 d from the num- 
ber 35, we muſt ſet down 5þ— 34; but to ſub- 
tract 3 5 from 5b, inſtead of ſetting down 5þ — 3b, 
we may ſet down 25. Thus 365— 136 is re- 
duc'd to 215, and if from 136 — 15c we are to 
ſubtract 7c, we muſt ſet down 135— 1360 — 7c, 
which reduces it ſelf to 13h 22 c, for it comes 
to the ſame thing to ſubtract all the c's at once, 
as it does to ſubtract part at one time and part at 
another, and if from 135 — 15c—b, we are to 
ſubtract c, we muſt ſet down 135 — 15c —b—c, 
which reduces it ſelf to 12þ— 16c, and if from 
12b—7þ—5b, we are to ſubtract 4c, we muſt 
ſet down 125-75 — 5b — 4c, which reduces it 
ſelf to — 4c but 135 — 1360 - 74 admits of no 
reduction. 
Laſtly, To ſubtract a number 9 expreſs'd by 
figures, from 27 -|- 125, we mult ſet down 274 
12þ—9, or 27 —9 + 125, but becauſe 27 — 9 
— 18, we may ſet it down thus, viz. 18 — 126, 
and to ſubtract 48 from 27 -- 12, we muſt ſer 
down 27 -|- 12h — 48 = 126 — 21. 

zy, To multiply the product ab by another 
number c, we muſt write abe, and to multiply abe 
by 4, we muſt write abed, and fo on. 

fb =5, b=4, c=2, dB, then ab(7x4). 
= 28, abc (7x 4x2 or 28 x2) = 56, abed (5b 
* 5) = 280. | 

To multiply h by h we muſt write bb, and bb 
multiply'd by þ ſhall be bb, and bbb by b ſhall 
be 4bbb, and for b, bb, bbb, bbbb, we write more 
commodiouſly, 5, 32, , bv, Sc. which are 

very different from 15, 2b, 30, 4b, Sc. 

If ö , then h or 156 *, or 7; 5 or 
b* =7x70or49; bbb or =7x7x7, or 49 *, 
or 343; 51 343 x7 or 2401, Cc. but b, or 
10 = 57 b 4-6, or 26, =7 +70r14;zb+-b+6, 


or 
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or 35, =7-7-+7,0r3x7, or213 4b =4x7 

or 28, Sc. denotes no more than a ſimple addi- 
tion hof the ſame number þ repeat- 
ed 4 times beginning from o, or a ſimple multi- 
plication of h by 4, whereas 54 denotes a multi- 
plication repeated 4 times, viz. of x by b, by 5, 


by b, by b, or the fourth power of the root 5. 


To multiply a literal number 2 by a number 
expreſs'd by figures as 7, we write 74; thus 
 abx7—7ab; abbcx7 = 7 abbe, &c. | 
| Now to add a product as ac to another ab, we 
muſt write ab + ac; but to add ab and ab toge- 
ther, inſtead of writing ab -- ab we write 2 ab. 
Thus 5 4b ＋ 3 ab =B8 ab; 25 abc-|-12 abc = 37 
abc; 23 abe — 12 abe = 13 abe; but neither 25 
abc + 12 abb nor 25 abe — 12 abd will admit of 
a reduction, becauſe abe and abb, or abd cannot 
expreſs the ſame number, nor can theſe abbrevia- 
tions or reductions be at any time made, but when 
the literal products are perfectly alike. 
To multiply ab by a or abc by defg, or a3 by 
24, or a* by a*, or 4352 by ab, or g ab by 
7bc, or 12aab? by 254*b*, Sc. The rule is, to 
multiply the figures which ſtand before the let- 
ters, call'd coefficients, by each other, and the let- 
ters by the letters; thus ab x cd = abcd, abc x defg 
= abcdefs, a* xb* a., . a* x 6f =a*a* = 
aaaaaaa = a”, that is by adding the figures which 
ſtand after like letters, call'd indices or exponents 
together; thus a3b? x a*h3 —= a3b? a*h3 = g3a* 
b*b* Da,; thus gab x be = 5x7 x ab x be = 
35abbc ; thus 12455 x25 4 C = 12 x 234 
8&3 b*c = 300a3b7c, and ſo on. | 
4, To divide ab by c we write ab(c. But the 
quotient of ab divided by 6 is a, for the diviſor 5 
multiply'd by the quotient a, gives the number 
ab which was divided, or ab = a, becauſe b x a 
— _ - .= ba 
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ba S ab; thus abe = ac, becauſe bx ac = 
bac = abc; thus abdd(ad = bd, becauſe ad x bd — 
adbd abdd; thus 4abdd(ad = 4bd, becauſe 4 
x ad = 4bdad = 4abdd ; thus 15abcdefs (15cef = 
abdg, [by ſtriking out of the number to be di- 
vided all the roots of the diviſor, and putting the 
product of thoſe that are left in the quotient] be- 
cauſe 15 cef x abdg = 15 cefabdg = 15 abcdefe. 
Thus 28abcd(7ad = Abe [by dividing the coef- 
ficient 28 by 7] becauſe 7ad x 4bc = 28 abed; thus 


1247 (4a = 3a*t [by dividing the coefficient 12 


by 4, and ſubtracting the exponent 3 from the 
exponent 7] becauſe 44 x 341 = 1247; thus 
30oO a ο (124 = 2543 bc, Sc. N 
Thus abe = = and 6aabc(gacd —= _ = =, 
ſby dividing each part by 3ac]; chus 6a 
| $63" 2463 e | 
(34⁰ = _ < = = [by dividing each part 
by 3a*bc?, the ſame method of proceeding muſt 
be uſed in others. | 
But for the better underſtanding of all theſe 
operations, it is neceſſary to demonſtrate the pro- 
Poſitions following. „„ | 


. {110.) EC  - 


1ſt, Any number as 2 is always equal to all its 
parts taken together, and greater than any of its 
parts how big ſoever it be; thus if 35, 40, 27, 12 
are all the parts of the number 114, then 114 = 
35 + 40-|-27-|- 12, 114 40, or if a, b, c, d, 
are all the parts of the number z, then 2 4 
eq d, and Z Vb, or x Tl. 

pon this principle are founded thoſe rules of 
arithmetic already laid down, in which we did that 
by piece-meals, which, by reaſon of the narrow- 
limits of our imaginations, we could not do at 
EE] 1 2'y, TWO 
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215, Two numbers that are equal to the ſame 
third are qual —_ themſelves, thus if 38 = 
2 13, and 38 =26 + 12, then 23 ＋ 15 = 
75 or if 2 IT and 2 3 then 
b + c =m +#. | e 

zy, To any number we may always add ano- 
ther number, or ſubtract a leſſer from it. And 
if to equal numbers we add equal numbers, the 
ſums ſhall be equal. But if to equal numbers we 
add unequal ones, the ſums ſhall be unequal, and 
ſhall be the greateſt where the greateſt number 
was added. Thus if 38 = 23 ++ 15, then 38 + 
12 = 23+ 15 + 12, and 38 ＋ 12, > 23 | 
15 ＋ 3, orifz=@a-+b, thenz+ d=a-+b-þ+d, 
and if c d, then z+c>Saþb-+4d. 

4, If from equal numbers we ſubtract equal 
numbers, the remainers ſhall be equal. Bur if 
from equal numbers we ſubtract unequal numbers, 
the remainers ſhall be unequal, and the greateſt 
ſhall be that where the leaſt number was taken 
away. And if from unequal numbers equal num- 
bers be taken away, the differences ſhall be une- 
qual, and the greateſt ſhall be that where the 

eateſt of the unequal numbers was concern'd. 
Thus, if 38 = 26 -þ 12, then 38 —15 = 26 
12—15. If z ab, thenz—c=@a+b—c, 
and if c d, thenz—d >a + b—c, ande- m 

37, If we multiply equal numbers by equal 
numbers the products ſhall be equal; but if we 
multiply equal numbers by unequal numbers the 
products ſhall be unequal ; and the greateſt ſhall 
be that where the greateſt multiplier was con- 
cern'd. If the firſt multiplier is double or tre- 
ble, Cc. of the ſecond, then the firſt product 
ſhall alſo be double or _ of the ſecond, T * 
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if 2 = b, then az — ab, and if a be the treble of 
d, then az ſhall be the treble of dz. 

6y, If we divide equal numbers by equal num- 
bers, the quotients ſhall be equal : But if we divide 
unequal numbers by equal ones, the quotient ſhall 


be unequal, and that ſhall be the greateſt where 


the number divided was greateſt. And if we di- 
vide equal numbers by unequal ones, the quotients 
ſhall be unequal, and that ſhall be the greateſt 
where the diviſor was leaſt. If the ſecond diviſor 
is double or treble, c. of the firſt, then the firſt 
quotient ſhall be double or treble, &c. of the ſe- 
ns: - .- | = 

7, Like powers and roots of equal numbers 


are equal, but like powers and roots of unequal 


numbers are unequal in ſuch a manner as that the 
greateſt power ſhall be produced by the greateſt 
root, and the greateſt root ſhall come from the 
greateſt power. All theſe propoſitions are ſelf- 
evident, and therefore need no demonſtration. 


1.) „ 


it, If we form numbers with unity, whether 
it be by addition or ſubtraction, the numbers pro- 
duc'd will always be whole numbers. 
For *tis plain that by adding 1 to o we have 1; 
1 to 1 we have 2; 1 to 2 we have 3; 1 to 3 we 
have 4, and ſo on ad infinitum ; or by ſubtract- 
ing 1 from ſome number already form'd, ſuppoſe 
24, we have 23; 1 from 23 we have 22; 1 from 


22, we have 21, and ſo on till we come to o; I 


ſay *ris evident that which ſoever of theſe ways, 
whether by adding or ſubtracting unity, We 


number, we can produce nothing but a whole 


number. 


5 2, Ad- 


The fundamental properties if Numbers. 1 31 


2, Addition of whole numbers being nothing 
but numeration abridg*d, the ſum reſulting mutt 
always be a whole number. 

For although we may find the ſum 60 of two 
numbers 36 and 24 at once, hy the rules of addi- 


tion, yet we may alſo find the ſame ſum by adding 
unity 24 times to 36, according to the rules of 


numeration. So that the ſum ſhall always be a 
whole number. 

3ly, Neither is the ſubtraction of whole num- 
bers any thing elſe but numeration abridg'd, and 
conſequently the remainer or difference "will al- 
ways be a whole number. 

For although we may find the difference 12 of 
two numbers 36 and 24 at once by the rules of 


ſubtraction, we may alſo find the ſame difference 
by ſubtracting unity 24 times from 36, according 


to the rules of numeration. 
Au, Multiplication of whole numbers being no 
other than addition abridg'd (as has been demon- 


ſtrated in the rules of that operation) and addition 
no more than numeration abridg'd, it follows that 


multiplication is but numeration abridg'd, and 


conſequently the product of a multiplication ari- 


ſing from whole numbers, muſt be a whole 
number. | 

guy, The formation of the powers of a whole 
number being no more than a compound multi- 
plication of a whole number by it ſelf, the pro- 


duct or power can be no other than a | whole 
number. 


6ly, The diviſion of whole numbers, not being, 
properly ſpeaking, a ſubtraction, and conſequent- 


y not numeration abridg'd, may often give a quo- 


tient not a whole number. 


For although the diviſion of whole numbers 


proceeds 11 the principle of a ſubtraction, yet 
K 2 = 


——— 
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for all that, it need not be conſider*d as a pure com- 


pound ſubtraction, becauſe the principal deſign of 
it, is not to find a remainer, bur to find a certain 
equal part of a number, and this is the reaſon why 
the diviſion of whole numbers often gives a quo- 


tient which is not a whole number. 


Thus the quotient of 12 divided by 3, or the 


number that 12 contains juſt 5 times, or the fifth 


part of 12 being greater than 2, (becauſe 2 times 
5 is but 10) and leſs than 3, (becauſe 3 times 5 
make 15, greater than 12), and there being no 
other whole number between 2 and 3, *tis there- 
fore impoſſible to expreſs the exact quotient of 12 
divided by 5 by a whole number. 

ly, The cafe is the ſame in the extraction of 
roots, for the ſecond root of 12 for inſtance being 
greater than 3 (becauſe 3 x 3 make but , and 12 


is greater than 9) and leſs than 4 (becauſe 4 x 4 


make 16 greater than 12: therefore the root of 

12 is between 3 and 4; now there is no whole 
number between 3 and 4, therefore the ſecond 
root of 12 cannot be a whole number. The caſe 
is the ſame with its third, fourth, &c. roots. We 


ſhall demonſtrate in the ſequel that theſe roots 


cannot be expreſs'd by fractions, but that they 


are incommenſurable. | 


(112.) - VI. | 

1ſt, In what manner ſoever we add 5. 37 
ſeveral numbers 5, c, d, e, f, g, b, Sc. c. 45 
as one þ to another c, and a third d d. 21 
to their ſum, and to this laſt ſum a 1 
fourth e and ſo on; or if we add two Ff. 39 
or three, c. at a time; or univer- g. 53 
ſally if we diſtribute them into as ma- 5. 14 


ny parcels as we pleaſe, ſuppoſe t]o, — 


viz, b, c, d, and e, %, g, b, andtakefſe- 2. 221 


4 parately 
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parately the ſum of the ſeveral parts or parcels, 
and then the ſum of theſe ſums, we ſhall always 
obtain the ſame ſum z, let the manner they are 
added in be what it will, For the parts mult al- 
ways be equal to their whole, and the ſum 2 ſhall 
always be equal to all the numbers b, c, d, e, f, g, P, 
in whatſoever order they are ranged. es 
Whence it follows, that if after we have added 
together ſeveral numbers placed in a certain order 
as thus, 5, c, d, e, f, g, b, and have found the ſum 
⁊, we add them together again placed in another 
manner, as thus, e, c, f, d, b, b, g, or if we add 
them together, beginning firſt at the bottom and 
proceeding upwards, and then beginning at the 
top and proceeding downwards, and find the ſame 
ſum in both caſes, this is a proof that we have 
perform'd the operation truly. N 


(113.) VII. 

If the difference z of two numbers 4 and þ be ad- 
ded to the leſſer , the ſum ſhall be the greater a. 
For the difference z being the excefſss 
by which a exceeds 5, z and þ ſhall be the 1 - 2 7 
parts of a, conſequently if they are put Z 22 
together they will make the whole a 2. 188 
Alſo if from a number à we take away another 

b, and from the remainer z we take away another 
number c, and from the remainer y the number 4 
and ſo on, the laſt remainer ſhall always be the ſame 
with that which we ſhould have found by takiag 
away from a the ſum of h, c, d, Sc. at once. 

Wbhence it follovwys that if after we have © 
| ſubtracted a number , from another & à. 354 

and have found the difference z, we then 5. 42 
add z to b, and find the ſum to be the 
ſame with the number a, it is a ſign that 2. 312 
we perform'd the operation right. LS 

„ 3 _ (124,) VIII. 
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(114. ) | | VIII. 
The product ab of a number a 4 
by another b, is equal to the pro- Y 
duct ba of the number b by the ab. 
number a. 8 
Let a and h ſtand for M 42 16 
what number you pleaſe BEL 
as 16 and y, ſet down ass . 
/ ef 
MN as there are units iini 3 
a, and put as many ſuch ........ . 
WWW othet .....ci anos. 
. %%% ( 
then it is evident, 
1ſt, That the ſpace MN O ſhall contain as ma- 
ny points as the product of 4 by h contains units, 
therefore the number of thoſe points is equal to the 
product of @ by b. 
2ly, That the column N O contains as many 
points as there are units in O. And that the ſpace 
MN O contains as many columns NO as the num- 
ber à contains units, and conſequently as many 
points as the product of þ by à contains units, 
therefore the product ab — ba, W. W. D. 
Whence it follows, that if in the multiplication 
of two numbers a and b, after you have multiply'd 
a by b, and found the produdt 2, you then mul- 
tiply 5 by a, and find the ſame product as before, 
this is a proof of the truth of the operation. 
(6x5; 1 
Several numbers, a, 5, c, d, e, Ge. being pro- 
pos'd to be multiply'd, if you firſt multiply the fipſt 
a by b, and their product ab by c, and the product 
abc by d, and ſo on, you will have the ſame pro- 
duct as you would have had by multiplying the 
firſt a by the product þcde of all the reſt. 
Chooſe any numbers you pleaſe, as 7,5,3, 2,4,E&fc. 
expreſs them by the letters a, O, c, d, e, &c. 


b 
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Put down in one row MN as > N 


many points as there are units in 
a, and as many of theſe rows as 
there are units in þ, all which will 


occupy the ſpace M NO. It is 


evident that this ſpace will con- 
tain as many points as there are 
units in the product ab. 

Put into the ſpace MNP all 


the preceding rows ſo many 


times, as there are units in c, 


and you'll find that this ſpace 
will contain as many points as 


there are units in the product = 


. 


In the ſpace MN Q put all 


the precedent rows as many times 
as there are units in d, and you 


will ſee that the ſpace MNQ 


contains as many points as the 
product abed, and ſo on. 
Lou may obſerve moreover, 


that the column NO contains 


as many points as there are units 
in þ, that the column NP con- 
tains as many points as there are 
units in the product bc ; that the 
column N Q contains as many 
points as there are units in the 
product bcd, and fo on. 
From whence it follows that the 


ſpace MNOPQ, c. contains 
as many rows MN as there are 
units in the column N O P Q, c. 


and conſequently as many points 

as there are units in the product of 
à by bed, Sc. 

| K 4 
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Therefore the product of a by b, of ab by c, 
of abe by d, Sc. is equal to the product of a by 
bed, Fc. Q. E. D. 7 | 


(nh x. 


Let the numbers . . 
be expreſs'd by 4. b. C. . e. f. gib. 
of which we are to find the product. | 

Iſt, I multiply theſe numbers one by one, v2. 
the number 2 by b, and the product ab by c, and 
the product abc by d, and the product abcd by e, 
and the product abede by , and the product abedef 
by g, and the product abcdefg by B, (or 9 by 8, 
and the product 72 by 7, and the product 504 by 6, 
and the product 3024 by 5, and the product 15120 
by 4, and the product 60480 by 3, and the pro- 
duct 181440 by 2) and I have at laſt the product 
abcdefgh, or z (362 880) of all theſe numbers. 

2!y, I ſeparate the ſame numbers into two par- 
cels at pleaſure, as a. b. c. and d. e. f. g. h. and form 
the products of each parcel as before, viz. abc 
(504) of the firſt parcel, and defgh (720) of the ſe- 
cond, then I multiply abc (504) by defgh (720) 
and I ſay that this product ſhall be the fame num- 
ber 2 (362880) which I found after the firſt man- 
ner. 

For we have ſhewn a little above that it is the 

fame thing to multiply the product abc, which 
we muſt conſider as a {imple number (504) by b, 
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and abcd by e, and abcde by f, and abcdef by g, 
and abedeſg by b, as it is to multiply abc by dg 
at once. | 
The caſe will be the ſame if we ſeparate thoſenum- 
bers into 3 parcels, viz. a, h, and c, d, e, and f, g, B, 
for it is the ſame thing to multiply ab by cde, as 
to multiply a by b, ab by c, by d, by e, for this 
will give the ſame product abede, and then it will 
be the ſame thing to multiply abcde by f, by g, 
by b, as to multiply it by their product gh. And 
ſo on into how many parcels ſoever ſeveral num- 
bers are parted. | 
Thus the product of aa by aa is aaaa, or 4“, 
and of aaa x aa x aaaa, or of a3 xa* a* = a?, or 
aaaaaaaaa, Or. 555 
Whence it follows, that the fourth power a+ 
or aaaa, is the ſecond power of a ſecond power, 
or a ſquare ſquar'd ; that the ſixth power as is the 
{quare a3 a3 of the third power 43, or the ſquare 
of the cube; or it is the cube a“ x A x a® of the 
ſecond power 4?, or the cube of the ſquare, and 
ſo in others. | 


(117.) XI. 


Whence it follows, that we may find the fourth 
root of a number by finding firſt the ſquare root 
of that number, and then the ſquare root of that 
root. | | | 
That we may find the ſixth root of a number, 

by finding firſt its ſquare root, and then the cube 
root of that, Cc. | 5 
In whatſoever order we multiply ſeveral num- 
bers, we ſhall always have the ſame product. 
Chooſe any numbers you pleaſeas 9. 8. 7. ö. 5. 4. 3.2. 
and _— them b 8 
multiply them firſt according to the order in _ 
| ey 
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they now ſtand, viz. according to the letters a, , 
c, d, e, f, g, b, then multiply them according to 
any other order of the letters, ſuppoſe d, h, g, e, 
8, f, b, c, we are now to demonſtrate that the pro- 
duct dbgeaf bc ariſing from this ſecond arangement, 
ſhall be the ſame as the product abcdefgh ariſing 
from the firſt : or that the product 6 by 2, by 3, 
by 5, by 9, by 4, by8, by 7, — to the 
arangement dhgeaf be, is equal to the product of 
9 by 8, by 7, by 6, by 3, by 4, by 3, by 2, 
according to the arangement abcdefgh. 
The difficulty of doing this lies here, viz. in 
making it appear how the number @ which occu- 
pies the fifth place in the product dhgeafbc, may 
be brought into the firſt place without affecting 
the equality of the product: in order to this, we 
need only call to mind that this product may be 
alſo form'd from the products dg, ea, fbc, con- 
ſequently dhgeafbc ahg x ea x fbc. Now the pro- 
duct ea = ae, and it is the ſame thing to multiply 
dbg by ae, as to multiply it firſt by a, and then 
by e. Whence it follows that dhgeafbc==dbgaef be 3 
where 4 is in the fourth place. N 
By the ſame method of reaſoning you may ſet 
a in the third place, for dhgaefbc S db x ga x ef be 
= dbagef be; thus from the third place you may 
transfer à into the ſecond place, and from thence 
into the firſt, without altering the product. And 
thus alſo may / be put in the ſecond place, c in 
the third, and ſo on, conſequently the product 
dhgeafbc = abcdefgh. . ok 
From whence follow the rules for the multipli- 
cation of numbers expreſs'd by letters which we 
have already laid down, viz. that the product of 
1 the product ab by the product cd is equal to the 
5 Product abed, of a by b, by c, by d. or that 
Wl ab x cd = abcd, that bef x adge = befadge = abcd7, 
| that 
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that 25436? x 34*6* = 75a5h5, that is to ſay, we 

muſt multiply the coefficients, or numbers 25 and 

3 which ſtand before, and add the exponents of 
the powers of the ſame letter; for 23a x 3a* 
b* = 26@aXaxaxbxbx3XaxaxbxbxbX= 

25X3ZXaXaxaxaxaxbxbxbxbxbxh = 

753456, and the fame in others. 


(118) 1 


If in a diviſion that has no remainer 324 5 
we multiply the quotient þ by the di! 
viſor a, we ſhall have the number y 12 & 
which was divided, or the dividend. 27 6 

For in diviſion the quotient þ is the * 
number which the dividend y contains ſo many 
times as there are units in the diviſor 2. 2 

And in multiplication the product y of a by 5 
contains þ as many times as there are units in a. 
Therefore the product of 4 by © is the ſame as the 
_ dividend y. 1 * "= 

Whence it follows that, if after we have mul- 
tiply'd the quotient by the diviſor, we find the 
product that comes out to be equal to the dividend, 
we may conclude we have divided right, and that 
we have found the juſt and true quotient. 


(119.) 208: 

If a product y (362880) be form'd of the 
roots 8 oe, 
expreſs d by the letters 4. & c. d. #6 Þ. © 


and if any other products d (48), or ceb (280), 
or def, &c. are form'd from any of theſe num- 
bers, ſuch products are exact diviſors of the num- 
ber y, that is, they will divide it without leaving 
a remainer, and the product of the reſt of the 

1 roots 
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roots is the quotient of rhe number y divided by 
ſuch diviſor. _ _— = 

For example, if we divide the product y (362880) 

or abcdefgh of the numbers 9. 8. 7. 6. 5. 4. 3. 2. by 
c (7) the quotient ſhall be the product abdefgh 
(51840) of the other roots 9. 8. 6. 5. 4. 3. 2. exact- 
ly, becauſe by multiplying this quotient abdefgh 
(51840) the product of the numbers 9.8.6.5.4.3.2. 
by c (7) we ſhall have the product abdefgbc, or 
abcadefgh of the numbers 9. 8. 7. 6. 5. 4. 3. 2. which 
by ſuppoſition is the number to be divided 362880. 

In like manner if we divide the ſame product 
abcdefeh (362880) by the product bag (144) of the 
roots 8. 6. 3. the quotient ſhall be the product 
acefh (2520) of the reſt of the roots 9. 7. 5. 4. 2. 
exactly, becauſe the product acefh (2520) of the 
roots 9. 7.5.4.2. multiply'd by the diviſor hdg 
(144) compounded of the numbers 8. 6. 3. gives 
the product acefhbdg S abcdefgh of the numbers 
9.8.7.6.5.4.3.2. which by ſuppoſition is the 
number to be divided 362880. N 

The caſe will be the ſame in all other exam- 
ples ; whence it follows univerſally, that to divide 
any literal product abcdefg, by any other ceg whoſe 
letters are all to be found in the former, we have 
no more to do but to ſtrike out the letters ceg of 
the diviſor from thoſe of the dividend, and the 
product abdf of thoſe which are left, ſhall be the 
24, quotient of the diviſion: or abcdefg(ceg —= 
abaf. 

Thus 13a (gaab = 3aabb, for 5aab x 3aabb 
= 15445; that is, we muſt divide the coefficient 
of the dividend by that of the diviſor, and ſubtract 
the exponents of the powers of the ſame letter of 

this from thoſe of that, Oc. 


(120) PRO- 
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(120. PROBLEM I. 


O find the greateſt common diviſor of two 
: or more numbers A, B, or A, B, C, D, Sc. 
Or the greateſt number M chat can divide each of 
thoſe numbers without a remainer. 
Before we — it will be neceſſary to ob- 
ſerve, 


(121.) . 


That every a whole number A, (x 8) may always 
be divided by unity, and by it ſelf exactly, that 
is, without leaving any remainer. For every 
whole number is made up of units, and therefore 
contains unity a certain number of times exactly, 
and it ſelf exactly once. But a number can never 
be divided — by another greater 
than it ſelf, — the greater cannot be A. 18 
exactly contained in the 8 Y. 19 


_ (122,) . Il. | 


That if a number Z divides exactly all the parts 
b, c, d, e, Sc. of another number A, it ſhall allo 
divide exactly the number A it ſelf. 
Thus for example, if 
the number is contain d A =bþ + c 4 + e. Z 
exactly twice in Z, once go==6 3 +9-+12-3 
in c, 3 times in d, and 4 


times in e, then the number Z ſhall be contain'd 


21 ＋ 3 ＋4, or 10 times in A S4 
e, as is evident. 


(1230 UL 
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(123. f III. 


Whence it follows, that if a number A 54 
2 divides a number B exactly, and B alſo B 
divides exactly another number A, then Z 3 
the number Z ſhall divide the number KA. 

For the number B dividing the number A ex- 
actly, we ſhall have A = B-|-B-|-B-|-B, Ge. 
or a certain number of B's exactly. 55 

And becauſe Z divides B, that is, each of the 
parts of A viz. B-|-B 4B, c. therefore Z ſhall 
divide A. 


(124.) — 


But if a number Z divides A —b UC. Z 


exactly one part h of a number 29=21-þ9. 7 


A, but not the other part c, 

then the number Z ſhall not divide the whole A 
exactly, for in order to this it is neceſſary that it 
alſo divide exactly the other part of A, viz, c. 


» 


7 = LG 
Whence it follows, that if in y. 438 


dividing a number à by another 1 
b, whatſoever be its quotient 7 Ph. 3. 
we find a remainer c; and if m © 30 YL 
dividing h by c we find another " HS 
remainer d, and if in dividing c e. 6: 2. 


by d, we find another remainer 5 
e, and ſo on: then, whatſoever ZE. 6 
the quotients 4, 7, 5, t, &c. may 
have been, every common diviſor Z of a and 6, 


ſhall alſo be a diviſor of each of the remainers 


C, d, e, Ec. 


2 For 


For by this operation the number 4 being a 
whole, of which the product gb of the diviſor þ 
by the quotient q 1s one part, and the remainer c 

the other, every common diviſor of @ and h, be- 
ing a diviſor of the whole a and of one of its parts 


-&= b-|-b-j-b +6, Se. ſhall alſo be a diviſor. 
of the remainer c, which is the other part of the 


whole 4. If therefore the number Z be a diviſor 
of h and c, it will alſo, for the ſame reaſon as 


above, be a diviſor of the remainer 4. and ſo on. 
W. W. D. 


260 | VI. 


If after having divided a number a by another 


b, and found a remainer c, Sc. as before, we come 
at laſt to a remainer n which will ex- 
actly divide immediately forego- 4 43 8 


ing, then this laſt remainer ſhall be the 102 
greateſt common diviſor of the two c 30 
numbers A and B 1 


For this laſt remainer m, dividing m 6 
the foregoing d, and alſo it ſelf exactly, 


divides all the parts m-|-d + d, Sc. of c. and 


conſequently divides c it ſelf. 

And becauſe m divides d and c, and conſequently 
all the parts d CS e, Sc. of b, it ſhall alſo 
divide . And ſince divides c and h, and con- 
ſequently all the parts c CET EEC Sc. of 


a, m ſhall alſo divide a, therefore m: wall be a 


common diviſor of a and 5. 

Now, by the precedent article, every common 
diviſor of two numbers 4 and h, being neceſſarily 
a diviſor of every one of the remainers c, d, e, &c. 
and conſequently of the laft remainer m, this di- 
viſor cannot be greater than the number which 


it divides, or in which it 18 contain'd, therefore 


mis 
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| 
| 
| 
| 
| 
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m1 is the greateſt common diviſor of the two num- 
bers à and b. _ 


(127.) Wk: 5. VII. 


From what we have juſt ſaid it follows, that 
every common diviſor Z of two numbers à and b, 
is neceſſarily a diviſor of their greateſt common 


diviſor n, for every common diviſor Z of two 


numbers a and 6, is a diviſor of each of the re- 
mainers c, d, e, and conſequently of the laſt n, 
which 1s their greateſt common diviſor. 


(128) GENERAL RULE. 


4h find the greateſt common diviſor of two 


numbers a and y;; divide a by b, and if there be 
a remainer c, divide þ by c, and if there be yet a 


remainer d, divide c by d, and fo on till you find 


a remainer n which will divide that which imme- 


diately precedes it; this laſt remainer ſhall be the 
greateſt common diviſor of the two numbers 4 


and b. 


Thus, to find the greateſt common A 54. 
diviſor of the two numbers 54 and 18, B 18 
I divide 54 by 18, and becauſe there is 
no remainer, I know that 18 is the greateſt com- 
mon diviſor of 54 and 18. 

To find the greateſt common diviſor A 387 
of 387 and 54, I divide 387 by 54, and B 54 
finding a remainer 9, I divide 54 by g, C 9g 


and becauſe nothing remains, I know 


that 9 is the greateſt common diviſor of 387 
and 54. . | | 


To 
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To find the greateſt common diviſor | 
of 438 and 102, I divide 438 by 102, A 438 
and finding a remainer 30, F divide 102 B 102 
by 30; and finding a remainer 12, Idi- C 30 
vide 30 by 12; and finding a remainer D 12 
6, I divide 12 by 6 where I find no re- E 6 
mainer, and therefore know that 6 is 
the greateſt common diviſor of 38 and 102. 
© To find the greateſt common diviſor 
of 269 and 49, I divide 269 by 49; and 269 
finding a remainer 24, I divide 49 by 49 
243 and finding a remainer 1 which di- 24 
vides 24 exactly, I know that one is the I 
_ greateſt common diviſor of 269 and 49, 
The fame in other examples. 
2h, To find the greateſt common diviſor of 
three numbers A, B, C, I find in the firſt place 
as before, the greateſt common diviſor m of the 
two firſt A and B, then I find the greateſt com- 
mon diviſor x of C and of n, and u ſhall be the 
greateſt common diviſor of the three numbers 


0 A, B, CG | > 


For the greateſt common diviſor of A 433 | 
the numbers A, B, C, being by this the B 102 
common diviſor of A and B, ſhall ne- C 57 


 cecffarily be a diviſor of their greateſt 


common diviſor n, and conſequently m 6 
cannot be greater than the greateſt com- x 3 
mon diviſor of C and of n, therefore 2 
dividing C and n, and conſequently A and B 
which m divides, z ſhall be the greateſt common 
diviſor of A, B, C. | 
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To find the greateſt common diviſor 
of four numbers A, B, C, D, I find firſt 
the greateſt common diviſor x of the 
three firſt A, B, C, and then the greateſt C 72 
common diviſor p of x and of D, and D 45 
the number p ſhall be the greateſt com- —w——_ 
mon diviſor of the four A, B, C, D. mm . 
For every common diviſor of A, B, 1 18 
C, D, being alſo a common diviſor of p ² w: 
the greateſt common diviſor mz of the two 
firſt A and B, and of the third C, this number 
ſhall neceſſarily be a diviſor of the greateſt com- 
mon diviſor x of #2 and of C, therefore it can- 
not be greater than the greateſt common di- 
viſor p of n and of D; and the number p, the 
diviſor of D and of x ſhall alſo divide the other 
| numbers A, B, C, which z divides. The num- 
5 ber p then ſhall be the greateſt common diviſor of 
j the four numbers A, B, C, D. And fo on ad in- 
finitum. | : 


PROBLEM II. 


— O find the leaſt multiple of two or more 

5 numbers A, B, or A, B, C, Sc. or the leaſt 

number z, which A, B, C, Sc. can each of them 
divide without a remainer. = 

Before we proceed it will be neceſſary to obſerve, 


„„ . 


That if we divide two numbers & 4 

and 6, or more a, b, c, Sc. by their 5 . 102 
greateſt common diviſor 2, their . 
quotients p, 4, or p, 4, r, Sc. ſhal! Xx 6 
be prime numbers among themſelves, p. 
that is, they ſhall have no other 1. 17 
greateſt common diviſor but unity 2 
V | For 
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For tis evident that the numbers a, b, c, Se. 
each of which we here ſuppoſe divided by 2 (6), 


that is to ſay, each to be diſtributed into 6 equal 


parts, might, if each of their prime parts p, 3, r, Sc. 
could be ſubdivided into 2, or 3, or 4, &c. equal 
parts, be each of them divided by 2 x 6, or 3 x 6, 


or 4x G, Sc. or be diſtributed into 12, 18, or 36, Sc. 


5 parts. And then, if the quotients p, g, r, Sc. 
of the numbers a, b, c, Sc. divided by z could be 
ſubdivided into 2, 3, or 4, Sc. equal parts, the 
numbers a, b, c, Sc. would not have the number 
z for their greateſt common meaſure. 
Therefore z cannot be the greateſt common di- 
viſor of two or more numbers 4, b, or a, Bb, c, Sc. 
when their quotients p, q, or p, 4, r. Sc. are not 


prime among themſelves, or have not unity for 
their greateſt common diviſor. 


(130, 1 


That if we multiply two or more numbers p, 9. 
or p, 4, r, &c. prime among themſelves by any 
number z, ſuch number 2 ſhall be the greateſt 
common diviſor of the products a, b, or a, b, c, Cc. 

For 2 at leaſt ſhall be a common diviſor of the 
numbers a, 5, c, Sc. and if we divide each of theſe _ 
numbers by z, we ſhall have for quotients the num 
bers p, 9, r, Sc. 1 

Now 2 being a common diviſor of . 73 
the numbers a, b, c, Fc. z ſhall be a 7. 17 
diviſor of their greateſt common divi- — 9 
for, and conſequently ſuch greateſt 2 6 
common diviſor can be no other than 4. 438 
x, Or 22, or 32 or 42, Se. 3 202 

But if 22, or 32, or 42, &c. could c. 54 
divide each of the numbers a, b, c, Sc. 
their quotients would be _ the half, or the third, 

| | 2 | or 
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or the fourth, Sc. part of the numbers p, q, T, Ec. 
the quotients of the ſame numbers a, b, c, Sc. di- 
vided by z: whence it would follow that the num- 
bers p, 4, 7, &c. might each be divided by 2, or 
3, or 4, Sc. and conſequently they would not 
be prime among themſelves. a 8 
Therefore if the numbers p, 9, r, Fc. areprime 
among themſelves, their products a, b, c, &c. by . 
2, can have no other number but ⁊ for their greateſt 
common diviſor. | e 


(131.) . III. 


n That every multiple x of two numbers a, b, is 
=: neceſſarily a multiple of their leaſt multiple 2. 
=! bat is to fay, if we divide x byz 

; there can be no remainer ; for if there  . 96 


; be a remainer , it ſhall be leſs than 2 . 24 
| the diviſor z, and becauſe each of the 1 17 
1 numbers @, 6, divide x, and alſo its à . 12 
i Part z, or 2z or 32, Sc. exactly, there- 5. 8 
q fore each of the numbers a, b, ſhall 


alſo divide exactly the other part of x, viz. r; 
and ſo 7 leſſer than z, ſhall be a multiple of 4 
p and h, and then z ſhall not be the leaſt multiple 
N of a and 5, contrary to the ſuppoſition. 1 
Wbence ir follows, that if z is the leaſt mi. 
ple of @ and ; then z ſhall exactly divide x any 


other multiple of à and b. 
(132:) | 5 IV 3 
Laſtly, if x a multiple of two x 144 | 2 48 
numbers @ and, is not their leaſt @ 24 | 4 24 
” 17 es then the quotients p,q, 0 165 16 
of x divided by a, b, ſhall not be p 6]c 
prime among themielves. Lee. 9] 4 3 
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For by the precedent article, the leaſt multiple 
z of a and þ ſhall be a diviſor of x. Thus if the 
- quotient of x by 2 is 3 for example, or that x is 
juſt 3 times as great as z, and becauſe a, b, divide 
x exactly, let their quotients be p, 9. | 
It is evident that the quotients p, 4, of x by a, b, 
- ſhall be likewiſe juſt 3 times as great as the quo- 
tients c, d, of z by a, b; ſo that the quotient 2, g. 
ſhall have 3 for their common diviſor, and con- 
ſequently are not prime among themſelves. The 
ſame in other examples. . 


(133) GENERAL RULE. 


To find the leaſt multiple z of a. 90 
two numbers a, b, firſt find the 5. 36 
greateſt common diviſor mf m. 18 
a, b, then divide one of the um- 2 
bers þ by m, and multiply the. ag. 180 2 
quotient q by the other a; the 
3 aq ſhall be the leaſt multiple z of 4 
ans F. „„ ; 
For by dividing a, b, by their a. 90. mp 
greateſt common diviſor m, the h. 36. mg 
quotients p, 8 ſhall be primes m 18 
among themſelves, and we ſhall p. 5 
have mp a, ing = h and mpg 7 2 
1 5 2 | 
” Now mpg is a 1 of mp £7 429 100008 7 
a, and of mg or b, and by dividing „ 
ag or mpg by à or mp, the quotient is , and by 
dividing it by þ or mq, the quotient is p, there- 
fore. the quotients p and q of the number ag, or 
 mpq by b, being prime among themſelves, the 
number aq is the leaſt multiple z of @ and b, be- 


caauſe by the foregoing article, if the number aq 


the multiple of à and þ was not their leaſt multi- 
I" "G3 © - 


I 50 Mathematic Leſſons. XL 
ple z, then the quotients c, d, would not be prime 


among themſelves. | 


. 2ly, To find the leaſt multiple of à. 
three numbers a, b, c, firſt find the leaſt 5. 36 
multiple z. of the two firſt a, ö, then c. 
find the leaſt multiple y of z and e, the Z. 180 
number y ſhall be the leaſt multiple of y. goo 
all the three a, ö, c. 
For the leaſt multiple of three numbers a, 6, c, 
being neceſſarily a multiple of each of thoſe num- 
bers, and conſequently a multiple of the 
* 131 two firſt a, Y, * this number ſhall necel- 
ſarily be a multiple of their leaſt multi- 
ple z, therefore it cannot be leſs than the leaſt 
multiple y of z, and c; now y being a multiple of 
z which is a multiple of a, þ and of c, y ſhall be 
a multiple, and conſequently the leaſt multiple of 
the three numbers a, b, c. v7 2 
3, To find the leaſt multiple of 4 
four numbers a, b, c, d, find firſt the b 
leaſt multiple y of the three former c. 25 
a, b, c, then find the leaſt multiple x d 
of y and d. And x ſhall be the leaſt 2. 
multiple of the four a, b, c d. 5. 900 
For the leaſt multiple of a, b, c, d, x. 6300 
being neceſſarily a multiple of each of i 
thoſe numbers, and conſequently a multiple of the 
| three firſt a, Bh, c, this number ſhall be 
* 131 a multiple of their leaſt multiple y, for 
which reaſon it cannot be leſs than the 
leaſt multiple x of the numbers y and d, there- 
fore x the multiple of d and y, which is a multi- 
ple of a, b, c, being by this a multiple of a, 5, c, d, 
one be their leaſt multiple; and ſo on to in; 


. 


4 WR 
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PROBLEM ir. 


0 find ſucceſſively. and in 3 all the num 

bers 1, 3, 8, 77 It, 13 17, Fc. which are 
: multiples of unity only, and [wha af calPd # im- 
ple or prime numbers, | | 


0 # ff = 


(134) Ki: " = 


? It muſt be obſery'd chat every number is al- 
ways either a prime or a multiple of ſome Pane 
number.. 

Thus 360 for example i is a multiple of 36⁰ 
180, and 180 of go, and go of 45, and 180 
45 of 15, Gc. on becauſe theſe numbers 90 
are decreaſing, we muſt come at laſt toa 45 
number as 15, which can be divided by 13 
nothing but 5 or 3, which are multiples 5 
of unity only, and which are n 
prime numbers. | 

Now the prime number 5 dividing 15, and 15 
dividing 45, the number 5 ſhall divide 45. For 
the ſame reaſon 5 dividing 45, and 45 dividing 
90, the number 5 ſhall divide 9o, and ſo on. The 
number 5 therefore ſhall divide 360. And con- 
ſequently every number propos'd ſhall always be 
either a prime number, or a multiple of ſome 

pron number, 


350 g II. 


3 muſt obſerve again that every multiple of 
2 a prime number leſs than the ſquare of that num 
ber, is neceſſarily a multiple of ſome other / 
number leſs than the former. 


Ls © * 


ſhall be a multiple of ſome other prime number 


Thus the multiple 42 of the prime number 7 
for example, being leſs than 49 the ſquare of 7, 


leſs than 7. For dividing 42 by 7 we ſhall have 
a quotient 6, neceſſarily leſs than 7, which ſhall 

be either a prime or a multiple of ſome prime 3 
leſs than 6, and OI which prime 


number ſhall be a diviſor of 423 the ſame in other 
examples. FT, 
(136.) _ 


Obſerve again, that there are an infinity of 
prime numbers, for let a, b, c, d, e, &c. be any 
multitude of prime numbers you pleaſe, take the 
product of them abcde, and to it add unity, the 
number abcde + 1, ſhall: be compos'd of two 
parts, of which the one abcde may be exactly di- 
vided by each of the prime numbers that compoſe 
it, but the other 1 cannot he divided by any of 
them; therefore the number abcde & 1 cannot be 
divided by any of thoſe foregoing primes, and ſo 
thall either be a prime or a multiple of ſome other 
primes different from thoſe already ſuppos'd. 


232: - 2 T | | 

Obſerve laſtly, that in a ſeries of numbers r. 
2. 3. 4. 5. 6. 7. 8. 9. 10. 11. 12. 13. 14. 15. 16. 
17. 18. Sc. the multiples of 2 which we call even 
numbers, poſſeſs every other place, that is, omit- 
ting the firſt figure of the ſeries after 2, viz. 3, 
4 the firſt multiple of 2 will be found in the fourth 
place, and paſſing by the next figure 5, 6 the 
ſecond multiple of 2 will be found in the ſixth 
place, and fo on, every ſecond figure from 2 be- 
ing a new multiple of 2. In the ſame manner 
every third figure from 3 is a multiple of 3, eve- 
ry fourth figure from 4 is a multiple of 4, Ce. as 
is evident, "IM 
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| The fame thing is to be obſerv'd in a ſeries of 
odd numbers 1. 3. 5. 7. 9. 11. 13. 15. 17. 19. 21. | 
23. 25, &c. where every third figure reckoning h 
from 3 is a multiple of 3, and every fifth figure 
from 5 18 a multiple of 5, and every ſeventh figure 


i 
1 

{ 
12 
1 
15 
14 

' 


from 7 is a multiple of 7, and ſo on. 


| 


= II —— 
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Now becauſe. of all the even numbers, 2 only 
is prime, the reſt being all multiples of two; all 
other prime numbers are neceſſarily compris'd in 
the ſeries of odd numbers. 

Thus if we put them down in order in a table, 
and ſtrike out all the multiples of the prime num- 
ber 3, that is, every third figure or term of the 

| ſeries from 3; then all the numbers remaining, 
VIZ. 2. 3.5. 7. II. 13. 17. 19. 23, till we come 
to 25 the — of 5, the firſt number that was 
omitted to be ſtruck out, ſhall be prime. 

And beginning from that ſquare 25, if we ſtrike 
out all the multiples of 5, that is, every fifth fi- 
gure or term of the ſeries, then not only all the 
foregoing, but alſo all the numbers following, 
VIZ. 29. 31. 37. 41. 43. 47. compris'd between 

25 and 49, the ſquare of the prime number 7 im- 
mediately following, which were not ſtruck out 
at the laſt operation, ſhall be primes. 
And beginning from the ſquare 49, if we ſtrike 
out all the multiples of its root 7, that is, every 
ſeventh term of the ſeries, all the numbers fore- 
going, and the numbers 53. 59. 61. 67. 71. 73- 

79. 83. 89. 97. 101. 103. 107. 109. 113. com- 

pris'd .. and — che — of the next 
prime 11, which were not ſtruck out of the laſt 
operation, ſhall be primes, and fo o, 


— 2 —— — — 
= $ * 


— 


| 
| 
| 
i 
| 
| 
| 
| 
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For having ſtruck out. all the multiples of 3, 
the firſt of the numbers 5 which are not ſtruck 
out at this operation, cannot be a multiple of the 
prime numbers 2, 3, which go before it, neither 


can it be a multiple of the primes that follow it, 


becauſe they are greater than it, therefore the 
number g ſhall be a prime number, and we might 
begin to ſtrike out the multiples of it at the num- 
ber 15 which follows; but becauſe all the multi- 
ples of 5 which are between 5 and its ſquare 25, 
fuch as 10, 15, 20, ſhall neceſſarily be multiples 
of ſame prime number leſs than 5, theſe multi- 


ples having already been ſtruck. out by precedent 


operations, have no need to be conſider'd again. 

And ſince for the ſame reaſons the number 7 is 
a prime, and that all its multiples as far as its 
{quare 49 have already been ſtruck out, we may 
{ce plainly that by this laſt operation, all the 
1 . compos'd 
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compos'd numbers from o as far as 121 the ſquare 
of 11 have all been ſtruck out, and conſequently 
thoſe that remain are primes. 1 


Therefore by continuing the operation, and 


ſtriking out all the multiples of 11, beginning 
from — ſquare 121, all 3 as — 169 
the ſquare of 13 the next prime number to 11, 
that are not ſtruck out, ſhall be primes, and fo 
on to infinity. _ f 5 


0 MI. 


We may very much ſhorten this work and ren- 
der it more ſimple, by putting points in the pre- 
ceding table in the room of the odd numbers, as 


may be ſeen in the table following, where we ſer 
the five numbers 1. 3. 5. 7. 9. at the head of each 


column, and at the ſide the numbers o. 1. 2. 3. 4. 
5. 6. 7. 8. 9. 10. Sc. as far as 99. For hy join- 
ing the figures at the ſide of a certain point, to 
one of the figures at the head, we have the num- 


ber whoſe place that point poſſeſſes. Thus the 


number whoſe place the fourth point which ſtands 
againſt the lateral number 12, poſſeſſes, is 127. 


This farſt table contains all the odd numbers 


from o to 1000. A ſecond table like the former, 
if inſtead of 0000 there, we put 1000 here, would 
contain all the odd numbers from 1000 to 2000; 
and ſo on. Ir ; YO | 

We proceed with theſe points juſt in the ſame 
manner as we would do with the numbers whoſe 
places they poſſeſs, and inſtead of the points which 
are found in the place of the multiples of 3, we 
put the letter A. Inſtead of the points which are 

found in the place 'of the multiples of 5, 'and 
which are not occupied by the letter A, we put 


the letter B. And inſtead of the points which are 


it 
. : 
! 
1 
1 
1 
I 
th 
= 
4 
1 
Th 
71 
63 
17 
Ml 
It 
3 
17 
x 4 
1 
1 
=. 
7 
4M 
= 
1 
7 
: 
j 
fi 
1 
{ 
ſ 
1 
. 
| 
1 
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in the place of the multiples of 7, and which are 
not poſſeſs'd by the foregoing letters A, B, we 

pur the letter C, and ſo on. 
For the placing theſe letters in the giddes; we 


may find ſeyeral wa 


that will eaſe us; for _ 


ample, we may obſerve that the letters A lie dia- 


_ gonally ; 


that the letters B are all in the middle 


column. And laftly, inſtead of going over the 
| points one by one, we may count them by fives, 
125's, by 2509's, by five hundreds, &c. 

And when we have found where : any letter muſt | 


ſtand, we may eaſily prove whether it be right 
placed, b ſeeing whether the number whoſe place 
it e is a multiple of that prime number we 
are working with, which may be done by diviſion. 
| . 0000 
13779 137791 13579 13579 
. cm 25}. DA. c Sol A. 14 7. 43. 4 
N 26]A.BA .||Fl| caBpDa 76}. CAE. 
2A. B 27]. AB . A[[ FAI. 4H 77A. BAG 
3. 48. 4 28. 4c 53 ARA C 79 DAR. 4 
4. . 4. c 294A. A An 4 79 ERA. u 
HA. 34. 30 0C AB. allSficca.t $o[apBA. 
V 0034 v6. 81]. ABGA 
Fl. cas  32Jaypachi57]. aB.A Baſe A . o 
8A. 34 33. AB.4 \$Blana.c B3jacBA. 
g9|CAB.A 34]DCa..|'59ja.BaA. 24/l an ca 
100. 4 0 4 . 4 4 8 In. 4 
110 A. 8A c 3608643. 4 6E. A. 86A. BAD 
120 DAR. 4 372J0. 4E. 62z[AcAxr 87IE AB. 4 
13. CA. . 38A. BA. 63]. anca 83]. .A.C 
14|ADBA . 39]FAB.A| 64), .a.D S89]acBaAl 
b « AB. 4 40]. EAD. SSA. 34 gor AB. A 
c. A. E 41A A. 66], AHA 91. pac. 
17A. 4 420. aBCa| 57D. 4. c 92A EBA 
18. 434 43]. 46. 68A, BA x 9310 AB A 
1 % . 4 44/4 -BA.| 6 ABFA 94|.HA.E 
26]ACBAD ere 70. AC. 9A. BA 
21]- ABCA 46]. .a.c| pijanna. 96|Kar .A 
AE A 47A DBA. J2]CAB.A 97]- cA. n 
230A BA, 4®9]EAB.A| 73|F .AD, g8]A.BAH 
24)- ABEA 49]. FAC. 1 741 BAG AB. 4 


22: + 
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We may obſerve again, that in this table the 
fame order of the multiples of 3 and 5 always come 
up again every 30003 ſo that by three 
of theſe tables with the letters A and B only, 
from thoſe we may compoſe an indefinite ken x 
where we ſhall only have to do with the multiples 
of the reſt of the prime numbers a 11. 13. Oc. 


(140.) VII. 


If now we put the numbers whoſe places are 
poſſeſs d by the points in the table above, in or- 
der into another table, theſe will be the Prime 


numbers requir d. 


A Table of Prime Numbers. 


101. 


239. 


241. 
251. 


257. 
. . 2363. 


269. 


271. 


277. 


281. 
283. 
293. 


307. 
1 


314. 
317. 
331. 
337. 
347+ 


349- 


353+ 
359- 


3567. 


373 · 
379 


2383. 


389. 


397. 


401. 


109. 


419. 


421. 


431. 
433. 


439. 
443 
409. 
457+ 

461 


463. 
467. 
479. 
487. 
491. 
499- 
503. 
509. 
521. 
523. 


541. 
547. 
557. 


"_ 


569. 
575. 
577. 
587. 


733. 911. 


739. 919. 


743. 923. 


This 


6 
1 
{ 
U 
1 
i $ 
Th 
i 
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17 
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1 
ih 
1. 
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17 
1 
11 
14 
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4 
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F 
A 
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1 
1 
i 
1 
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This table which contains the prime nume 
from o to 1000, is ſufficient for finding the divi- 
ſors of all numbers as far as 1000000, the ſquare a 


of xc I000. 


>= 02:08 tet 


O find all the whole number diviſors of a 

whole number, or to find all the whole 

numbers that can be exactly contain'd in any 
whole number. 5 


(141.) =: | 
It muſt be ob- 3. 5. c. d. e. Sc. 2 
ſerv'd in the firſt 11. 7. 13. 17. 19. Sc. 5 
place, that the pro- | = 
ducts ab, abc, abcd, ab. abc. abcd. Sc. 
e. of ſeveral prime 77. 1001. 17017. Oc. 
numbers a. b. c. d. e. 
Sr. cannot have for a diviſor any prime number 
z different from thoſe that produce them. 
For 1, all the diviſors of the prime number z 
are z and 1, and ſince z cannot be a diviſor of the 
ime. number a, there can be no other common 
diviſor of a and z but unity: that i is, 4 and ⁊ are 
prime among themſelves. 5 
Noe if we multiply à and z 4. 11 
* 130 by 5, * þ ſhall be the greateſt 5. 7 
common diviſor of ab and 5; 8 3 
and becauſe z cannot be a diviſor of the ab. 77 
grea eateſt common diviſor , which by the b. 3 5 
uppoſition is a prime, therefore Z can- 
not be a common diviſor of ab and bz, that is, 2 
a diviſor of bz cannot be a diviſor of ab, 


25, Al 
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230H9, All the diviſors of the prine | 
number z being z and 1, and z not ak 77 
being a diyiſor of ab, as we have c. 13 
juſt demonſtrated, therefore nothing + 3 
but unity can be the greateſt com- ale. 1001 
mon diviſor of ab and of z: that is, cx. 65 
ab and ⁊ ſhall be prime among n 
| ſelves. CELL 
Nc if we multiply ab and z bye e, c ſhall be 
the greateſt common diviſor of abc and of-cz, and 
| becauſe z cannot be a diviſor of c, which is a prime 
number by the ſuppoſition, therefore z ſhall not 
be a common diviſor of abe and of cg. 
Therefore 2 a diviſor of cz ſhall not be a divi- 
ſor of abe; after the ſame manner we might de- 
monſtrate that cannot be a diviſor of the pro- 
ducts pang; _ Se. D. 


(142.) * 


Whence it follows, that any power whatever 
an of a prime number à cannot have for a diviſor 
any other prime number, but its root only; for 
the power a of the number à for example, be- 
ing no more than a product aaaaa of the prime 
numbers a, a, a, a, 45 no other * number z 
can divide it. 

Whence it follows again, that a product a*þ3 
cds, &c. of ſeveral powers of prime numbers 
a, b, c, d, c. cannot for the ſame reaſon have 
for a diviſor any other number 2 different from 
the roots a, b, c, d, &c. of thoſe N 


(1439 ) 421 II. 


A product e124, Ge. of the powers of 
prime numbers a, b, : d, Se. cannot be divided by 
xm any 
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other power of thoſe numbers ter than 
— which compoſe it. 2 

For example, the product 2nd. may be 
exactly divided by 5, 57, 5, but not by 3“. For 
a*b*c*d*. is equal to 4d multiply d by . 
Now a#*c*d5 and þ are prime among themſelves, 
therefore if we multiply them both by 55, 33 hall 
be the greateſt common diviſor of a#þ3 024) and 
of þ+. But þ+ cannot be a diviſor of this greateſt 
common diviſor þ3 leſs than it ſelf, therefore 57 
the diviſor of 57 cannot be a diviſor of ab cd. 


CE. p. 


(144. a 
If we ſer before us the ſe- 2. 484500 I 

ries of prime numbers 2, 3, y. 242250 

5» „ II, 13, 17, 19, Cc. x. 121125 
divi ide a number z by the v. 40375 
firſt prime 2, if it be poſſi- 7. 
ble to do it without a re- 5 
mainer, and the quotient v . 323 
again by 2, and ſo on till 4 
BS come: To 2 quotient. x, 11 
which can no longer be di- 
vided by 2 without a remainer, and that chen we 
divide the quotient x by the next prime 3, and 
the quotient v (which can't be any more divided 
by 3) W 8 3 — . t by 5, and the quo- 
tient s b 3 otient 1 (which cannot be 
farther di either ve 5, or by 7, or by 11, 
or by 13) by 17, and the quotient 9 by 19, and 
ſo on till we come to unity, then the number x 
ſhall be equal to the product of all the prime di- 
viſors, 2, 2, 3» 5» 5. 55 1 a 19, which were em- 
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Expteſs theſe diviſors 2. 2. 3. 5. 5. 5. 17. 19. 
4 p 


| the letters - 4: a. V. e N 
and you will find that the quotient 1 multiply'd by 


the diviſor e will give you the number divided 3: | 


thus you will have 1 x e=q; and g, or 1e, xder; 
and r, or 1 ed, x c; and s, or 1 edc, xc=t; and f, 
or I edcc, XC=V; and v, or 1edcee, xh=x 1 and ES 


or I edcccb, Xa=y3 and y, or td ond z. 


Therefore 2 is equal to the product r edeccbaa, or 
I aabcccde, of all the diviſors 1. 2. 3. 5. 5. 5: 17. 19. 
which we e made uſe of. 


„F 
Whence it follows, 10e, That every prime num- 


ber a, b, c, d, e, employ di in the operation, ſhall . 


be a diviſor of the number 2. 

2, That 2 cannot have any other * 141 
prime diviſor g (7) different from thoſe; F 143 
+ neither can 1t have for a diviſor any 

wer of thoſe primes greater than what can be 
form'd of thofe that were employ*d; that is to 
ſay, z may have for a diviſor aa, or 4, or þ, or 
c, Or ca, or cs, but not a3, nor 44, nor þ?, nor 
1, e. 

3, That z may by divided by a number 5 
(2x 3X 5 * g, or 150) S abcc of which all the prime 
diviſors a, b, c, c, (2, 3, 5, 5) are among the prime 
diviſors of the number 2, for z, that 1 is, aabeccde 
divided by ace ſhall give acde for quotient. 
4, But the number z cannot be exactly divided 


by a number m(2 x 3 x 7, or 42) = abg, which has 
for a diviſor a prime number g (7) which is not a 


divifor of the number z ; neither can it be divided 
by a number 2 x 3 x 3x5, or 90) = abbc, which 
has for a diviſor a power bb or bs, of a prime 
number þ a diviſor of z, greater than that which 


W K. F or if m or n could divide æ, the prime 


M number 
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number g (7) which divides , or the power 55 
(9) which divides z would alſo exactly divide the 
number 2, which is impoſſible as we have ſeen 
above. 5 | 


(146) GENERAL RULE. 


Fo find all the divifors 23 10 
of a number 2, firſt by help 1155 2. 
of the ſeries of prime num- 385 3· 
bers 2. 3. 5. 7. II. 13. 19. 77 5. 
23. Cc. find all the prime 11 7. 
diviſors 2. 3. 5. 7. II of 2. 2 © 


a Jn SY 


Expreſs theſe by the let- 
„ 8 | 
Then put down unity 1 and multiply it by a, 
and you will have for diviſors 1. a. multiply theſe 
by b, and you will have . 
b. ab, multiply all theſe 1 6 11 
ſingly by c and you will 4 2 
have c. ac. bc. abc, mul- 3 5 
tiply all theſe each by dl, ab 6 abe 66 
and you will have d. ad. 
abd. cd. acd. bed. abed. ac 10 | 
multiply all theſe, each bc 13 bee 169 
by e and ſo on, and you abe go | abce 380 
will at laſt have all the 4 7 de 17 
diviſors of 2. 8 ad 14 ade 154 
For in the firſt place d 21 - bde 231 
tis plain that abd 42 | abde 462 
* 119 each of theſe cd 35 cde 385 
| numbers being acd 70 acde 770 
compos'd of the prime bed 105 | bede 1155 
diviſors of z only, ſhall abcd 210 | abcde 2310 
be diviſors of z for ex- 15 5 
ample, abd (42) ſhall divide 2, or abede( 23 10) 
and the quotient ſhall be the product ce (35) of 
the other diviſors d, e, of z. Secondly, 
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- Secondly, it is clear from the operation it ſelf, 
that the numbers 1. a. B. ab. c. &c. are the only 
ones that can be form'd of the prime diviſors of 
⁊, conſequently every other number mz or z ſhall 
neceſſarily be compos'd of ſome prime diviſor g 
different from thoſe of which z is compos'd, or + 
ſome power h or c? of thoſe diviſors which can- 
not divide 2; therefore neither nor ꝝ can di- 
„ 3 | | 
. 2b, To find all the 28 - 


33 
diviſors of another 3 14 ad 
number 2 (5250) I firſt 5 3 21 34 
find all its prime divi- ab 6 42 abd 
ſors 2. 3. 5. 5. 5. 7. then EC 87-35 of 
Tet down 1, and mul- ac 10] 7o acd 


tiply 1 by 2, and I have 5e 15] 105 bad 
1. 2. I multiply each abs 30 210 abed 
of theſe by 3, and Il cc 25] 175 cd 
have 1. 2. 3. 6. I mul- acc 301 350 acd 
tiply each of theſe by 5, bc 75 | 525 becd 
and I have 1. 2. 3. 6. abcc 150 | 1050 abecd 
5. 10. 15. 30. which I c 1251 875 3d 
multiply again by 5, ac? 250] 1750 ad 
beginning at 5, in or- bes 375 | 2025 bod 
der to avoid the pro- abc* 750 | 5250 abe sd 
ducts. that are uſeleſs, ; ä | 
and I have 25. 50.75. 150. which I multiply again 
by 5, beginning at 25, for the ſame reaſon, and I 
have 125. 250. 375.750. which I multiply all by 
7, beginning at 1. and I have all the diviſors of 
the number z propos d. 

3, By * 
find that all the diviſors a* (243) whoſe prime 
diviſors are 3. 3. 3. 3. 3. Are only the powers, 
I. 41. 4. 43. 41. al (J. 3.9. 27. 81. 243) of the 
number à (3). | 


- 


the fame method we ſhall 


164 Na bematir Leſſons. 


4%, If we would know the number of divifhrs 
only, which may ſerve for a proof of the truth 
of the foregoing operation; we muſt firſt find 
all the prime diviſors of the number propos d, 
and put 2 for each that has not another equal to 

i; 3 for a ge ones, 4 for three equal ones, 


and ſo on, and then taking the product of all theſe 
aſſum'd numbers we ſhall. have the number of di- 
viſors requir d. 

Thus to find the numbers 15 diviſors of 2 3 10, 
whoſe prime diviſors are. . . 2. 3. 5. 7. Il. 
for ſuch as have no equal I put I. . 
And the product 2 x 2 x 2 x 2 * 2= 32 is the num- 
ber of the diviſors of the number 2310, as is evi- 

dent by the operation it ſelf by which theſe divi- 
ſors were found. 

To find the number of diviſors of the number | 
5250, whoſe prime diviſors are 2. 3. f. 5. 5. 7. 
I put 2. 2. *. . 4. 2. 
whoſe product 2 x 2 x 4x 2 = 32 18 the number of 
diviſors requir'd, which is alſo evident from the 
precedent rules. 

After the fame manner we ſhall find that the 
number of all the diviſors of 96780 whoſe prime 
diviſors are 2. 3. 3. 5. 5. 5. 17. 19. 
by putting 1. 2. 
18 3 * 2 * 4X 2 2 96. and fo in others. 

5, We have ſeen Art. 144. that to find all the 
prime diviſors of a number z (11440) we muſt di- 
vide ſuch number z by the firit prime number 2, 
and the quotient again by 2, and ſo on till we 
come to a quotient, which 2 cannot divide with- 
out a remainer, and that then we muſt continue 
the ſame ſort of operation with each of the fol- 
lowing prime numbers 3. 5.7. 11. Sc. But when 
we are come to a quotient 983, and to a prime 
4 3 7 whoſe (que exc exceeds the quotient 9 3 

en 


1 
* * 
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then we have no farther occaſion to attempt the 
operation with the prime g7, nor with any of 


thoſe that follow; for the quotient 983 is the laſt 


prime number that can be employ'd, becauſe if = 


983 could be divided exactly by 37, which is 
greater than its root, then it might be divided by 
ſome prime leſs than 37. or 


The end of the fourth Leſſon. 
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FIFTH LESSON. 


Of the Operations of Atidanpric in 


[ 166 ] 105 A 


THE 


Radical or Surd Numbers. 


DEFINITION. 


v ADICAL or Surd Numbers are thoſe which 
\ <xpreſs the Roots of other Numbers, 


(147: ) =} . | 

To expreſs ſurd numbers merhodically, we 
make uſe of the ſign /, which ſignifies Root: and 
at the top of it we put the whole number 1, or 
2, or 3, Sc. which denotes the degree of the root; 
and after the ſign we write the number whoſe root 
we would expreſs. e "= 

Thus, for example, to expreſs the third or cube 
root of 35, I write / 35, where the ſign / ſig- 
nifies Root: the Gn 7; ſignifies, third root: and the 
whole expreſſion / 35 ſignifies the third root of 


35. It deſigns the perfect and compleat num- 


ber which is the real and true cube root of 


33, which is greater than 3, but leſs than 4, 


which cannot be determined exactly either by 
whole numbers or fractions, as we ſhall demon- 


5 ſtrate farther on, and which we can only approxi- 
mate ad infinitum. So that this expreſſion / 3 5 


ought to be regarded as being the very number it 
expreſſes, equal to the fraction 4222, Sc. whoſe 
terms are infinite, and which we diſcover ſucceſ- 
ſively 
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Aly by extracting on for ever the cube root of 


the fraction 24222222, c. equal to 35, of which 
22422, Sc. ſhall conſequently be the erat cube 


3 oot. 


Thus to expreſs any root we a of _ 
fraction propos d, ſuppoſe the fifth root of £, 


write J. And this ſhall fignify the __ 15 


number we underſtand by the fifth oot of £. And 
as in the preceding calculus's we have Tegard- 
ed the ſign 7 as being the number ſeven, and the 
ſign + as being the number three ſixths, ſo here 
we regard the ſign 3 7 as being a number which 
exactly correſponds: -to the cube roat of 7, and 
the 8 3 5, as being the number which exactly 
correſponds to the cube root of £, and which we 
can only approach infinitely near, as we ſhall de- 
monſtrate in the ſequel. | 
The caſe is the ſame in all other ſurds, or roots 
of numbers both whole and fracted, which we 
can eaſily expreſs by theſe means. + 
2b, We muſt only obſerve that the fign I does 
not change the value of the number it ſtands be- 
fore. 

Thus / 4, which ſignifies the firſt root 
of 4 is not different from 4, nar / 4 from 80 
2 the firſt roat of a number _ che 
number: it ſelf. 

For / we — write / only, thus 5 12 
and / are uſua writ / 12 and / 4 Wi a 
22 oy 


(148.) II. 
When put a number either whole or frac- 


ted before the ſign, ſuch number is a multiplier 
* radical or furd. Thus 


M 4 "a 


* 
— 
1 

* 
in 
5 
7 
* 
75 

, 


1 
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437 is 4 times the cube root of 7. 24 12, is 
2 of a time the fifth root of 12. 434, is 4 of a 
time the ſquare root of +, and ſo in others. And 
when no number is put before the ſign, we un- 
derſtand unity to be there, thus } 4 is 1 4, and 
"LE YET "I 
ah, The number which is before the ſign 1s 
calPd the Coefficiext. The number which is over 
the ſign is calPd the Exponent. And the number 
which is under the ſign is calPd the Power of the 
Thus in 437 or £54; 4 or £ is the coeffi- 
cient, 3 or 5 is the exponent, 7 or 432 is the 


Power. 


Me may obſerve in the firſt place, * 
It, That when the power of a radical, as 49 
is a whole number 49, and that this whole num- 
ber is a perfect power, or has a whole number 7 
for its root of the ſame degree as the ſign 2 of the 
radical, then this radical 2 49 is a whole number, 
that is to ſay, that 49 (or the ſquare root of 49) 


$73; as is evident, thus $27 = 3. 481 = 4, Ge. 


2, That when the power of a radical is a 
fraction as /r, if we reduce this fraction to 


lower terms by dividing them by ſome one of their 
common diviſors 2, the radical / ſhall be of the 


a VS; =_—_ 
ſame-value as the foregoing z that is to ſay, 34, 


=} #, which is evident becauſe 2, = & and be- 


J. ²˙ oc 1 
. Ir => Sc. Thus 3 . 
« 


$93+=33%4. £523 —45,4,; and ſo in others. 


the ſame degree as the ſign 5 of the radical; this 


radical 
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radical is always equal to a fraction, which is alſo 
evident, for / —=# hecauſe 4x4 = 8, and by 
conſequence 5 (that is to ſay the ſquare root of 
9 5 f. Thus ) 3 =: 
= 4. For by reducing the fraction 434 to lower 
terms we have 233, and extracting 
of each of its terms we have exac 
in others. 


4,1242 — 4,42 


. 2 © ay 


he fourth root 
y 3. The ſame 


may obſerve in the ſecond place, that if 
we divide the terms of a fraction pr 
by their greateſt common diviſor 8, the terms of 
raction 2 which is of the ſame value as 
of all other fractions 
of the ſame value with the fraction propos 
or that this fraction is 
to the loweſt terms. . 
For let; be any other fraction we pleaſe of the 
ſame value with 3 (the letters a, þ, repreſenting 
any whole numbers we pleaſe,) we are to demon- 
ſtrate that @ cannot be 


We may 5 
Sd as; 


the new 
22, are leſs than the terms 


by this operation reduced 


leſs than 9, nor þ leſs 


1 / It is plain that the ſecond term + of the 
fraction ; cannot be equal to, or leſs than the ſe- 
cond term 7 of 2, but that à will be equal to, or 
leſs than 9; for if @ was greater than 9, *tis plain 
that the fraction : or 
ſtronger reaſon 2, 
would be greater than 2, it remains there- 
fore to demonſtrate that þ cannot be leſs than 7. 
2, Reduce ? and ;; to the ſame ſecond term, 
and you will have 4 and 7, and becauſe this ope- 
ration does not change the value of theſe fracti- 
ons, you will have 5 = 55 and 


„ and for a much 
greater than £2, * 63 


Now by 


7 


14 
* 
1 
15 
87 
* 
* 
= 
. 
% * 
* 
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Now by the ſuppoſition 7 = 5. There- 

* 63 fore you will have 3 =5; * and ſince 

thoſe fractions which have the ſame ſecond 

term 70 cannot be equal, but their firſt terms 
muſt be alſo equal, therefore 9þ = 7a. . 

3, The terms 72 and 56 of the fraction pro- 

pos'd 3 having each of them been divided by 

their greateſt common diviſor 8, the terms 9 and 

7 of the fraction 2 — 24 which come 

129 out, * ſhall be prime among themſelves, 

* 130 * therefore h ſhall be the greateſt com- 

mon diviſor of 9þ and 7b; and ſince 7 is 

a common diviſor of the numbers 7a and 7b, and 

gb = ya, therefore 7 ſhall be a common diviſor 

of the ſame numbers 9h and 7a, and conſequent- 

ly & which is one of their common diviſors, can- 

not be leſs than their greateſt common diviſor 7; 


which remain'd to be demonſtrated, 
. 2 


We are to obſerve in the third place, that when 


the power of a radical as 254, or 5 54, or Fc. 
dis a whole number 54, which has not a whole 


number for its root of the ſame degree as the ſign 


'2, or , or &c. of the radical 'preposd ; then 
| ſuch radical ſhall not have for its root any frac- 


tion whatever ſuch as 22 = £4, or 74 — 42, &c. 
For the ſquare root, for example, of 54, be- 
ing greater than 7, for x / is but 49, and leſs 
than 8, for 8x 8 make 64, one would think that 
it ſhould be 7 with ſome fraction as 7 # = #3, or 
7 — 42, or Sc. But the fraction £2, or any 
other that can be propos'd, as £42 not being equal 
to a whole number, neither its ſquare, nor cube, 


nor any other power of it whatſqever can ever be 


equal to a whole number as 54. * 


* 
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To demonſtrate this, let the propos d fraction 


243 2 be reduced to its loweſt terms by dividing its 
terms 11 7 and 15 by their greateſt common di- 


viſor 3, and you will have £42 — 22,” We are 
now to demonſtrate that neither the ſquare, nor 
the cube, nor any other power of 2#, wiz. nei- 


ther #2 x22, 7. . ==, nor 32x42, 5. e. . 


number b 


Sc. can ever be exactly equal to any. whole num- 


ber whatever. 
The akon 5 not being equal to any what | 
u ſuppoſition, that is, its ſecond 


term not ding its firſt without a remainer, we 


are now to ſhew that the firſt terms of its ſeveral 
powers 1521 and 593 19 can never be divided by 
their ſecond 25 and 125, &c. without a remainer, 
which howeyer muſt happen before ſuch Powers 
can become whole numbers. 

To render the demonſtration general, we ex- 


pb the fraction 42, or any other of the ſame 


ind by , and the ſecond fraction 22 by z. The 


terms 117 and 13 of the fraction 143 or 7 ha- 


ving been divided by their greateſt common di- 
viſor 3, the terms 39 and g, or f and v of the 
fraction 42 — 42, ſhall be prime : 
mong themſelves, * and conſequently * 141 
none of the prime diviſors a, b, c, &c. 


of which the firſt 39, or t, may be compoſed, 


ſhall be among the prime diviſors m, u, &c. of 
which the ſecond 5, or v, may alſo be com _ 
But becauſe the terms of the fractions: , or 


a beabe 3 abcatcabe 


59379, or Sc. or === = = orc. can 


be compoſed of no other prime diviſors but 
5 con 5c 


thoſe of which the terms of their root == 
are compoſed : ?Tis evident that the ſecond terms 


of theſe fractions can never divide their firſt 2 
| 27008 ince, 
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5 ns to preyent this, it is enough“ that 
145 one only prime diviſor x enter the com- 
poſition of one number which does not 
that of another. Theſe fractions ff = , or 
2: =32333, or Sc. can therefore never be equal 


SSSI 

to a whole number, ſuch as 54 in this example. 
And therefofe no fraction can ever be any root 
whatever of ſuch a number 34. But we can on- 
Iy find the fractions which continually approach 
to the juſt yalues oY theſe roots, or radical num- 
Ab 4 54. 1. 543 4 54, Sc. which for this re- 

Alle Irrationals, to, diſtinguiſh them 
ant theſe 2 16=4. 3 125==5. $ y 81=3) 
Sc. which are call'a Rationals. 

Thus the ſquare roots of all numbers com- 
priſed between the numbers B, which are the 
ſquares or ſecond powers of the numbers A, can- 

not be whole numbers, and no fraction can be 
their exact ſquare root, ſo that we can only by 
the help of fractions approach nearer and nearer 
to their juſt value, without hopes of ever attain- 
it to an abſolute exactneſs. 

The caſe is the ſame with the third or cube 
roots of the numbers compriz'd between the 
numbers C, which are the cubes, or third powers 
of the nu mbers A; and fo in the other roots 

of the fourth, —_ Sc. 


. 2. 3. L. g. 6. Ge. 
B. k. + 9. 16. 25. 36. Se. 
C. 1. Ä 64. 125. 216. Sc. 
0 © e VI. | 
In the fourth place it may be obſerv'd that 
all numbers, both whole and fracted are com- 
menſurable, that is to * 

ift. That 
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iſt, That all whole numbers 1, 2, 3, 4, Ec. 
have unity for their common meaſure, or common 
diviſor, and alſo each of the parts of unity 4, 2, 
z, z 9 6. a ; i 5 


b - 3 T 1 | 1 3 
5 for common diviſors 55 772, TY9 TS =, e. 


or 3, 78, y, e, &c. ad infinitum. 


zu, That any fraction whatever as 4, and alſo 


any other we pleaſe to fix upon as 2, ſhall have 
for common diviſors (by giving them the ſame ſe- 
cond term 4x5, or 20) the fractions 2, =, 
5555 18, Cc. or 2e, > As, Oc. ad infinitum. 
That is to ſay, that r or 3; or , Sc. ſhall 


be contain'd an exact number of times in £, and 
alſo an exact number of times in 4, as is evi- 
dent. We have put a point in the fractions in- 
ſtead of the ſign x for neatneſs fake, and this me- 


thod we ſhall obſerve in what follows. 


G VII. 


But all the roots of whole numbers, which 
are not equal to whole numbers are incommenſura- 


ble, that 1s, they have no meaſure or diviſor that 
is common to ſuch root and unity, or any other 
number whatſoever, either whole or fracted. 

For iſt, If 2 1038 for example (or the ſecond 


or ſquare root of 1038, which is between 32 and 33) 
could be commenſurable with unity, i. e. if it were 


poſſible that there could be ſome common mea- 
ſure, or common diviſor z, between this root 
which I call r and unity, or that z was contain'd 
an exact number of times in unity, and alſo an 
exact number of times in r, as for example, 7 
times in 1, and 13 times in r; then if z be con- 


ly, That any whole number whatever as ”, | 
and alſo any fraction whatever as 7, ſhall have 


ö 
| 
| 
| 
| 
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tain d 7 times in 1, we ſhall have 2z=+, and if 
z or + be contain'd 13 times in , the root 
ſhall be equal to 13 z, or 13 times 35, or , as 
is evident. Whence it follows, that if the.root 
# were commenſurable with unity it would be e- 
qual to a fraction . ee eee an 
2h, If the common meaſure z be contain'd a 


certain. number of times exactly in a whole num- 


ber as 7, and alſo a certain number of times 


exactly in the root r, ſuppoſe ꝙ times in 7, and 
12 times in 7; then becauſe 2 is contain'd exact- 


ly 9 times in 7, = ſhall be exactly 3 of 7, or 2. 
And becauſe z, or 2, is contain'd exactly 12 


times in #, the root 7 ſhall be equal to 12 times 
2 or 4g. Whence it follows, that if the root r 
was commenſurable with any whole number, it 
would be equal to a fraction. 

- 3, laſtly, If the common meaſure z be con- 
tain'd a certain number of times exactly in a 
fraction as +, and alſo a certain number of times 
exactly in the root ; ſuppoſe 4 times in 3, and 
7 times in x; then *tis evident, that becauſe z is 
contain*d exactly 4 times in +, we ſhall. have 2 


equal to + of + or 28, and becauſe z, or 28 is 
contain'd exactly 7 times in r, the root 7 ſhall 
be equal to ſeven times 23, or to a fraction 23. 


But we have demonſtrated, Art. 15 1. that the 
root of a whole number, which whole number 
if it has not a whole number for its root, can- 


not have a fraction for its root; therefore no ſort 
of roots of whole numbers, which are not equal 


to whole numbers, and of which there is an infinite 
2 can ever be commenſurable, or can have 
any diviſor or meaſure common to them and 

unity, or any other number whole or fracted 


whatever, 


VIII. 


„ VIII. 
We may obſerve in the fifth place, that any 


root whatſoever of a fraction may be approach'd 


as near as we pleaſe, by extracting the propoſed 


root of each of its terms, having firſt multiply'd 


them by the indefinite decimal number 1000000, 
Sc. without any farther preparation. 

Thus, for inſtance, to approach the ſquare 
root of the fraction £234, we have no more to 


do but to multiply each of its terms by the deci- 
mal number 1000000, &c. which will give 


1938 — 10.38,00.00 — and extract the ſquare root 


00 


of each of thoſe products, and then the fractions 


| 2 221 
27, 117, i- 32378, ſhall approach more and 
more to the juſt value of the root of the frac- 


tion propoſed. 

For the fraction propoſed £242 being equal to 
2355585, and to 258888, and to 5535555555, O&c. 
It, If we extract the ſquare roots of the terms 
of each of theſe, we-ſhall find that the ſquare 


root of 1038, the firſt term of the firſt of them, 


is between 32 and 33, and that the ſquare root 


of its ſecond term 129, is between 11 and 12. 


Now theſe Numbers 32 and 33, 11and 12, may 


always form three fractions, of which the firſt 


and ſecond ſhall have the ſame firſt term, and of 
which the ſecond term of the firſt ſhall exceed 


the ſecond term of the ſecond by unity; 


whence it follows || that the firſt ſhall be || 63 


leſs than the ſecond. That the ſecond 
and third ſhall always have the ſame ſecond 


term, and that the firſt term of the ſecond ſhall - 


exceed that of the third by unity; whence 


it follows * that the ſecond fraction ſhall * 63 


be leſs than the third. 
75 ED But 
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But the root of the fraction propos'd 4443 ſhall 
be greater than the firſt fraction 42, whoſe firſt 
term 32 is leſs than the juſt value of the root of the 
firſt term 1038 of the fraction propoſed, and the 
ſecond term 12 greater than the juſt value of the 
root of its ſecond term 129. And the ſame root 
ſhall be leſs than the third fraction +=, whoſe firſt 
term 33 is greater than the juſt value of the root 
of the firſt term 1038, and the ſecond term 11, 
leſs than the juſt value of the root of the ſecond 
term 129 of the fraction propoſed £242, | 
Whence it follows that the ſecond fraction 42 
which the rule gives for the approach'd root, be. | 
ing greater than 45, and leſs then 44, the true 
root ſhall neceſſarily fall either between the firſt 
and ſecond, or between the ſecond and third: 
If the faid root fall between the ſecond and third 
fractions 44 and 422, which laſt differs but one 
of the r parts from the ſecond or middle frac- 
tion, then the middle fraction += cannot differ 
from the true root ſo much as ; and if the 
true root falls between the firſt and ſecond 
fractions 44 and 42, the difference of 44 and 
17 being -/ Ar, for 12 , whoſe difference 
| from 12 is Ar, ſo that when the middle fraction 
23 is greater than o, but not ſo greater as 1, 
that is, when its ſecond term is not contain'd 


once in its firſt, then it cannot exceed the true 


root ſo much as IT and when its ſecond term is 
contain'd but once in its firſt, then it cannot ex- 
ceed the true root ſo much as r, and if its ſe- 
cond term be contain'd 2, 3, 4, Sc. times in 


its firſt, then it cannot exceed the true root fo 


much as Fr, Fr, Fr, Sc. that is, the root pro- 
poſed, when it is ſuppoſed to fall between the firſt 
and middle fractions 22 and 24, cannot fall ſhort 
of the middle more chan Ir for each whole num- 

* 
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ber that is contain'd in the middle fraction, and 
conſequently leſs than Fr, for what is over and 
above. N 


44 cannot differ from the true root, either under 
or over, more than ſo many parts, and ſome 


ſmall matter more as the middle fraction has 


units in it. Fe | 
2ly, After the ſame manner we demonſtrate, 


103800 


in relation to the fraction 553833, that if we ex- 
tract the root of both its terms, and find that of 


| its firſt to be between 322 and 323, and that of 


its ſecond between 113 and 114, we demonſtrate 
1 fay, | | 


form'd of thoſe numbers, the firſt differs from 
the ſecond but by unity in its ſecond term, and 
is leſs than the ſecond ; that the ſecond differs 


from the third but by unity in its firſt term, and 


zs leſs than the third. 


That the root of the fraction propoſed falls be- 
tween the firſt and third fraction, and conſequently 
the difference between the middle fraction (which 
the rule gives for the approach'd root) and the 
true root of the fraction propoſed, can be but 


little more than its 17 part taken ſo many times 
as there are units in che middle fraction. 


We may demonſtrate the ſame thing in regard 


to the third fraction 25353235, and alſo in regard 
to the fourth fraction 435555558, and all that 
follow. — | 1 
Whence it follows, that becaufe the middle 
fraction 44 found at the firſt operation, can con- 
tain neither more nor leſs whole numbers than 
each of the other middle fractions 322, 322- 


. 


11, Cc. found by the ſubſequent operations, 


therefore, ſince the fraction 14, found by the 


N firſt 


Whence it follows: that the middle fraction y 


That of the three fractions 444, 444, 442, - 


FOLEY" —— — —-— — E—àͤ01— a 7— 2 
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firſt operation, does not want gr, nor the fracti- 


on , found at the ſecond operation, 42, nor 
| 2221 
the fraction , found at the third operation 


1135 


77555» nor the fraction 35533, found at the fourth 
operation 552, of the juſt value of the root; 
tis evident that at every operation we approach 1 it 


nearer and nearer. 
And becauſe this reaſoning will obtain in every 
other example, *tis evident that we approximate 


the juſt value of any root of a fraction, by ex- 
tracting ſuch root of both its terms without an by 


other preparation than multiplying both tho 
terms * the indefinite decimal 1 0D000S, Sc. 


1155.) : IX. 
We muſt obſerve in the ſixth _ that when 


two radical numbers have the ſame ſign and uni- 
ty for their coefficient, we may always find their 
Product by multiplying the power of the one by 


the power of the other. This is @ fundamental 


Article. 


Thus to multiply 35 by 57 we have no more 


to do but to multiply 5 by 75 and 735 is the 


product of 35 — by 37. 


And univerſally, to multiply J by , we 
multiply ; by r, and ½ is their product. 


6 demonſtrate that the prod: of 24 by 
24 is 222, which is the moſt difficult cal. 


"V2 V5 


iſt, I multiply the terms of the fraction 33 


by the indefinite decimal number 1000000, c. 


and then extracting the ſquare roots of theſe pro- 


2,120 00 KR. 3459 ge. 
ducts, I have = = Ds - It 


remains now to demonſtrate that the product 


3+ by 2+ is preciſely equal to the fraction 


3359 infinitely continued. 


2, I 
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21, I multiply each of the terms of the firſt 
fraction + or 5, by the firſt term 4 or c of the 


ſecond fraction 7 or 5, and I have 2 — 226; 


24 — 2 4 N 


I multiply each 6f the terms of the ſecond. © 
fraction 4, or © by the ſecond term 5, or þ of 


* 5 
the firſt + or f, and I have 7 = 332, or 


„r ; and now we are to demonſtrate that 


'£ 3 of vas by 9 is 434, or that the 
Pr 2 „ 
From this preparatory work with the two firſt 
fractions, it may be obſerved, that the ſecond 


| ac 2 bc ac 
uct of v by * IS Vas get 


term of the firſt will always be equal to the 
firſt term of the ſecond ; that the firſt term. of 
the firſt will be equal to the firſt term of the 
third, and the fecond term of the ſecond to the 


| ſecond term of the third, viz. 34. | : 
3). Then I multiply each term of the three 
fractions 28, £2, and 44, by the infinite number 


1000000, *&c. which does not change their va- 


lue, and now it. remains to demonſtrate that 
| pa th £84 @ I 2000000 & 20000000 Kc. 2 
the product of 9285656650 _ by VII 5 5 Fc 18 


2 1 2000000 ge. BY = 
4%, I value theſe fractions, by extracting the 
ſquare or root propoſed of each of their terms, 


and I have the. fractions 243 4$233.% and 


&c. 


-352-X* which being infinitely continued ſhall be 


equal to the roots of the fractions foregoing. 


Whence it follows, that the product of the two 
firſt ſhall be the exact * N of the radical 
propoled 8: = 129-2: and 95 = 8-25 | 

It remains therefore in the laſt b ace to be de- 
monſtrated, that the product of the two fractions 


| 3452-8. 483 & whoſe terms are infinite, is equal 


to the fraction -g. infinitely continued, for 


this laſt fraction is evidently equal to V3 N 


; 311020000 5 
LE. | 2 WT 


ix 
* 
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! 

* 
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ly, I obſerve, that notwithſtanding all the 
foregoing preparations, the ſecond term of 
the firſt of the two laſt fractions always remains 
equal to the firſt term of the ſecond. The firſt 
term of the firſt to the firſt term of the third. 
And the ſecond term of the ſecond to the ſecond 
term of the third. | | | 

But, altho' the terms of the two firſt of theſe 
fractions are here ſuppoſed infinite as they ought 
to be, yet we may obtain their product accord- 
ing to the rules of the multiplication of fractions ; 


for in order to this, we are to multiply the firſt 
fraction by the firſt term of the ſecond, and di- 


vide the product by its ſecond term. 
And to multiply the firſt fraction 2452-5 by 


448 3 Kc, 


the firſt term 4483 Sc. of the ſecond 


* 66 43838 ve may divide the ſecond term 


„ 448 "# Sc. of the firſt fraction by it, 
viz. by 4483 Cc. the firſt term of the ſecond, 


and altho* theſe numbers are infinite, yet be- 
cauſe they are exactly equal, their quotient ſhall 


be exactly 1, fo that we have 3353= multiply'd 


by 4483 Cc. ===, 


And to divide the fraction e by the 
ſecond term 5926 c. of the ſecond 


4 67 fraction F we need only multiply its ſe- 


cond term 1 by that number, viz: 5926, 


Sc. which may very eaſily be done, tho? the 
number 5926 Sc. be infinite, becauſe the pro- 


duct of unity 1 by any number, is that number 
itſelf. The third fraction $$ therefore ſhall 
always be the product of the two former. WWD. 
And therefore the product of 3+ by 2 is equal 
to 33. After the ſame manner we might de- 
monſtrate that the product of 3+ by 3 is 342, and 


_ univerſally that the product of 5 by "+ is 
I. For the ſame reaſon the product of 35 


v. 


by 


Su r enn 


two numbers have 
for their coefficient, then we may find their quo- 


the ſecond fraction 7, or 7 
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by 575 or of 3+ by i; or, by giving them 

the ſame form as the precedent, the product of 

| 222 by 71 » cxecty Vi, or 335. That the 

product of 35 by ½ is 35, Sc. and univerſal- 
Iy that the Sack of 5 va by vw WG. 


(156.) . 7 


In the ſeventh place I obſerve, that when 
p ſame ſign, and only unity 


tient, by dividing the power of one by the power 


of the other. 


Thus to divide 35 by „7 divide 35 by 
7, and g, or 25 is the quotient, which is e- 
vident, becauſe the product of the quotient {5 
by the diviſor 27, gives, by the precedent arti- 
cle, for the product 235, the number divided, 
or dividend. And to divide 37 by 95, I di- 
vide 7 by 5, and 32 is the ene 1 

Thus to divide * 7 by 97, I divide 4. by 4 £, 


and 24+ is the quotient, as may be demonſtrated 
nin the ſame manner as above. 


And uprverially to divide * by a I di- 


d 3 


vide J by 2, and VT: is the quotient, beau 


n 4 multiply*d by % gives the Prochatt 57 . (by 


J. be 


dividing the terms by dc) vg, which was the 


number « divided. 


To give a direct nn that the quo- 


tient of r by y#18 944, which is the moſt diffi- 


cult caſe. 
1ſt, ] — each of the terms of the firſt 
fraction 4 5, or +, by the firſt term 4, or c, of 


T3 and I have =, 


1 
or * V. 


N 3 1 


v 
CONES. Rn IRR 9 nth. 
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I multiply each of the terms of the ſecond 


| fraction 4 Þ or 3 + by the firſt term 3, or a, of 
| the firſt 2, > I'S and 1 have * nt, or 


2,40 


AVC. 
- ae” þ are now to > demonſtrate, that the quotient 
of by 254 * 9785 or that the quotient of 5 
de by 9 1 8 7 


. it be obſerv'd from this preparatory work 


with the two firſt fractions, whatever they be, 
that the firſt term of the firſt will n 
to the firſt term of the ſecond, that the ſecond 


term of the ſecond will always de the ſame as the 
firſt term of the third, and the ſecond term of 
the firſt the ſame as the ſecond term of the third. 
2ly, I multiply each of the terms of the three 
fractions 22, 44 and 22, by the infinite number 


10000000, Ge. which changes not their value, 


and we are now to demonſtrate that the quotient 


or 5 212000000 Ke. b 7 Kee is .2,21000000 K&e, 
VISoooo 55K 15 5 5 0 Kc. V2000000'0 Rc. 


3, I find the value of theſe fractions by ex- 
tracting the ſecond, or propos'd root of each of 


59 &6. 


their terms, and T have the fractions 483-2. 
and z - which being infinitely con- 


4582 &c. 448 
tinued, would be equal to the roots of the frac- 


tions foregoing ; ; whence it follows that the quo- 
tient of the firſt by the ſecond, would be the n 
quotient of the two radicals propoſed, viz. of 2 
divided by J 77 7* ; 


It remains therefore in the laſt place to demon- 
ſtrate, that the quotient of the firſt fraction 


by the ſecond = whoſe terms are 


44x > &@& 4) 82 &C. 


infinite, is equal to the third fraction + 53-22 Con- 
tinued alſo infinitely, becauſe this Jait fraction 


is plainly equal to 434, or 7 ssb 


4, Let it be obſerv'd that, norwirhſtanding 


all the variations foregoing, the firſt term 
the firſt fraction remains e Ms to the firſt 


term 
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term of the ſecond, the ſecond term of the firſt 


to the ſecond term of the third, and the ſecond 


_ of the ſecond o che firſt term of the 
thir a | 
But altho? the terms of the two Giſt of theſe _ 
fractions are ſuppoſed infinite, as they ou ght to 
be, yet we may find their quotient accordi ing to 
the rules of the diviſion of fractions; for in or- 
der to this, we need only divide the firſt fracti- 


on by the firſt term of the ſecond, and multiply © - 


what comes out by the ſecond term. 


Now to divide the firſt fraction 3453-8 by the- 


firſt term 3469 Sc. of the ſecond, we have no 

more to do but divide the firſt term 3469 c. 

of the firſt fraction, by that number 3469. e. 

and tho* theſe numbers are infinite, yet becauſe 

they are equal, the quotient will be 1 exactly; 

ſo that we ſhall have 28 hs divided by 
3469, Cc. = TITS. 

And to multiply the fraction 1 1 er by the 
ſecond term 4582 c. of the ſecond, we have 
no more to do but to multiply its firſt term x 
by that number, viz. 4582. &c. which may 
eaſily be done, altho* the number 4582 Sc. be 

infinite, ſince the product of unity 1 by any 
number 4582 &c. will on be the ſame num- 
ber 4582 Sc. 

The third fraction 448 1 ar. then, ſhall be the 
exact quotient of the two former, W. W. D. 
Therefore the quotient of 4+ by 5 is exactly 
52s. After the ſame manner we may demon- 
ſtrate that the quotient of 3+ by 3 2 is 328. 
And univerſally that the quotient of * by ® = is 


VE 


For the fame 8 the quotient of 235 by 
7, or 344 by 52, or (by giving the ſame form 
to the fractions 44 and 2, as in the foregoing) the 

N 4 | quotient 
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quotient of y = by 2 355 is exactly Y = 5. 


That 735 * 17 is 35, and 1 that 
the quotient of /a by /b is v7. 


Inſtead of the few for nn de have put | 


i a Point te to avoid confuſion. 
14 In the hint place k obſerve, that when the 
b root of the ſecond term of a fraction 1s a whole 


| number, and that the ſame root of its firſt term 
bl | is not a whole number, then there is no fracti- 
|| on that can be the exact root of that fraction, 
and that it is incommenſurable. 
Let there be : Proper a root of any fraction 
we pleaſe, as 22, 32, in order to know whether 
it be commenſurable or not, I reduce its ſecond 
Ty term to a perfect power of the ſame degree as its 
H ſign, by multiplying each of its terms by the 
ſecond 7 when it is /; by the ſecond power of 
1 ; when it is , or the third root; by the third 
2 power of 7 when it is the fourth root, and ſo on; 
© :. and I have / — 243, and the ſecond term 49 
of the fraction $2, having for its ſecond root a 
whole number 7, I ſee if its firſt term has alſo, 

or has not a whole number for its ſecond root, 
and finding that the ſecond root of 63 is between 

7 and 8, I conclude, that we may approach the 
ſecond root of the fraction propos'd as near as 
we pleaſe in fractions, but can never attain to ab- 
ſolute exactneſs, or find the value of 22 exactly. | 

rar. Bat —=Lx3 62 —23 2,63, 


«9 > oF» 
becaule / = + and £4 = "62. * Now 
* 230 563 cannot be equal to a x fraction, and 
is incommenſurable, the caſe is the ſame 


| with 2 3 63, becauſe, if the ſeventh part of the 
418 4 ſecond 
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ſecond root of 63 could be equal to a fraction, 
as £2 for example, then this fraction multiply*'d 
by 7, or the fraction 24 would be equal to the 
ſecond root of 63, which cannot be. After 
1 ſame manner we may demonſtrate that 

39 = 555 ne (whoſe ſecond term is a 
compleat third power of 7) is incommenſurable. | 
The ſame in other caſes. 


(158.) 85 XII. 


In the ei ghth place I a that if we 
multiply wo exponent of a radical by a whole 
number, and raiſe its power to the degree mark*d 
by that whole number, we * not change its 
value. 

Let any radical, as /, or Ja, (expreſſing "8 
by a) be propos'd, and alſo any whole number as 
4, multiply the exponent 3 of 344 by this num- 
ber 4, and raiſe the power 7, or a, to the fourth 
degree, and I fay, that ya = , or 32401. 

To demonſtrate this, I raiſe both the radicals 
to a power whoſe exponent ſhall be 3, the expo- 
nent of the radical propos'd, and I have on the 
one hand Jax N / J SD a, or y343=71, 
for a5, or 343, is the third power of a, or 7, 
by conſtruction; on the other hand I have 
2401, or „aN LD, e aa 
0 72 Whence I conclude, that 37 is as 

52401, becauſe their third powers are equal to 

- nd becauſe the roots of equal powers of the 
ſame number of pe muſt HEAP be 
equal. 

Hence 5 7 = 522401, and 127% = 192401. | 
After the ſame manner dog may demonſtrate 
that „ = FN 7.44, conſequently 
1 14 5 64 and 77 4 9 68 The ſame in 
other examples. 59.) XIII. 
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(159) XIII. 


I obſerve in the laſt place, that if we multi- 
ply, or divide, the coefficient of a radical by 
any number, either whole or fractional, and at 
the ſame time divide, or multiply, its power b the 
power of that whole number which is of the 
fame degree as its exponent, we ſhall not alter its 
value. 
Let If, 48, and 7 the whole number, 1 
multiply the coefficient 4 by the whole number 
7, and divide the power 5 by the third power 
343 of 7, and I ſay that 445 = 28 „. Or 
I divide 4 by T and multiply 5 by 343, and ſay 
chat 4%ĩ , 1715: 
For * 4 = 64, therefore 435 = 
* 149 964x345 T=75X04. gan, 28% 77 
r Soar $3343 = 
' 28 343, 957 " And + 1 
9395 * 343 = VT 64. x 755343 = 4847 = =_ 
Y 5 x 04. 
Therefore the 1 radicals 4%, 21 J- 
+ 717135, being equal to the ſame third 95 * 64, 
ſhall be equal among themſelves. 
2h, Let 4 4, and + a fraction, I multipl 
by 2, and divide A by the ſecond power 2 87 7 


29 


and I ſay that 1 2 5 . Or I divide 2 


Vs 


251 2, and multiply 2 by 2, and I fay that | 


nw '7 3 — 


To demonſtrate a 1 obſerve, that becauſe 
we can always reduce a whole number 4 or 5 into 
a fraction that ſhall have what whole number we 
pleaſe for its ſecond term, the whole difficulty - 
lies in this laſt caſe. | 

Therefore univerſally let 7% 7 be any radical, 


| and any nn whatſoever, where the letters 
| 4. b, 
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a. b. u. c. d. p. J. expreſs wy whole nen at 
pleaſure. 3 
1s, I multiply 3 ; by ? and i <by%, Iam tO 


: demonſtrate pot 75 V7 8 . * Ps yo 
= and f 1 — 2 ders 972 =0/n 


N 
EE =155 x 7 8 r FR by divid- h 


7 Pp. Therefore the fractions; * * "mai bs * 75. * 


being equal to the ſame third „55 ſhall be oqual | 
among themſelves. | 

2h, J divide 5 7 by 5 75 and maliply 1 by 2 7 
and am to demonſtrate that 77 = => 145 7, but this, 


being to be done by * che kame me- 
thod as me; I omit. | : 


PROBLEM > 


To make all the reductions Poſſible in radi- 
cal numbers. 


| (4600 5 * 


To reduce a radical to another that ſhall have unity 
for its coefficient. | 


AIs E the coefficient to the power denot- 
| ed by the exponent of the ſign, and mul - 
tiply this power by the power of the radical. 
Thus to reduce the coefficient 4 of 4 15 to 
unity, becauſe the exponent is 3, I raiſe the 
coefficient 4 to the third power, and I have 64, 
I multiplys4 by the power 15 of the radical, and 


I have 45 15 = 3 900, o, or 19960. 
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For 445 18 = 4X p15. But 4= $64, there- 
fore 4 4,15 = 64x 3 15 = 3,960. 
Thus to reduce 2 22,4 to another radical that 


| ſhall have unity for its coefficient, I raiſe 4 to the 


ſecond power and I have r, 1 —— 2 by 5, 
and 1 have 2 45 = 47+ 22 
For 4 r, t herefore 4 4 — 1 73 = 


37 =755. The ſame in other e examples. 
(161.) 8 "os 
To reduce the power of a radical t a whole 


number. 


Divide its coefficient by the Gent term of its 


4 power, and multiply the firſt term by a power of 
the ſecond term leſs by one degree than the ex- 


nent of the radical. 

| Thus to reduce the power of the radlical » 
a whole number, I divide its copieaent . I 5 4 
the ſecond term of its power £, and becauſe its 
exponent is 3, I raiſe its ſecond term 5 to the ſe- 
cond power 25, and multiply the firſt term 6 by 


25, and I have , or 17, ro. 


ein (by multip lying each of the 
terms 6 and 5 of 4 : by 25) and't re 
fore £3,150 = 5 pip X24, 150 =7, 452 . | 


Thus to reduce, the power of the radical 4 f, 


into a whole number, I divide the coefficient 4 
N 5, 1 multiply 6 by 25, and I have 4% 


150, Whoſe power is a whole number. 
For by reducing the coefficient to unity we 


hall have 47, & — 1 5 and 4 150, or 


& — 
* 9484 
2 2 70x25 = 22 8 A 


by dividing each 


5 
5.6 4 
term by 25, * therefore wy and +3, 150, being 


equal to the fame third 
themſelves. 


Thus 34.4 = fr J 30. 


1] be equal among 


For 


2 
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For by reducing the coefficients to unity, we 
Mall have 45 5 — =, and 2 30, Or 
EZ 68 „ , by dividing each 
of the terms by 5, therefore 4 $ = 37, 30. 
The ſame in other examples. e 
And univerſally 7 / = ya"; for 2½½ , 
925 and 5 V cdu = = = (by dividing its 
terms by da-) Fo I 


(162.) III. 
To reduce the exponent of a radical to the 
moſt ſimple term. 1 ö 
Find all the diviſors of the exponent of the ra- 

dical; then try if you can extract ſuch root of 
its power, as is denoted by any one of theſe divi- 
ſors, beginning with the greateſt, and proceeding 
in order to the leaſt, and if the power of the ra- 
dical will admit of a root of a degree, ſignified 
by any of theſe diviſors, then place ſuch root 
under the ſign /, and over it put the quotient of 
the given exponent divided by ſuch diviſor. 

Thus to reduce the exponent 12 of Y 2401, 
or 5 7 2401, or +3 2401, I firſt find all the divi- 
ſors 1. 2. 3. 4. 6. 12. of the exponent 12, 
then I try to extract the twelfth, and then the 
ſixth, fourth, Sc. root of the power 2401, and 
becauſe I cannot have the exact twelfth, nor ſixth, 
but only the fourth root of 2401, and that this 
is exactly 7, therefore I put 7 under the ſign, 
and then divide the exponent 12 by the diviſor 4, 
and putting the quotient over the ſign, I have 
Y2401=þ7. 592401 =5+7, and 4 52401 = 

Ty | 
4 * the ſame manner we ſhall find the expo- 
nent of the radical 3 3 2424 may be reduced to 
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ſhall have 247 ; let again 34 be divid- 
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172, by taking the fourth root of each of the 
terms of the fraction which is under the ſign, 


The fame in other examples. 


But becauſe I cannot have the exact twelfth, 
nor ſixth, nor fourth, nor third, nor ſecond root 
of the power 2492 of the radical / 2492, I con- 
clude that the exponent of this radical is already 
the moſt ſimple that it can be. 5 
For if there could be a radical whoſe exponent 
could be more ſimple, as 48, or 5 +12, or any 
other, then, ſince we can always reduce the co- 
efficient of a radical to unity, it would neceffari- 
ly follow, that'the power of this radical muſt be 
either a whole number, or a fraction; and ſince 


wi. can always reduce a whole number to a frac-. 


tion, it remains to demonſtrate that / 2492 can- 
not be of the ſame value as %, whoſe exponent 
x denotes a whole number leſs than 12, and b, c, 
two other whole numbers taken at pleaſure. Or 
the exponent ſhall be a diviſor of the expo- 


nent 12, as 4, or it ſhall not be a diviſor as 5. 


+ In the firſt caſe we demonſtrate that 5 2492 
cannot be of the ſame value as . For if it 
were, then by multiplying 4 by 3, and raiſing 

* tothe third power, we ſhould have J == = 
14 2492, therefore : = 2492. But by ſuppoſiti- 
on the number 2492 cannot have a whole num- 
ber for its third root, neither can it have a frac- 


tion, therefore . cannot be the ſame value as 


92492. 


In the ſecond caſe we are to demonſtrate that 
2492, or 34 (expreſſing 2492 by a) cannot be 
of the ſame as „. If 94 = let chem be raiſed 


to the fifth power, and we ſhall have Ya ; 
let Za S a be divided by 34 , and we 


7 


ed 
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ed by ya, and we ſhall have a . And 


— in this example the exponent 4? is a di- 


viſor of 12 the exponent of the radical propoſed, 
we ſhall have $ a= a fraction 7 Or if we go 
we ſhall have 


on to divide e f by 3 = 


1a , and this again by 4? 1 And ſo on, 


J 


the number a, therefore: theſe roots 


cannot be equal to fractions, and conſe- 141 


quently E cannot be of the ſame va- 


lue as 122.492, ſo that the exponent of this root 
Is 2 80 the leaſt that it poſſibly can be. The 


caſe is the ſame in all other like examples. 


6263) 5 IV. 


To reduce a radical to the moſt * mple terms. Af- 


ter having reduced, if needful, its power to a 


whole number, and i its exponent to the moſt ſim- 
ple term; try if a power, of ſame of the whole 

numbers, of the ſame degree with the exponent 
of the radical, will divide the. power of the ra- 


dical without a remainer, beginning with the 


greateſt, and if we ſucceed, put — quotient un- 


= the fi n, and multiply the coefficient by the 
root of ſuch dividing power, but if the coeffici- 


ent ſhould be a fraction, it muſt firſt be reduced 
do its loweſt terms. 


Thus to reduce 5 500, or 43, 500, or 1500 


to more ſimple terms, their power being no frac- 


tion, and their exponent not reducible to a ſim- 


pler term, I try if 8. 27. 64. 125. 216. 343. or 
512.. powers of 2. 3. 4. 5. 6. 7: 8. Sc. of the 
Saf ts es 2 1 1 ſame 


we ſhall have at laſt 24 = to a fraction 24 [503 


But by the fippaliticn,” neither 44 nor $a, 1 
Se. is a whole number, becauſe we can neither 
extract the 12th, nor 6th, nor 4*hb, c. root of 10 
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ſame degree as the exponent 3, will divide the 
power of the radical 500 without a remainer, 
beginning with the greateſt; and becauſe 500 
cannot be exactly divided by 512, nor by thoſe 
which follow it as being greater than 300, nor 
by 343, nor 216, but may by 125, therefore I 


divide 500 by 125, and multiply the coefficient 


I, or 4, or s, by the third root 5 of the num- 
ber 125, and I have J500=5 34. 44500= 
20/4. 45 9500 = 44 =+3,4 And the ra- 
dicals 53, 4. 2044. £ 3,4 are reduced to more 


' ſimple terms. 


To reduce 5+ „4 4 to more ſimple terms; 
having reduced the fractions 3 and £., to the 


loweſt terms < and 4, and the whole numbers in- 


to fractions, I have now to reduce „. 


And becauſe the power 22 of this radical is a 
fraction, and becauſe the root of a fraction, 
which in reality includes two radical numbers, 
however ſmall its terms are, is not ſo ſimple as 
the root of a whole number, how great ſoever it 
be, as including the root but of one number only ; 
I reduce the power of the radical to a whole 


number, and then I have 24 3,1568 to reduce, 


which I do by dividing its power 1568 by 8 the 


greateſt power of the ſame degree with the ex- 


- ponent of the radical that will divide it without 


a remainer, and multiplying its coefficient 34 by 
2, the third root of ſuch power 8, and I have 
23 3 196, in ſimpler terms than that propoſed. 
To reduce 2 425 11055335, having firſt re- 
duced the fractions to the loweſt terms, and the 
2 2 into fractions, I ſhall then have 
radical +2 5 23532222 to reduce. Ref 
To ſhorten the operation, I firſt ſeek all the 
prime diviſors 2. 2. 2. 2.2.2. 2. 2. 2. 5. 5. 5. 
7. 7. 7. of the numerator, and all the prime di- 
9 5 Viſors 
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viſors 3. 3. 3. 11. 11. 11. of the denominator of 
the power of the radical. 1 I 

I expreſs theſe ſimple diviſors 2. 5. 7. 3. 17. 


by x | ; A» b. &5 N. 3s 
| 17 64? „ 


and then J have the radical FV to reduce. 
Iſt, I reduce the exponent 6 of the radical to 
the moſt ſimple term, by dividing it by 3, and 


extracting the third root of its power, and then 1 


have g V to reduce. 

21y, I reduce its power 2 to a whole number, 
by dividing its coefficient £2 by its denominator 
mn, and multiplying its numerator by nn, and 
then J have n bemnmm. 

3's, I divide its power a bcmn by a* the greateſt 
power J can, of the ſame degree with its expo- 
nent , and multiply its coefficient by the root 
a of ſuch power, and I have Z2abcmn= (by ſub- 
ſtituting the numbers 2. f. 7. 3. 11. for the let- 
ters 4. b. c. m. u. and reducing the fraction to the 
loweſt terms) £2 2 2310, and thus the radical is 
reduced to the moſt ſimple terms. ©  _ 

For iſt, this radical, after the firſt * 162 
operation * cannot have an exponent more 
ſimple. ah, If its power were a fraction, (the 
root of a fraction including two roots) the terms 
of ſuch a radical could not be ſo ſimple, however 
ſmall the terms of its fraction might be, as 
the terms of a radical whoſe power 1s a whole 
number, how great ſoever, which has but one 
root. 3, Leta?b be any other radical we pleaſe 
to propoſe as more ſimple, and having the ſame 
exponent as 22310, then we ſhall have azb=7j 
ban 723 10; therefore ba*—2310 3 which ts im- 
poſſible, becauſe by the ſuppoſition 23 10 cannot 

be divided by a power 15 of the ſame degree 5 


——— CE USE PT mgm, - 


2 6 1 4 | c u 4 
and $642, and univerſally Vr and 4 to fy 5 
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the ſign 7. Therefore after all theſe operations, 
a radical is reduced to the moſt ſimple terms. 


(164.) | 


To reduce two radicals to the ſame exponent. Mul- 
tiply the exponents together, and raiſe mutually 


the power of one to the degree ſignified by the 


exponent of the other. | | | 
Thus to reduce £26 and £39. I multiply the 
exponent 2 of £:6 by the exponent 3 of £39, and 
raiſe its power 6 to the third power, and I ſhall 
have 476 249216; then IT multiply the exponent 
3 of £39 by the exponent 2 of £26, and raiſe 9 
to the ſecond power, and I ſhall have 7% 
| 5 1 
Thus we may reduce 34% and 3% to 4% 


j 


nu en 
and © V u- 


To reduce }a and $þ to the ſame exponent, in- 


ſtead of multiplying 3 by 6, I multiply 3 by 2 


and raiſe à to the ſecond power, and I have 
za das, of the fame degree as 95. 55 
And to reduce 4a and $5, I take the leaſt mul- 


tiple 12 of 4 and 6, and multiply 4 by 3, and 6 


by 2, and I have Ja=7a? and 95 555. 
Tis evident that theſe operations do not change 


the value of the radicals, and that we may always 


by theſe means reduce them to the ſame exponent 
or ſign. we | 


| (165). | _. 


To find of two radicals which is the greateſt. Re- 
duce them to the ſame exponent, and their co- 
efficient to unity. Saf. 


Thus, 
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Thus, if I would know which is the greateſt 
radical 3315 or 4210, I reduce their coefficients 
to unity, and I have 2135 leis than 4160. 
For = / and 2341 ſhall have } £5 and / or 
222, and reducing the fractions to the ſame ſe- 
cond term, I thall have } 4 leſs than 3232, © 

But if I would know which 1s the greateſt ra- 
dical 335 or 2312. iſt, I reduce them to the 
fame exponent and I have 34125 and 29144, and 
then I reduce their coefficients to unity and I have 
5125 * 729 greater than 144 x 64. The fame 
in other examples. * 


(466. Vn. | | af 2 


To know when two radical numbers are commen- 
furable among themſelves. Reduce them to the 
moſt ſimple terms, and then if their exponents 
are the ſame, and their powers equal, they ſhall 
be commenſurable among themſelves, otherwiſe 
not. arty ot 

Two radicals are ſaid to be commenſurable 
among themſelves, when we can find a third ra- 
dical that is contain'd a certain number of times 


exactly in one of them, and alſo a certain number 


of times exactly in the other, ſuppoſe 7 times in 
one, and 5 times in the other. Thus 7% and 
532 are commenſurable among themſelves, and 
132 is their common meaſure. *Tis the ſame with 
235 and 245. For by giving the ſame com- 
mon term to the coefficients 4+ and =, we ſhall 
have 2:35 and % whoſe common meaſure is 
1275 

Thus we may know that 4 42 and 2 £4, which 
being reduced_to the moſt ſimple terms become 
35 and 225, are commenſurable among them- 
ſelves, and that £75 is their common meaſure. | 
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be different, as is evident. 
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But the radicals 280 and 363, which, after 
they are reduced to the moſt ſimple terms, be- 
come 495 and 3%: or 56400 and 18223, which, 
after they are reduc'd to the moſt ſimple. terms, 
become 435 and 335 : or laſtly, 51244 and 
918225; which, after they are reduced to the 

1 


moſt ſimple terms, become 4% and 345, are 


ſuch that the exponent or power of the one, is not 


the ſame as the exponent or power of the other ; 


theſe radicals are incommenſurable among them- 


ſelves. ö | 
For ſince the coefficient of every radical may 


always be reduced to unity, andevery whole num- 


ber to a fraction, every radical may be expreſs'd 
in this form, viz. / whoſe letters n, a, þ ſhall be 
whole numbers. | 

If then we would aſſign any radical whatever 
expreſs'd by i which ſhall be contain'd a certain 
number of times exactly in one of the radicals pro- 

d, and alſo a certain number of times exactly 
in the other, as 7 times in one, and 5 times in 
the other, then we ſhall have the firſt equal to 
7%, and the ſecond equal to 5%; 

But theſe radicals whoſe exponents n, n, and 


the powers 5, F are the ſame, cannot be reduced 


to more {imple terms, but that their exponents and 


powers which come out from ſuch operation, will 


Therefore becaule the ex ents and the powers 


of the two radicals propos'd, reduc'd to the moſt 


ſimple terms, cannot be the fame, the radicals 
ſhall be incommenſurable among themſelves, 


PR 2 


? 


| the ſign (—) for the ſubtraction. 
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PROBLEM II. 
O perform all the operations of Arithmetic 


in radical numbers. | 
Or to find, when it is poſſible, a radical which 
ſhall be equal to the ſum, or to the difference, 
or to the product, or to the quotient of two ra- 


| = propos'd ; or any power, or root of a ra- 


l 


| To find the ſum and difference of ns radicals. 


Reduce them to the moſt ſimple terms, and if 
after this reduction the exponent and power of 
one, happen to be equal to the exponent and 
power of the other, we ſhall have their ſum or 


difference by taking the ſum or difference of their 


coefficients, without farther trouble. 

But if after this reduction the exponent or the 
power of one, is different from the exponent or 
power of the other, then we cannnot find a ra- 
dical that ſhall be equal to the ſum or difference 


of the two propos'd, and we can only jain them 


together by the ſign (HY) for the addition, and by 


Thus, if, To find the ſum or difference of 


4428 and 34392, I reduce them to the moſt ſim- 


ple terms 16% and 637. And the exponent 2 
of one being equal to the exponent 2 of the other, 
and alſo the power 7 of one, equal to the power 
7 of the other; To find their ſum, I add 16 the 
coefficient of one, to 6 the coefficient of the other, 
and ſay that 2237 is their ſum. And to find their 
difference, I ſubtract 6 the coefficient of one from 
16 the coefficient of the other, and ſay that 10% 
is their difference, all which is evident, Thus 
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and + 221 by reducing them to the moſt ſimple 


ing reduced to the moſt ſimple terms, have their 


by the ſign (—) in this manner 4%7—3235, and 


difference, after having known that the firſt is 
527 
and 659 — 4% is their difference; for 639 is 


rence of 4% and 539. All theſe radicals being 


is the difference of 12 and 20, and 1240 
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Thus the ſum of 5324 and 37, or of 3 21 


terms, is, by adding ; and + together, 24,321. 
And their difference, by ſubtracting 3 from 4, is 
1221. 7 TT | = 

Thus the ſum of 3243 and $81, or, by re- 
ducing them to the moſt ſimple terms, of 339 
and 139, is 439, and their difference 239. 

Thus the ſum of 372 and 335z, or, by re- 
ducing them to the moſt ſimple terms, of. 239 
and 4%, is 1 9: Sc. ox 

21y, But the ſum of 4% and 375, which be- 


powers 7 and 5 different, cannot be found other- 
wiſe than by joining theſe two radicals, which 
are incommenſurable among themſelves, by the 
ſign (4-) in this manner 4%7 4-345 3 nor can their 
difference be found otherwiſe than by joining them 


this gave birth to a new calculus commonly call'd 
Algebra. | $9775 1 
Thus the ſum of 4% and 3% is 4374-335, 
and the difference 4y7—3J5. | 
Neither can we any otherwiſe find the ſum of 
two radicals 4%7 and 537, whoſe exponents are 
different, altho* their powers are the ſame, than 
by writing 437-537 for ſuch ſum ; and for their 


the greateſt, we can write no other than 477 
Thus 4% F639 is che ſum of 437 and 639, 
greater than 4%7. But 4y7—539, is the diffe- 


incommenſurable among themſelves «© 
Thus again 12-|-420 is the ſum, and 12— 720 


I 18 


| ſhall have ab = 0%, and pνι =, and 
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is the ſum, and 5%20—12 is the difference of 12 
and 5y20, becauſe 5320=7500 1s greater than 
12 2 *⁹ͥ44. N 


(168.) | II. 


To multiply or divide two radicals one by the 
other. Reduce them to the ſame exponent, and 
multiply or divide the coefficient and power of 
one by the coefficient and power of the other. 

Thus to multiply 127 by 125, I multiply the 
coefficient 1 of the one, by the coefficient 1 of 
the other, and power 7 of the one, by the 
power 5 of the other, *and 1735 is their * 155 
product, 10 
And to divide 127 by 135, I divide * 156 
1 by 1 and y by 35, and 132, or[|4735 161 
is the quotient. | 

To multiply 35 by „/ * we reduce * 164 
them to the ſame exponent, which may __ 
always he done, and we ſhall have $125x549= 
y6125, and $125(549=y3a5,  _ ; 

To multiply 429 by pq, theſe radicals having 
the ſame exponent n, I multiply a by p, and þ by 
J, and] 1 that ap3 bg, is their product, for by 
reducing their coefficients to unity we , 155 


vA == 0" 0q= ap i _ 
And to divide 325 by 4 or by 4, we muſt di- 
vide the coefficient 3, by 4, or by 3, and we 
ſhall have 225, or . 
And to divide 4 by 335 we write ==, y, 


for 424%, and 43 1 divided by 335 =#4+- 
Thus 4 or 421 divided by 325 1s 
3 2 | | 
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Sometimes when we would multiply one radi- 

cal by another, we content our ſelves with only 
Joining them together. Thus to multiply 35 by 
37, we write 9537, and to multiply this by 92, 
we write 753742, and fo on, and when we would 


reduce ſuch radicals under one only ſign, we 


multiply them according to the rules before laid 


down, thus y53742==4300125000. 


(169.) III. 


To raiſe a radical to any power. Raiſe both its 
coefficient and its power to the power requir'd ; 
or, (if it can be done without a remainer) divide 
its exponent by the number of the degrees pro- 
pos'd, without farther trouble. | 

Thus to raiſe 3/7 to the ſquare or ſecond power, 
I raiſe its power 7 to the ſquare, and 3, 49 is the 
ſquare of 3/7, for the ſquare of 37—37x}7=349. 

But to raiſe $7 to a cube or third power, this 

I may do by dividing 6 by 3, and % is 


"608 the cube of ; for D N V 


1 4558 X7 7. 

To raiſe 25 to a ſquare, we need do no more 

| than ſtrike out the ſign. For *5x4%5 —= 
* 149 725 = *5. Thus the third power of 32 
-7 2. And in 

To raiſe 3/10 to a cube, we muſt raiſe the 
coefficient 3 and the power 10 to a cube, and 


* 168 2741000 ſhall be the cube of 3510. For 


3% Oc g Ox gi = * 2731000, 

But to raiſe 3410 to a cube, I raiſe the coef- 
ficient 3 to a cube, and divide the exponent 6 by 
the number of the degrees 3, and 27310 is the 


* 158 cube of 3410. For 39% OX 35%OX 3yI0 


__=27y10x10x10=®27310:;; -*.:: 
Thus the ſquare of 475 is 8344, and that of 


344 is 254. And ſon others. (170.) 
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To extra? any root of a radical. Extract, if it 
be poſſible, the propos'd root of its coefficient, 
and of its power, or, which comes to the Cams: 
thing, reduce 1ts coefficient to unity, and multi- 
ply its exponent by the number of the degrees of 
the root propos'd. | 

Thus to extract the ſquare root of 439, I ex- 
tract the ſquare root of the coefficient 4, and alſo 
of the power 9, and 243 is the ſquare root of 
49. 

"Bur to extract the cube root of 47 5, becauſe 
the coefficient 4 is not a perfect third power, I 
reduce it to unity, and I have 780, and becauſe 
| alſo 80 is not a perfect third power, I multiply. 
| the exponent of the radical 2 by the exponent of 
the root propos'd, and 580 is the third root of 
425 or of 280, For 380580 y80=y80x80 
x80=J80. 

To od the cube root of 835, I extract the 
cube root of the coefficient 8, and multiply the 
_ exponent 2 by 3, the number of the degrees of 

the root propos 8d, and I have 255 for the cube 
root of 875, For 265x245x205=845X5x5= 
835. 

Thus the ſquare root of 435, or, by reducing 
the coefficient to unity, of 415 is $4254, The 
fame in others. 

The calculus of radicals is of the greateſt im- 
portance in the mathematics, ſo that whoever 
deſigns to make any conſiderable progreſs in 
thoſe ſciences, muſt -make it very familiar to 

him; he muſt not be frighten'd at the 3 
and uncouthneſs of the operations, * 
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wear off as he goes on, and a little practice will 
make them natural to him, eſpecially if he takes 
care to underſtand the demonſtrations. 
The caſe is the ſame with the calculus follow- 
ing, where all the difficulty lies in the various 
alterations that happen in regard to the ſigns - 
and —, to which we muſt principally direct our 


attention. . 


" 


© End of the fifth Leſſon 
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of Algebra, or the Calculus of 


Polynomes. 


DEFINITION. 


(171) I. 
OLY N OME is the expreſſion of a num- 
P ber in which we diſtinguiſh ſeveral pare 
Jour'd together by the ſigns ＋ and —. 
When a polynome is compos'd of two parts 
we call it 3 Thus 3-5. 5—2. 254-22. 
4—2,3. 212—2 are binomes. | 
When a polynome is compos'd of three parts 
we call it a Trinome; thus 2-417 492— 
LO $77: Sc. are Trinomes. And fo on. 


(172) 2 a 


The terms or parts that compoſe a me 
are calPd rs or pa thoſe which roſe  polnome 
before them are call'd poſitive monomes, —— cho | 
that have the ſign before them are call'd ne- 
 gatives, thus +6. +5 are poſitive, and — 3. 
nt, ns 43/5 are negatives. 

When a monome has no ſign before it, we 
underſtand the ſign - to be there, ſo that it is 
always poſitive, that is, 3 is the ſame as ＋ 3. 
37 the as +27. In a polynome the ſigns 
＋ and == have relation _y to che term which 


ol 


follows 
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follows them, and never to thoſe that precede 
them. Y'H T 


(173.) 11 
When we conſider a Monome alone and by it 
ſelf, we underſtand it to be preceded by a cypher, 
which is the term from whence numeration takes 
its beginning: Thus ＋ 3 is the ſame thing as 

o ＋ 3, and — z the ſame thing as o- 3. 
If from 3, or 3, we ſubtract 1, we ſhall 
have + 2, or 2; if from ＋ 2, or 2, we ſubtract 
I, we ſhall have-- 1, or 1; if from ＋ 1, or 1, 
we ſubtract 1, we ſhall have o; if from o, we 
ſubtract 1, we ſhall have - 1; if from o - 1, or 
— x, ve ſubtract 1, we ſhall have o — 2, or— 2; 
if from o 2, or — 2, we ſubtract 1, we ſhall 
have o 3, or — 3. And ſo on. . 
FTheſe negative numbers expreſs a debt, the 
eſtate of a man for example, who has notlnngs 
and who owes nothing, is greater, if we may ſo 
4peak, than that of a man who, having nothing, 
owes 3 crowns; for as in this caſe there is a want 
of 3 crowns to make his eſtate equal to nothing, 
fo in the other we underſtand that the expreſſion 
— 3, or 0—-3 wants 3 of being equal to nothing. 
If to 0—3, or — 3 we add 1, we ſhall have 
O—2, or — 2; ftoo—2 we add r, we ſhall 
have 0— 1, or — 1; if to o -I we add 1, we 
fhall have o; if to o we add 1, we ſhall have 
0-1, or x, or 1; if too 1we add r, we 
ſhall have 0-|-2, or - 2, or 2, and ſo on. 
Hence we may obſerve that the difference of 3 
and -- 2 is 3, that is to ſay, that for a man who 
owes 3 crowns, to become worth 2 crowns, he 
muſt neceſfarily gain 5- crowns. We are oblig*d 
to make uſe of theſe negative expreſſions in — 
I | er 
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der to take in that univerſality of which this ſort 
of calculus is capable, which not only includes all 

that went before, but extends it ſelf vaſtly far- 
ther. | - 6:49 


PROBLEM I. 


"FT" perform the operations of Arithmetic in 
Polymones, whoſe terms are whole num- - 
bers. The letters of the alphabet therefore that 
we uſe, ſhall here expreſs whole numbers. 


o 

To add two Polynomes together, join them toge- 
ther without changing their ſigns. And to fub- 
tract one Polynome from another, change all the 
ſigns of that which is to be ſubtracted, the 8 
into — s, and the —'s into s. Thus, 
fit, To add the numbers 4 and 7 together, we 
write 4 - 7, for *tis viſible that 4 ＋ 7 is equal 
to 11 the ſum of 4 and 7. Toadd-4 + 7 and 
5 together, we write 4 + 7 + 53 and fo on. 

And univerſally, to add a number þ to another 
a, we write a6, and to add c, to ab, we 
write ac, Sc. It we are to add 5, to 

@-b, we muft write a-|-b b, or ſhorter a-2b3 
and if to * b we are to add h, we write a «+ 
25 + b, or ſhorter a-|-36b; and to add the num- 
ber 35 to 4 3, we write a ＋35 +56, or 
a+ 85, &c. | ; 
From the number 36 to ſubtract the number 
4, or + 4, we muſt write 36 — 4, for it is viſi- 

ble that 36 — 4 is equal to the difference 32 of 
36 and 4, Thus to ſubtract the number 5 or 
+ 5 from 36 — 4, we muſt write 36 4 - 3. 
and fo on. And univerſally to ſubtract the * 
I „ er 
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ber 5 or + 5 from a, we muſt write 2 — 5; and 


to ſubtra& the number c from a -, we muſt 
write a—b—c; and ſo on, always changing 
the ſign +, from -|- into =. 
To ſubtract the number þ from the numbe 
2 — 5, we write a —b—þ, or a—2b; and to 
ſubtract 5 from 4 — 2b, we write a— 35ù, and 
fo on; to ſubtract 3 5 from a—5b, we write 


22 55— 35, or a—8b, Ec. 


2, To add the number 4 5 —2, or — 2 
+ 4-5 to the number 5 - 7 — 3, we ought to 


3 Tc, To 
2-+4+5 without changing their ſigns, (only 
_ expreſſing the ſign , of the firſt number 4 of the 


lynome to be added, which is commonly un- 


derſtood) as is evident, for 5 + 79 — 3 i893 4+ 


5 — 2, or—2+4+5187; 971816; and 
5+7—3—2+4+5ialſo 16. 

And ſince the letters a, b, c, n, u, p, may re- 
"reſent any numbers at pleaſure, if we are to add 
uppoſe to the number a -- c the number 

mu — p, it is evident we muſt write a -|- þ —- 


c+m4u—p. And if to the ſame number we 


had been to add — m + u — p we muſt have writ 
a 4 -c - n -p. To add the number 
54a - 7˙⁰＋＋ loc to a 35 - 2c, we mult write 
r which reduces 
it ſelf to 64 - 454 8 6c. | 
To ſubtract the number 5 ＋ 3 from 12, we 


muſt change -þ 5 into — 5, and & 3 into — 3, 


and write 12 — 5 — 3, as is evident. And to ſub- 
tract 5— 3 from it, we muſt change + 5 into 
—5, and — 3 into ＋ 3, and write 12 — 5 . 3. 


For 3 — 3 =2, and 12— 2 =10 = 12—5-þ-3. 


Thus to ſubtract the number 4— 3 + 6 from 
12 —7 ＋2 we muſt write 12 —7＋2—4 
Z—6, — lj 

—— : _ 
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from it, we muſt have writ 12—7-|-2-|-4—6--1,; | 
always changing all the ſigns of the number to be 
ſubtracted without meddling with thoſe of the other. 
And univerſally to ſubtract the number ] from 
the number a, we muſt write -n, and to ſub- 
tract nn from it, we muſt write am . TO 
ſubtract the number -. p—q from a—b+c, 
we muſt change all the ſigns of the former, and 
write a - be- mn An- pA. | | 
To ſubtract the number 2 a + 5 b—4c +44 
from g a—3b+c— 4d, we mult firſt write 5 a 
—3bk-c=-4d—2a—z5b+4c—4d, and 
reduce this to 3 a— 8þ6+45c—8d And ſo in 
others. _ As | | | 


( 1 ' 2 4 IJ 
To multiply one Polynome by another. Multiply 
each term of the one by each term of the other, 
and as to the ſigns 
+ by Þ gives in the product 
by + gives —1n the product 
T by gives — in the product 
by gives + in the product. | 
Thus, 1, To multiply @ by b, write ab; and 
to multiply ab by c, write abe; and to multi- 
ply abc by d, write abcd, and ſo on; | 
* and in whatever order theſe letters are * 116 
rang'd, they always deſign the ſelf fame 
number. | 2 | very? 
To multiply abcd by 4, write 4abrd=abcd 
-+abcdÞ+abcd+abcd ; and to multiply 4abcd by 5, 
multiply 4 by 5, and write 20abcd=4abcd+ 
4abcd + 4abcd+4abcd +4abcd. The figure which 
is before a literal product is calld its coeffi- 
cient. | | DV „ g 
To multiply abc by def * write abcdef, * 115. 
and to multiply 4abed by gde, multiply 


* . 
c — nr err a I a FE =s e © <a 
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the coefficient 4 by the coefficient 5, and the li- 


teral product abc by the literal product 


116 4% which gives 2oabedef for the product, 


for 4 abc x5def ä — = 

ꝓegabedef be % To multiply 4abe by babe 
write 24abcabc=24aabbic. 

To multiply a by à write aa, and to moltiply 


aa by @ write aaa; and to multiply aaa by aa 
write aaaaa; and ſo on. And inſtead of a. aa. 
aaa. aa. Sc. we may write much ſhorter a*. 
42. a3, a*. &c. where it muſt be carefully ob- 

| ferv'd that a* =axaxaxa, is very different from 


4a=atFaÞta+a. The figure which ſtands after 


te letter is call'd the Exponent, thus in 443, 4 i 


the coefficient, and 3 is the exponent of a. 

To multiply a3 by a#, or aaa by aaaa, write 
a7=aaaagaan., And to multiply 5a* by 3a?, 
multiply the coefficients 3, 3, and add the _ | 
nents 4, 2, and write 15a for the e i | 


which 1s evident. 


To multiply a3 by 57, or aaa by 23555 write 


45204, or agabbbb. Obferve that the number 3 


has no relation to the letter þ which follows, but 
8 to the letter 4 which ſtands before it, and 


| . er it is, that as is the third power 
= a, an 


4 the fourth power of þ, c. 

To multiply 443 by 352, write 124554. And 
to multiply 1243 b+ 1 5 c*, write 60a be; and 

to multiply 643 * b 44⁴b5⁶ multiply che co- 


elnicient 6 by the coefficient 4, add the exponent 


2 3 of a, the exponent 3 of 
5 to the exponent 4 of þ and the Pont x of e 
to the 1 2 of c, which will give for the 
24e = G M, & Kc 
6x4xa*xa*xb*xh? xc xc* ; but G = 24, aIxa*" 


ea, Muhs bz, e*xc* c;; and conſequently 


Exaxa xd? XDAXDIXOXE? a a bN ⁰, , 
Ves. 2y, TO 
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2b, To multiply a+b—c—d by any number 
whatſoever as 3, write 24+3b—3c==34, that is 
multiply each term by 3 without changing their 
figns. For, to multiply a+b—c—d by 3, is to 
a0 it three times to the cypher; thus 3 times 
 0þ b=c=d=0-|-a +b—c—d--aþb—c=d 4. 

abbe—c—d = 3a4-2b—3r—=3d 
| _ Whence it follows univerſally that to multiply a 
polynome a- - by any number whatſoever 


7 or |-m, we muſt multiply each of its terms by n 


_ without changing the ſigns, and for the product 
write ma--mb—mc—ma, or am bm em- dm, 
whence we may already obſerve that -|- by -|- gives 
E ſince +a by +m gives -|-am, and that - by 
gives ===, ſince —=c by - n gives = cm. 
Thus to multiply -5ab%—32? c-—443 d-|-2aþ3 
by m, or En, write 5ab* n- ga n- 4a m-- 
2ab*m. And to multiply it by 3, write 1 gb 
n=94* cmo—124*dm-\-0ab* m. PERL > a 
3, To multiply a g- by 54-3, or 8; firſt 
multiply 4 hn and 8 3, without 
changing the ſigns ; which will give -5a-|-5b—5c _ 
-|-3a-|-3b—3c=80-|-8b—8c, and univerſally to 
multiply a+hb==c by -n, write am bm em 
Tan- nc. . | 
But to multiply a-|-b—c by 5—3, or 2, firſt 
multiply a-þb—c by 5, or +5 without changing 
the ſigns, and then by 3, changing all the ſigns ' 
+ into — and — into , which is done upon 
account of — 3, and this will give ga 5b—5c 
—34a=—3b4-3(=2a+2b—2c. For by multiply- 
ing a--b— firſt by 5, which gives 5a+ 5b—5c, 
we add it 5 times to the cypher, whereas we need- 
ed only to have added it 5—3 times, that is to 
lay 2 times to the cypher, whence it follows, that 
becauſe it is added 5 times in 5a-|-5b—5c, there- 
fore it muſt be ſubtracted 3 times from it in order 
| ö . 
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to have the true product, which is to be done by 
changing all the ſigns + into — and — into -g, 
and writing — 34—3b-j-3c, By which we may 
ſee that + by — gives —, ſince ＋ 3a by — 3 
gives —34 and that — by gives -|-, ſince = 
by —3 gives Age. | n 
And univerſally, to multiply a Ac by m -n, 
write am- H bm m- an -n en. And to mul- 
tiply 3a— 3b ECT | 
—4 by 47 .— 3, 34-3 b EAC d. A 
write, as in multi- 55 41 Zu. 
plication of whole wx — 
numbers the mul- 12m —-20bm em- Aam 
tiplier B under the auf I ben 3dn 
number to be 
multiply d A, then multiply each of the terms 
of the number A by the firſt term of the mul- 
tiplier, without changing the ſigns, if the term 
of the multiplier have , but changing all the 
figns + into — and — into + if the term of 
the multiplier has the. ſign —, and this will give 
for product 12am — 20bm-|-8c11 - 4dm. gan. 
i5b1—6cn-l-34n, as is evident from all that has 
been juſt now ſaid. | 
Thus the product of 24* 24 4a 
—3ab by 34—20, is 64 — 34—25 
13a abs. For —94a?b — — 
—=44*h=—134*þ. Tho' we 64 - ? 
cannot in this manner always —44bA＋ Ga 
Join WO products in one, yet — nn nr nn 
we ſhould always do it when O04@%—1 34% b1.64h* 
it is in our power, and that is | 
when the literal praducts of any number of terms 
are perfectly alike. | 


Thus 


f 
S 


Wh 


Thus che product of aa-- u 0 
ab-1-bb by a—b is a3—þ3, 
for Teal, and £ TY 


| ab*——=ab*—0. Sometimes 4 aha 
we mark the terms that are — Dann nnelpB 


wanting in a product by a . 


ſtar as may be ſeen in chis 4 1 — 


example. | | 
Thus the a- 2b Y 
product of a*2ab——h* 


42— 24. | — . 
 b* by a 41.— 23 -A ⁰ 

2ab=—b* is ＋24 b—44a*b* 2a 

a4 - 4a ⁰ | —a b* 24h) —þ* 


41 — a4 -ab fr, - 


Tomultiply x- a ane 


For the greater 


facility we write 4 „Le 


thoſe terms of D 3 b t 

the number to — — 

be multiply d A ; 23 

that have the — — 

ſame dimenſions „* zar a xX 

of x under each Daz ＋ N 

other; thus in 2a - 4 u ꝰE © 
this example we |  bbaba——2ab®* 
write 36x un- . . 
der 2ax and we + ns 
* under ; | * x 


We do the 3 hin in the product, for this t 


makes no alteration, and we have the product P, 


which we calPd ordered, with relation to the lets | 


x, For the rightly ordering of a polynome with 
relation to one of its letters x, 1t 1s needful that 


thoſe terms in which xxx is, ſtand before thoſe _ 


where xx is, Cc. = 
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We often expreſs the product of one polynome 
by another, by putting the multiplier firſt with a 
line drawn over it, thus x denotes the pro- 
duct of x3 multiply*d by a—b, which is ax*— 
bus. Thus a:—34Xax—xx denores the product of 
ax—xx by ac-bd. 


(176.) © 


Since the law of the ſigns is of the greateſt im- 
rtance. in the calculus of polynomes, beſides 
what we have hitherto ſaid in relation thereto, 
which yet might ſatisfy even mathematical rigor, 
we ſhall conſider it with a more particular atten- 
tion, and give a demonſtration of it, not drawn 
from foreign helps, which would not appear ſo 
natural, but deduc'd immediately from the pri- 
mary definitions and operations of arithmetic. In 
the firſt place therefore it muſt be well obſerv'd, 
that the cypher or nought is, as we have already 
ſaid, the centre or term where the polynomes 
part, and tho' not expreſs'd, it is always under- 
ſtood: Thus 3 or -|- 3, for — is the 
ſame thing as o+3, and — 4 the fame thing as 
0-4 3 whence it follows, that, that which we be- 
fore calPd a monome either poſitive or negative, 
is a real and true binome, of which the cypher 
or © is the firſt term. Whence it very plainly 
follows, 8 

ft, That to add a monome poſitive as 1-3 to 
any other number whatſoever as a, we muſt write 
a-\-3, and to add to it a monome negative as —4, 
we muſt write 4—4, without changing the ſigns 
of theſe monomes. For to add the monome —4, 
or which is all one the binome 04, to a, we 
muſt firſt add o to it, which gives at , but we 
have now added 4 units too much to it, ſince 


reer we = * = 


Agens. 12 
0-4, is 4 units leſs than o, we muſt therefore take 
away theſe 4 units, and write a0 424.4. 
2ly, That to ſubtract a poſitive monome, as 
＋3 from any number a, we muſt change the ſign. 
＋ into —, and write a—2. For, to ſubtract 


the number ＋ 3, or o 3, we muſt firſt ſubtract 


o from it, and this will give a—0, and then 3, 
which will give a=—=0—3 = a—3. _ 
And to ſubtra&t a monome negative as—4 from 
a, we muſt change the ſign — into -|- and write 
a4. For, to ſubtract the number — 4, or 
o—4 from the number a, we muſt firſt ſubtract 
o from it, which gives a—o, but we have now 
ſubtracted too much by 4 units, ſince we have 
ſubtracted o, which is greater than — 4 by 4 
units, whereas we ſhould have ſubtracted but — 4, 
which is 4 units leſs than o, we muſt therefore 


add 4 units to 2—0, and write a—0-|-4=a-þ 4. 


All which is evident, let the number 4 be what 


it will, ſuppoſe o it ſelf. 


We ſee plainly then, that to add a monome 


either poſitive or negative to nought, we muſt 
write it with its own ſign, and to ſubtract, we 
muſt write it with the contrary ſign. 


. 


3, Hence it follows that to multiply a poſi- 


tive monome as ＋ 4, or 0-4 by 2, that is, to 


add it 3 times to o, or as many times, and in the 
lame manner as unity is contain'd in 3 or + 3,. 
we muſt write 0-]-0-|-4-|-0-+ 4-+0-|-4=+ 12. 
Thus -|- 4 multiply'd by ＋ 3 gives -|- 12, and 


therefore -|- by ＋ gives +. | 


And to multiply a negative monome as — 4 or” 


0-4 by + 3, that is, to add it 3 times to nought, 


we muſt write 0-|-0—4-|-0-—4--0—4==--12. 


Thus — 4 multiply'd by + 3, gives — 12, and 
_ therefore = by ＋ gives —, > 


Poet And 
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And to multiply a poſitive monome as -|- 4 or 


$ 1 094, by — 3, that is, to write o- -A fo many 

| times, and in the ſame manner, as unity is in 
” — 3 but unity being ſubtracted three times from 

=== nought in — 3, therefore we muſt ſubtract o+4 

_ three times from nought, which gives o—-0—4 
. J 0.4 —12. Thus ＋ 4 multiply'd 

4 by — 3 gives — 12, and therefore -|- by — 
S gives —. - . 

3 Laſtly, To multiply a negative monome as 


f 
1 — 4, by — 3, that is, to ſubtract 0—4 from 
q nouggnht 3 times, juſt as 1 is ſubtracted 3 times from 
nought in — 3, we muſt ſubtract o- 4 three times 
from o: But to ſubtract 0—4 once from nought, 
we muſt write o- O-, and conſequently to ſub- 
tract it 3 times, we muſt write 0=0+4—0+4 
—0-|-4=-12. Thus — 4 multiply'd by — 3 
gives 1-12, and therefore — by — gives -[.. 

3ly, And ſince diviſion only andoes, what mul- 
tiplication does, therefore to divide + 12 by 4-3, 
we mult write in the quotient ＋ 4, becauſe the 
quotient -- 4 multiply*d by the diviſor - 3 gives 
the number divided -- 12. Thus in diviſion +- 
by -- gives ＋ as in multiplication. | 

And to divide — 12 by ＋ 3, we muſt write 
— 4 in the quotient, becauſe — 4 multiply*'d by 
＋3, gives — 12. Therefore in diviſion — by 
＋ gives — as in multiplication. 

And to divide E 12 by — 3 we muſt write 
— 4 in the quotient, becauſe — 4 multiply'd by 
— 3 gives ＋ 12. Therefore in diviſion {- by 
gives — as in multiplication” © 

Laftly, to divide — 12 by — 3, we muſt write 
+ 4 in the quotient, becauſe A multiply'd by 
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4 — 3 gives — 12, therefore in diviſion — by — 
. gives ＋, as in multiplication. Which ought to 


be well obſerv'd. 
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To divide one polynome by another, is no 
more than to unravel that which was by multipli- | 
cation compounded ; and, as to the ſigns, ob- 

ſerve the fame rules as in multiplication. _ 
| "Thus, 1ſt, The quotient of ab divided by 5 is 

a; becauſe the quotient 4 multiply*'d by the di- 
viſor h, gives the product ab. And 124363 di- 
vided by 4a*b is 3ab*, becauſe 3ab* x 44 b 
12455, that is, we muſt divide the coefficient 
12 by the coefficient 3, and the product 4 535, 
or aaabbb by the product a*b or aab, by ſtriking 
out of the number to be divided all the letters of 
the diviſor, Thus 154*bc* divided by 3abc is 
Sac. 5 OF 
/ . When the coefficient of the number to be di- 
| vided cannot be exactly divided by the coefficient 

of the diviſor: or that all the letters of the divi- 
ſor are not in the dividend, the quotient is a frac- 
tion, -of which we ſhall treat further on. Thus 
sabe? cannot be exactly divided by 44. 

2!y, The quotient of am bm Cem - dm by m 
is abc -d, becauſe a- C- 4, multiply'd 
by m, gives am bm Cem um, that is, we muſt 
ſtrike out the diviſor n from each member, with- 
out meddling at all with the reſt. | 

Thus the quotient of am Em or am Im di- 
vided by m is a1, becauſe a+ 1xm—am-1m 
and the quotient of am— is 4a—1 for the fame 
And when the diviſor cannot be ſtruck out of 


each term of the number to be divided, the divi- 


ſion cannot ſucceed as before; thus, am md 
cannot be exactly divided by . But 124a*h— 
15a3bcd-gabc3 divided by gab is 443 — g 4-3? 
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When the coefficient of each term of the num- 
ber to be divided cannot be exactly divided by the 


_ coefficient of the diviſor, the quotient cannot 
come out in a whole number. Thus we cannot 


divide 10a*þ—15a* bc-l-gabc* by 3ab, fo as to 
have the quotient a whole number, becaufe the 
coefficient 10 of the firſt term cannot be exactly 
divided by the coefficient 3 of the diviſor. And 
alſo when the literal product of the diviſor can- 
not be ſtruck out of each term of the number to 
be divided, then neither can we have the quotient 
in a whole number. Thus we cannot divide 
12a*þ—154**gabc* by gab, becauſe ab can- 


not be ſtruck out of the product ac the ſecond 


term of the number to be divided. The fame in 
others. 5 


Whoever will make himſelf a perfect maſter of 


the operations following, in which it has been im- 


poſſible for us to expreſs ſeveral circumſtances 


which do not diſcover themſelves but in the actual 
carrying on the operation, muſt read them with 


his pen in his hand and practiſe upon the ſpot as 
he is there directed, of which we here advertiſe 
him once for all. e 
zu, To divide the polynome A by the poly- 
mone D. NY 5 


I follow the order 64% —159%h4-9aþ* A 


preſcrib'd in the di- 8 «= - . 


viſion of whole num- * 2422 —345 D 
„ e 
I put the diviſor — — 
D under the divi- — 0a? b-{-9ab? 


dent A, at divide . 
the firſt term 64* or {643 of the dividend, by 
the firſt term 24* or 24? of the diviſor, the 


quotient is 3g or 3a, which I put under the di- 
viſor as at . ris ET” + 
5 I mul- 
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1 multiply the whole diviſor 24*—3ab by 3a, 
and ſubtract what comes out from the dividend in 
order as I go on after this manner, viz. 24 3 
make +643 and +643 ſubtracted fromm 
1-647, remains nothing (“ for, to ſubtract * 176 
64 from 4 we muſt write {-643—643 —0) 
gab 3a makes — 9a, and - 9a b ſubtract- 
ed from 154*b, remains — 64, which I put 
underneath (for, to ſubtract —64? from - 154 , 
we muſt write —154* b4-ga*h—64?b. : 
I bring down gab and begin the operation 
again, I divide —6aab by 2aa, the quotient is 
—36, which I put in the quotient as at Q I mul- 
tiply the whole diviſor 2424 — 3ab by — 3b, ſay- 
ing T2 — 350 makes —baab, and 64 ſub- 
| tracted from —- 64 remains o (for, to ſubtract 
622 from -a we muſt write - 64 b--64?b) 
 =3abx—36b make -9abb, and abb ſubtract- 
ed from abb remain o (for, to ſubtract {-9gabb 
from 9abb, we muſt write Ca- gabb o). 
And becauſe nothing remains the operation is 
finiſhed, and the quotient is 3a— 3b, as is evi- 
dent, and which may be prov'd by multiplying 
this quotient by the diviſor 24a gab, for then, 
there will come out the dividend A. 
4, To divide a3 —4? or aaa—bbb by ah, I 
proceed in the ſame manner. 


I divide aaa by a, the quo- aaa—bbb A 
tient is aa, I multiply zD5k : _ 
by aa, faying aax a ab D 


and aaa ſubtracted from aaa, aa ab % Q. 
or aa - aa e O. - X- —— 
Saab; and -aabò ſubtract- —aab—bbb 
ed from - remains —bbb H＋Haab -b 
AHAaab, or aab bbb, which . 
I put underneath. For, to ſubtract one monome 
from another, we muſt change the ſign of that 
we would ſubtract. e I di- 
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I divide | aab by --4 the quotient is 1 
which I put down. 1 multiply a—b by 
faying ax ＋Cab Saab, and Saab ſubtracted = 
-aab remains o. = bx j-ab——abb, and —abb 
ſubtracted from -, remains —bbb-+ abb, or 
—abb—bbb which I put under. 

I divide -þ44b by a, and I find - which 
J put in the quotient, then I multiply a—+ by 
bb, ſaying ax C- abb, and {-abb ſubtract- 

from +abb, the remainer is --abb—abhb=0. 
ab A= -b, and —bbb ſubtracted from 
b, the remainer is —bbb bbb o. 

And becauſe there is nothing remaining, the 
quotient is exactly az--abj-bb, which proves it 
ſelf by multiplying this quotient by the diviſor 
a—b, for we ſhall find the product to be the di- 


vidend aaa bbb. | 
4, To divide 3 
— A 

by 44-245 — bb » A eee 
: : 424— 22 5 = Dh — K 6 8 


— — n 2 Ow” —_— i a At oo 44 ab 


— — 


— aaa ab xabbb 
— Faabb. #aabb 


I divide 1aaaa or 4 aaaa by Jaa, and the 
quotient is ag or aa, which I put under the di- 
viſor, then I multiply each term of the diviſor 
by the term aa of the quotient found, ſaying, 
+aax jaa—-|-aaaa which muſt be ſubtracted 
from the dividend, which I do by ſtriking out 
Iaaaa from the dividend when it has the ſame 
ſign, for -aaaa ſubtracted from -19aas the re- 
mainer is 144a9—4aaa=0. (Inſtead of ſtriking 
out 1aaas of the dividend, I only ſtrike out its 
cocfficient 1, and this ſhall hercafter be as a mark 

-& + | * 
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to me, that the. term whoſe coefficient is thus 
| ſtruck out, is not to be conſider'd as belonging 
any more to the dividend) I now proceed in mul- 
tiplying the diviſor, ſaying - 24h x -|-4a=—2aaab 
which muſt be ſubtracted from the dividend ; but 
becauſe the dividend” has not any term like It, 
from which it may be ſubtracted, - therefore it can 
be done no otherwiſe than by putting it to the 
dividend with the contra 9. ſo that I write 
—2aaab under 4aabb, an 1 then I proceed again 
in multiplying the diviſor, ſaying 2 — ＋aa = 
— aabb, which I ſubtract from —44abb of the di- 
vidend, and I have remaining — gaabb, which, 
after having ſtruck out - 4aab, I put underneath 
(for, = 1aabb ſubtracted from —4aabb, remains 
. —44abb-Iaabb—— 3aabb. 

And beginning the operation again, I divide 
—2aaab by aa, and find —24b, which I put in 
the quotient, and then multiply each term of the 
diviſor by —2ab, ſaying +aax — 24h=—2aaab, 
which I ſubtract from the dividend by ſtriking 
out its term —24aas, affected with the ſame ſign. 
(for 2aaab ſubtracted from = 24aaab remains 
aa. La, o) Igo on with the multiplicati- 
on of the diviſor, ſaying 1-24bx—2ab—=—4aabb, 
and = 4aabb ſubtracted from — 3aabb remains 
laabb, which, after having ſtruck out — 3aabb, I 
put underneath (for, to ſubtract the number—q4aabb 
from — gaabb, we muſt write —3aabb-j-4aabb— 
raab) Inow proceed with multiplying the divi- 
ſor, ſaying —bbx—2ab =-2abbb, and -|-2abbb 
fabcrafied from -4abbb remains 2abbb, which, 
after having ſtruck out 4abbb, I put underneath. 

And beginning the operation again, I divide 
+ 1aabb by aa, and finding bb, I put = in 
the quotient, and then multiply the adviſor by 6b 
(and ecauſe the product of its firft term aa which 


7 have | 


* 
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J have us'd as a diviſor, by the quotient T5 
found by its means, 1s always the . ſame term 
Tiaabb that was divided, I paſs by the multipli- 
cation of the firſt term, and ſtrike it directly out 
of the dividend, and this may be practis'd univer- 
fally in all cafes, and is an abbreviation of great 
importance, and to be well obſerv'd) I therefore 
ſtrike out 1aabb, and go on to multiply the 
reſt of the terms, faying -|-2abx—+bb=2abbb, 
which I ſtrike out of the dividend, as being af- 
fected with the ſame ſign, —bbx TL bbb, 
which I ſtrike out of the dividend alſo, as being 
affected with the ſame ſign, and the operation is 
 compleated. ”. 
55, To divide ofxxx—aacſxx—bbcexx—3bbef 
xx--aabbcx | 3aabbfx--3bbbbcx—3aabbbb by cx. 
—aa. | 15 

I order this product in regard to the letter x, 
whoſe dimenſions are the higheſt, by putting thoſe 
products where x 1s raisd to the ſame degree, un- 
der each other, which makes no alteration in the 

number to be divided, and I have 


A. zcfxxx I xaabbex 
— raarfxx I $aabbfx 
— zbbccxx , ybbbbcs 
— 3bbcfxx — Jaabbbb 


» 


by D. cx—as 


Q. cfxx—bbcx4-3bbbb 
— Zbbſs _ | 

And for better diſtinction I put the diviſor 
cx—aa underneath ; I now divide +-1ccfxxx by 
cx, and the quotient is -efxx or r, which I 
put under the diviſor. I ſtrike out 1ccfxxx of the 
dividend, and begin the multiplication by the ſe- 
: cond 

N 
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cond term of the diviſor, ſaying aa. LS = 
—aacfxx, therefore I ſtrike —1aacfxx out of the 
dividend. 9 his a + 

I now divide —1bbccxx by cx, and the quotient 
is —bbcx which I ſet after cfxx, and ſtrike out the 

term —1bbccxx, then I multiply by the ſecond 

term of the diviſor, ſaying - aa - aa 
Lbcx, which I ſtrike out of the dividend (as having 
the fame ſign ). 188 
1 next divide —3bbefxx by cx, and find the 
quotient - g, which I ſet under - and 
ſtrike out the term — gif, then multiplying 
—aa by —3bbfx, I have +-3aabbfx which Iftrike 
out of the dividend, as being of the ſame ſign. 

Laſtly, I divide 3hbbbcx by cx, which gives 
3bbbb,thisI put after bbcx, and ſtrike out-|-3bbbbcx, 
then I multiply —aa by -1-344þbb, and I have 
— 2aabbbb which I ſtrike out of the dividend, and 
becauſe there is now nothing remaining, the exact 
quotient is 1 bbcx—3bbfx-1-3bbbb. 

6'y, To divide 20aaxx1-2abxx—bbbxx—5accsx 
— 3bccx{-4addx—ccdd—2bd* x by 4ax—2bx—cc 


2044XX — FAarcx 

+I 2abxx — 3bces 
— Gbbxx + Aaddæ 
＋ 12abxx — 2bddx 
| — 1ccdd 


m "5 Un 


—_— Oy. 


 - dana" cc 
Q 5ax--3bx + dd 


I order the product with regard to the letter x, 
and divide 2042xx by 4x, whoſe quotient is 5x, 1 
ſtrike out 20aaxx, and multiply —2bx by -;ax, 
and I have —10abxx, which I ſubtract from 2abxx 
and there remains -{-2abhxx-10abxxz= -I _— 
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which I ſet in the dividend, and ſtrike out 
-12abxx. Then Igo on in multiplying the diviſor, 
ſaying —cc by {-;zax=—5accx, therefore I ftrike 
 —5&ccx out of the dividend. - 8 
Becauſe -& cannot be exactly divided by 
Hax, I miſs it and divide {-12abxx by 4ax, 
and I have +3bx which I put in the quotient af- 
ter 5ax, then I ſtrike out 12abxx, and multiply- 
ing —2bx by 36x, I have —6bbxx, therefore I 
now ſtrike out —64bxx from the dividend, and 
then multiplying —cc by 3bx, I have —3bcex, 
which I ſtrike out of the dividend. | 
I next divide +4addx by 4ax, and the quotient 
is dd, which I ſer down as at Q and ſtrike out 
4addx, then I multiply —-2bx by dd, and I 
have —26bddx which I ſtrike out of the dividend. 
Laſtly, I multiply —cc by dd, and I have 
—ccad which I ſtrike out of the dividend. | + 
And ſince there is now nothing remaining I 
know that 5ax—3bx+dad, by each of the terms 
of which I have multiply'd the diviſor 4ax—2bx 
cc, and whole products I have ſucceſſively ſub- 
tracted from the dividend, 1s the quotient requir'd. 
If any one would exerciſe himſelf farther in the 
diviſion of ſuch polynomes where the exact quo- 
tient may be found, which is a thing of very 
great importance, he may chooſe any two poly- 
nomes he pleaſes, and multiply one by the other; 
and then if he divides the product by either of the 
polynomes that compos'd it, the other will come 
out in the quotient, and thus he may form for 
himſelf as many examples of this fort as he pleaſes. 
We now go on to give an example of diviſion of 
polynomes where the exact quotient cannot be 
found, and as this is of great uſe in Analyſis it 
ought to be well underſtogd. 


, To 
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7, To divide A by D. 
A. * -I +1 puxl-qu 
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I firſt divide x+ by *, and there comes out 
x* for the quotient, which I put underneath, I 
Arike out 1x+ and multiply fx by -, which 


gives fx? which I put in the dividend with the 


contrary ſign, viz. —fx3 and under Su , then 

I multiply ＋g by +-x*, and I have gx?, which 

I put in the — . with the contrary ſign under 
XZ. 

Then I divide nx 3 by -x?, and there comes 
out +xx for the quotient, "_ ſtrike out TIA. 
un a tiply fs by Tux, and I have fu which 

I put in the dividend with the contrary ſign. I 

multiply ＋g, the remaining member of the divi- 

ſor, by ux and I have +-gax, which I put in the 

dividend with the contrary ſign. 

Then I divide — fx? by x and I have — , 

which put in the quotient under xx, and ſtrike 

out —1fx*. I then . x the ſecond mem- 
ber of the diviſor by — fx, and I have which 

I put in the 1 — with te contrary ſign, and 

— 7 +8 the laſt number of the diviſor by 

— fx, have — gx which I put in the divi- 

* with che — * — + *. 1 
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I next divide {-px?—gx*— fur -, by , 
and there comes out rg — u- =, which I 
write in the quotient one under another after the 
other terms, and ſtrike out all thoſe terms, vix. 
Pr -g u 4fx*, from the dividend, then 
J multiply all thoſe terms juſt put in the quotient 
by Af of the diviſor, and ſubtract them from 
the dividend hy putting them there with contrary 
ſigns. Laſtly, I multiply all theſe ſame terms of 
the quotient by -|-g of the diviſor, and ſubtract 
the products from the dividend by putting them 
there with contrary ſigns under 7. 5 

And becauſe the terms which remain in the 
dividend cannot be divided by x*, the operation 
for whole numbers is finiſhed ; but if the remainer, 
that is, all theſe terms which are not ſtruck out 
of the dividend, be made the numerator, and the 
diviſor the denominator of a fraction, and this 
fraction be join'd to the precedent quotient, theſe 
taken together ſhall be the exact and perfect quo- 

tient requir'd. ö 


(4789 * 


To raiſe a polynome lo any power requir d, we 
muſt follow the rules of the compoſition of nu- 
merical powers. | 
Thus, ©, The firſt power of à is a, the ſe- 

cond is aa, the third is aaa, the fourth is aaaa, Sc. 

The firſt power of zaabbb is zaabbb, the ſecond 
is zaabbbxæ zaabbb —qgagaabbbbbb or gabs. The 
third is 9a*b%x34?%b? i The fourth is 
8 148 h. And fo in others. | 10 
Ihe firſt power of a-|-b is — — 48 


The ſecond is 4a. L 2aþ4-b* 
The third 18 a3 3a g⁰αν = 


The fourth is— a*-1-44%-1-6a:þ2 1-4 ah 446 


The ffth is &|-50%-109--10a43L5aþ1441- 


And fo on, by multiplying ſucceſſively each of 


theſe powers by ab. 


For example, to form the fifth power of ab 


- whoſe fourth is already found to be 


a*1-49a%*% 4. 625 ＋ 4a 4h 34 


M. 4 —o+44a*þ + 6a 331408 a þ*+ 


| N. 88 446 4a b² 1.64%h3 ＋4ab.＋L-55 8 


„ 4-104 I- 10 be- gabe Lb | 


We muſt firſt multiply the fourth power by 4, 
which will give the product M, and then by 5, 


which will give the product N; and laſtly, adding 


theſe two products together, the ſum P ſhall be 


the fifth power requir d. And if after the ſame 


manner we multiply this fifth power by ab, we 
ſhall have the ſixth, and ſo on. et 


Since the powers of the binome a-1-h may ſerve 


us as rules or forms for the immediate diſcovery 
of any power of any polynome propoſed, we 
ſhould make them very familiar to our ſelves, 


and make ſuch obſervations on them as may be 


_ uſeful for this purpoſe ; and firſt it is obſervable 


that the firſt term of each power has never any | 
thing elſe but unity for its coefficient, and con- 


tains no other letters but a elevated to the fame 
power as the binome, viz. here to the fifth. 

It is alſo obſervable that the ſecond term of 
each power has 1ſt, for its coefficient the num- 
ber of the degrees of the power the binome 1s 


raiſed to, or the ſum of the coefficients of the two 


firſt terms of the power immediately preceding. 


2, The letter à elevated to one degree leſs than 


WW. — 
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in the foregoing term. 3 y, The letter 5 elevated 
to the firſt power. | wg 
That the third term has 1ſt, for its coefficient 
the ſum of the coefficients of the ſecond and third 
terms of the foregoing power. 2, The letter a 
elevated to a degree leſs than in the foregoing term. 
3, The letter & elevated a degree higher than in 
the foregoing term. FI 
That the fourth term has 1ft, for its coefficient 
the ſum of the coefficients of the third and fourth 
terms of the power preceding. 2h, The letter a 
elevated to a power leſs by one degree than in the 
foregoing term. 3, The letter & rais'd a degree 
higher. And ſo on to the very laſt term. 
That the laſt term of each power has always 
unity for its coefficient, as the firſt has, and con- 
tains no other letter but þ raiſed to the ſame de- 
gree as 4 in the firſt, and that the coefficient of 
the laſt term but one is the ſame as that of the ſe- 
cond term, and ſo on. "= 
That the firſt power has two terms, the ſecond 
three, the third four; and ſo on. 
That the terms of the ſecond power are, the 
ſquare of the firſt a, two products of the firſt a 
by the ſecond , and the ſquare of the ſecond. 
The terms of the third power are, the cube of 
the firſt a, three products of the ſquare of the 
firſt by the ſecond 6b, three products of the firſt 
by the ſquare of the ſecond, and the cube of the 
ſecond, and ſo in others. | 
All theſe properties may be perceiv'd at on 
ſimple view, in the actual and ſucceſſive formati- 
on of theſe powers. £ | 
3%, To raiſe the binome 3c*|-4ccd to the ſecond 
power, we may follow the foregoing method and 
multiply this polynome by it ſelf ; but we may 
do it with more advantage by making uſe of the 
= formula 
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formula aa-4-2ab-4-bb which is the ſquare of the 


binome a ==, in this manner; let the firſt term 
3605 of the binome propos d be repreſented by a, 


and its ſecond term -{-4ccd, by h; now becauſe 


in the formula, à is rais'd to the ſecond power, 
therefore we raiſe 3e* to the ſecond power, which 
gives cs for the firſt tem. 8 
The ſecond term of the formula repreſents to 
us two products of à by b, therefore ä 
the firſt term 36 of the binome by its ſecond 
term I-4ccd, which gives 12cfd, which doubled 
gives 2465 d for the ſecond term, and now I have 


9246 d. 


The third term 4b of the formula is the ſquare 
of b, therefore I take the ſquare 1 cd of the ſe- 
cond term Accd of the binome, and I have 


at laſt the ſquare requir'd, viz. 95+ 245 d 


16e+9®. 
4'Y, To raiſe the Trinome 3c3 4-4ccd—5cad to a 


ſquare. 


After having form'd the ſquare 9:5 124: d 
16 of the two firſt terms 3:3 -4ccd of the 
Trinome propos'd, I put 4 of the formula aa-l- 
a for thoſe two firſt terms 3c3-|-4ccd, and 
for the third —5;caa, I put b. 

Then the firſt term aa of the formula indicates 
that I muſt take the ſquare of the terms repreſent- 
ed by a, viz. qc ＋ 24c d. 

The ſecond term 2ab of the formula ſhews me, 
that I muſt alſo take two products of the two firſt - 
terms 3c3 + 4ccd repreſented by a, by the third 
—5cdd, which gives — 3oc dd 40 d;. 

Laſtly, The third term bb of the formula ſnews 
me, that I muſt yet take the ſquare of the third 
term —5;cdd of the polynome repreſented by b, 
and then I have ; KR 


22 8 
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And the ſum S of theſe three products is the 
ſquare requir'd, as is evident; becauſe the let- 
ters a, b, may repreſent any numbers what- 
ſoever. try ; 

The ſame method is to be follow'd to raiſe a 
quadrinome as 3c? 1 to a ſquare, 
viz. by putting a for its three firſt terms, and b 
for the fourth, and ſo on for all other poly- 
nomes. 

Gly, To raiſe a binome 3c + 4ccd to a cube or 
third power. We might follow the general rule 
and multiply this polynome twice into it ſelf, 
in which there is no difficulty, or we may do it 
by help of the formula a3 1-3a*b4-3ab* 1-63 in 
the following manner, viz. | 
Let the firſt term 3c? be repreſented by a, and 
the ſecond -4ccd by b. 5 

| And becauſe the firſt term of the formula is a 
I raiſe 3:3 to the third power, and I have 27c®. 
Then upon account of the. ſecond term 3425 of 
the formula, I take three times the ſquare ge of 

the firſt term of the polynome, and I have 2760 
which I multiply by the ſecond {-4ccd, and I have 
10894, 15 

Then from the third term 3abb of the formula 
I am directed to take 3 times the firſt term 3c? 
of the polynome, which is gc and multiply it by 

the ſquare 16:+4d of the ſecond 4:ccd, and this 
gives me 144 dd. l 5 
Laſtly, The third term 4? of the formula di- 

=» rects 
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rects me to take the cube of the ſecond term ccd, 


which is 640 . 


And the ſum of all theſe products, viz. 270% 
+1086*dþ144574* + 64554? is the cube re- - 


EF quir'd. 


6'y, To raiſe a trinome 36" 4ced—5odd to a 


cube. 


Let the two firſtt terms 3c3 Ad be repreſent- 


| ed by a, and the third term —5cdd by b, and 4 


13a? b-1-3abb-j-63 the formula to be us d. 
The firſt term a? of the formula directs me to 


5 take the cube of the two firſt terms which was be- 


fore found to be 270+ 1086%d4-1446" d* +64 
£087, 

The ſecond term 3aab of the formula directs me 
to take the ſquare ge 24 d TCC of the 
two firſt terms, which I form ſeparate, this 1 
multiply by —15cdd the triple of the third term 
—5cdd, and 1 have — 356" 4 e e | 
4 

The third term 3abb of the formula directs me 


| to take the triple 9c3-|-12ccd of the two firſt 


terms of the polynome, and to multiply it by the 
ſquare 25ccd# of the third Seda, and this gives 
+2255 d=. 300ctds. 

Laſtly, The third term of the formula directs ; 


3 me to take the cube of the third term sc, 
which is — 12.3 d. 


I now add all theſe products i into one ſum, and 


| I have27c* ETOS d 29 1d 


＋ ZOO d- 1296 4. 
7, The fame method is to be follow'd to raiſe 


| aquadrinomeas 3c +4ccd—5cdd--24® to a cube, 


viz. by putting 4 = the three firſt terms, and þ = 


the fourth, and ſo on for all other polynomne 
whatever. | 
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After the ſame manner we may raiſe any poly- 
nome to the fourth power, by making uſe of 44 


4a þ4-6a?b* Aab 1-b+ as a formula, and to the 
fifth Power by uſing a*-rga*b-rioa? b* Ia 


. 


--52b+-1-b5 as a formula, and to any power, by 


_ uſing ſuch power of ab as a formula. 


We often expreſs the power of a polynome, by 
drawing a line over the terms, and at the end of 
it putting the exponent of the power. 

Thus a+ b ; abb—c „Sc. denote the ſe- 
cond powers of the polynomes a-|-b, ac, &c. 
And a 5 4 5 c denote the third powers, Sc. 
And ab 2 aþ-b—c denote any power what- 
wan 5 : | 
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To extra#t the root of a polynome, we muſt order 


its terms with relation to ſuch of them whoſe pro- 


$*d roots we can extract with the greateſt caſe, 
and then we mult follow the ſame rules laid down 
for the extraction of the roots of numerical quan- 


ns. - - 


1. To extract the root of one term, we muſt 
extract the root of its coefficient, and divide each 
of the exponents of its letters by the exponent of 


the degrees of the root propos'd. When this 


rule cannot be put in execution exactly, we can- 
not extract the root of the term or the monome 
—_— —.L- Po = 
Thus we find that the ſecond root of a? or 14* 
is 147, by extracting the ſquare root of the coef- 
ficient 1 which is 1, and dividing the exponent 2 
by the exponent of the ſquare root which is 2, 
and we have in effect axa Sa, Thus the ſquare 
| - root 
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root of gabe“ is 3a%b*c?, by extracting the 
ſquare root of 9, and taking the half o ß 
each of the exponents; * 3a*bc3x3a*bc? 178 
| =9a#*h*c5, But we cannot extract the 
ſquare root of abe nor of gabe, becauſe 
we cannot extract the ſquare root of the coeffi- 
cient 7, nor divide the exponent 5 by 2 exactly 
without a remainer. 
Thus we may know that the third or cube root 
of 423 or 143 is 1 a1 or a, that of 27a is 3a, 
that of 84 dꝰ is aa, Fc. by extracting 
the cube root of che coefficient, and dividing eve- 
ry one of its exponents by 3. That the fourth 
root of 4“ is a, that of 164% is 2a, that of 8 14 
bc 18 3a bes, or 3a, Cc. And thus it 1s 
with other roots ad infinitum. 

But it muſt be obſerv'd that we can never ex- 
tract the ſecond, fourth, ſixth, eighth, c. root 
of a negative term whoſe exponent is an even 
number, as the ſquare root of —9 for inſtance. 
For the root of this is not +3, becauſe +3 x +3 
iq; nor can it be ==3, becauſe —3x—3=+9, 
and not —9. Thus the ſquare root of —a* is 
neither +a, nor —a. Thus the fourth root of 
— 42+ is neither —a nor +a; nor the fourth root 
of — 44s, either —abb or +abb, and ſo in all 
other even roots of a negative number. The even 
root then of a negative monome is a number im- 

poſſible or imaginary. „ 

However we may obſerve at the ſame time 
that a poſitive monome has always two even roots, 
one poſitive, the other negative. Thus the ſe- 
cond or ſquare root of 9 or +9, is 4-3, and —3, 


becauſe +3x+3 =9, and —3x—3==7+9. Thus 


the fourth root of 16 is 4-2 and — 2. Thus the 
| ſecond root of 9a4h*c* is 3a bes, and — 3a b. 
And the ſame in others. 
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But the caſe is not ſo with odd roots, that 1s, 
with thoſe whoſe exponent 1s an odd number, for 
the third root of 4-27 is truly 4-3, but it cannot 
be —3, for —3x—3=—9, and -g9x—3=—27, 
and not 4-27, from whence we may learn that 
we may always extract the odd roots, viz, the 
third, fifth, ſeventh, Sc. of a negative term, 
and that ſuch roots will be always negative. Thus 
the third root of —8 is —2, that of —a? is —a, 
that of —27454þ3,* is —3a*b"&, Sc. which 
- ought to be well obſerv'd. WW 5 
II. To extract the third or cu root of the 
polynome A. After having ordered its terms 
with regard to the letter y, and put them under 
each other for the greater convenience. 

To find the firſt | 
term of its root, I A. 27ys 


extract the third or —g4cy5 | 
cube.root of its firſt 144? yt ＋- 10865)“ 
term 2756, which is 1525 — 144 
3), this I put un- . 
derneath as at R. 1 - 


T0 finck the ſe- ＋ 64% 
Soil term, I ſub- BS | 8 
tract the cube 2755 R. 352 — 2c Ac 
of the firſt term 5 5 * £ 
already found, and oe 4 
take the ſquare 954 of the firſt 3yy,, which I mul- 
tiply by the exponent 3 of the root propos'd, 
and it gives me 27y+ which I put down ſome- 
where as at S. Then I divide the following term 
—54cy* of the polynome A by S (279+), which 
gives me —2cy, this I put in the root at R. 
To find the third term, I form apart the 
cube 27y*%—54cy*|-36ccyt—8c3y3 of the two 
firſt terms of R already found, and ſubtract it 
from the whole polynome A, putting the re- 
q- . 1 5 mainers 


, 
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mainers -|-108c? yF —144c34? at the ſide. Then 
I divide the firſt term 1o08ccy#* which remains 
of the polynome A, by the firſt term 27y# of the 
triple of the ſquare of the two firſt, which is al- 
ways equal to S, and I have 4cc which I put at R. 

To find the fourth term, I form apart the 
cube of the three firſt, and ſubtract it from the 
whole polynome A, I divide the firſt term of the 
remainer by S, and the quotient is the fourth 
term, and ſo on. 8 1 

To ſhorten this work, inſtead of forming the 
whole cube of the three firſt terms which we are 
to ſubtract from the whole polynome in order to 
find the fourth term of the root, as we did juſt 
above, I make uſe of the formula a -3a*bþ 
3ab* 4-3, where a? repreſents the cube of the two 
firſt terms of the root already found. 3aab the 
triple of the ſquare of the two firſt into the 
third, which we may eaſily form, as may be ſeen 
at M. 3abb the triple of the two firſt into the 
ſquare of the third, as may be ſeen at N. And 3 
the cube of the third, as may be ſeen at O; then 
take the ſum P of all theſe products which I ſub- 
tract from what remains of the polynome A, and 
if nothing remains, as it happens in this caſe, 
the operation 1s finiſhed, and I know that the po- 


* 


lynome R is the exact root requir'd. 


| M. I08,?y#— 14453 y3 + 486) 
N. OF eee  —— + 144cty*—=g6ciy : 


—— 


_— 


P. 1086? yJ*—144c? 93 + 192cty *—96c $3 .-6465. 


The fame method is to be follow'd in finding 
any other root whatever of à polynome A pro- 
pos'd. Thus if we were to find the fifth _ 

i ES | or . 


_ — 93 7 7 
5. Sm hg, 5. 
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for example, we muſt extract the fifth root of its 
firſt term, and we ſhall have the firſt term of the 
root of the polynome. Then we muſt multiply 


the fourth power (viz. a power leſs by one de- 


ree than that whoſe root we are extracting) of 
this firſt term by 5 the exponent of the root re- 
quir'd, and we ſhall have the diviſor 8, Sc. fol- 
lowing exactly the rules laid down for numerical 
quantities. | 2 IS 
III. To extract the ſquare root of the poly- 
nome A. ES 
We may follow A. 96“ 
the general rule, but ＋ 246 d 


we may alſo make — 14d —30c*q* 
uſe of the rules par- — 4. d3 136,343 
ticular to this root, 2— 732d“ 48c7 “ 
viz. thoſe we made =——=00c d; 


uſe of for the ex- 36 ds 


traction of the ſquare R. 3,3 Ac deed GT 


root in numbers. S. 6c Sc. -o 
Thus, 5 3 = 
To find the firſt term of the ſquare root of the 


polynome propos'd A. I extract the ſquare root 


of the firſt term 9c5 of the polynome, which I 


{ſtrike out by drawing a ſhort line through the fi- 
oure 9 the coefficient, and I have 360 which I 
— 6 Ft >. 

To find the ſecond term, I double the term 


found, and I have 653, which I put under R at 


S; I divide 2465 by S (6:3) and there comes out 
A＋Accd which I put in the root R. I ſtrike out 
2460 d and ſubtract the ſquare 16c*dd from —14 
c+dd which I ſtrike out, and there remains —30 


cd? which put at the fide. And by thefe means 


I have ſubtracted from the polynome A the ſquare 
of 3c, two products of 3c? into 44rd, and 
the ſquare of --4ccd, that is, the whole * 

5 A : 0 
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of the two firſt terms R (3:3--4ccd) already 
found, 71 | 
To find the third term, I double the terms al- 
ready found R (3c3+a4ccd) and I have 8 (663, 
＋ ccd) I divide — goc*dd by 6c?, and I have 
 —5cdd, which I put in the root at R and ſtrike 
out —30c#d?, which is the product of 6:3, or 
the double of 360 by —5cdd. I multiply again 
I8:cd by —5cdd, and I have — 40c* d which 
I ſubtract from —4c343 which I ſtrike out, and 
I have {-36c3d* which I ſet at the ſide. Laſtly, 
I take the ſquare 4-25ccd® of gedd and ſubtract 
from 73ccd+ which I ſtrike out, and there re- 
mains —48ccd#* which I put at the fide. Now 
by theſe means I have ſubtracted from the poly- 
nome A, the ſquare of the two firſt terms, two 
products of thoſe two firſt terms into the third, 
and the ſquare of the third, that is the whole ſquare 
of the three firſt terms. St 
To find the fourth term, Idouble - gcadd, and 
I have —1ocdd which put down at S. I divide 
36c343 by 6c3 and I have 64* which I put in the 
root R, and to finiſh the diviſion I ſtrike out 
2-36 ds, and fay + 8c* dx—bd?3 Ac 4+ which 
Il ftrike out: TCA Cd =3645 which I ſtrike 
out. And by theſe means I have ſubtracted from 
the polynome A, the ſquare of the three firſt 
terms of the root R, two products of thoſe three 
firſt terms by the fourth, and the ſquare of the 


fourth term, that is to ſay, the whole ſquare of 


the root R as the general rule preſcribes. And 
becauſe there is nothing remaining, the work 1s 
finiſhed, and I know that R (360 +4ccd—5cdd 
643) is the ſquare root requir'd, as is evident. 
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To find the greateſt common diviſor of 22 two 
quantities. We muſt order them with relation 
to one of their letters, and then follow the rule 
before laid down for numerical quantities, which 
is, to divide the firſt by the ſecond, till we come 
to a remainer that can no longer be divided by 
the ſecond; then to divide the ſecond by ſuch re- 
mainer, and this remainer by the next new re- 
mainer, and ſo on till we come to a remainer that 
will exactly divide the preceding one, which laſt 
will be the greateſt common diviſor requir'd. 

But becauſe theſe diviſions cannot often be gone 
thro' with ſuch diſpatch as we could wiſh, to at- 
tain this in ſome meaſure, the following remarks 
will not be unuſeful. Thus, . 

I. To find the greateſt common 24a Cc. A 
diviſor of 244 Dc. A. and 16aab+d. 16d. B 

B. I find in the firſt place the 832 53. D 
greateſt common diviſor 8 of their ' | 
coefficients 24 and 16, then I take the product 
aab3 of the leaſt powers of all the letters com- 
mon to both A and B, to which I give the num- 
ber found 8 for a coefficient, and *tis plain that 
8aab3, which I deſign by D, is the greateſt com- 
mon diviſor of A and B, from whence I obſerve 
Iſe, That when we have divided both A and B 

by any one of their common di- 
viſors, as 4ab, the greateſt com- 243 Dc. A 
mon diviſor E of their quotients 164254. B 
M. N. ſhall not be the greateſt 24 b.. E 
common diviſor of the two firſt A 644þ»c. M 
and B, but the product of E by 4s b3d. N 
the common diviſor 446 ſhall be it, | 
as is evident. . | 

| 2, That 
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215, That if we multiply the quantity A by 
any other quantity 5c, which does not contain a 
diviſor of the quantity B, then that which comes 
out, vig. 1204 8 which I call P, and B, ſhall. 
have the ſame greateſt common 4 D that A 
and B has, which is alſo evident; but this could 
not have happen'd if we had multiply d A by 6e 
or by 5d, becauſe 6c is a multiple of 2, one of B's 
diviſors, and 5d is a multiple of d, one of B's di- 
viſors. 
3, If we divide the quantity A by any one of 
its diviſors c which is not in B, or the quantity B 
by any one of its diviſors d Which is not alſo a di- 
viſor of A; then the greateſt common diviſor of 
the quotient F ſhall be the ſame, 
wiz. D, as that of A and B, all bee 
which is evident. Thus theſe mul- 164*b*d B 
tiplications and diviſions neither in- 244 F 
creaſe nor diminiſh the greateſt 164*b6+ G 
common diviſor of two quantities, 
and will wonderfully contribute to the finding at--. 
it in this tentative method. 
II. To find the greateſt common e 1 | 
two polynomes A and B. | 01 


A. E58 —176x%þ18998—n05e 
+21 
B. x!*—12x* + 54x — r. Liesrca86 


C. — * & —284＋- 35” —14 
D. —xj+7x* —14x* 7 To: 156 


After having ordered them with * to the 
letter x, that is, after having ſet them in ſuch 
manner that the higheſt power of x ſhall ſtand 
firſt, and the reſt follow in order as they leſſen. 
1 divide the firſt A by the ſecond B, and I find 
the * to be xx—1, which I Ret, 
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and the rechainer to be C; now becauſe this re- 
mainer cannot be divided by B, I divide B by C, 
and find the quotient to be — xx 3, which I neg- 


lect, and the remainer to be D. I IF vide C by D, 


and becauſe nothing remains, I know that D is 


the greateſt common diviſor of the polynomes A. 
B. as is evident from the rules of numerical quan- 


tities. | 
III. To find the greateſt common diviſor * A 


and B. 
. zs . SOL 56 
B. —12x*4-30x — 18 


3 
＋ „ —4x* þ 2 
—{x FIOx — 6 
2K 3 5X — 3 
—2X* ＋ 8X —IOx＋4 
＋3* — 7* 4 

—6* + „ 

— * ＋— 1 

K. T3 ＋ 3 


I conſider that all the terms of the two poly- 
nomes A. B. are multiply'd by 3, therefore I di- 
vide them all by 3, which I put down by it ſelf 
as at z, and I have the polynomes C. D. with 
which I am now to wank. And after having 
found their greateſt common diviſor, I muſt multi- 


ON 


ply it by 3, agreeable to the firſt remark foregoing. 


I conſider again that all the terms of D may 


be divided by 2, I therefore divide D by 2 and I 


have E. I neglect this diviſor 2, becauſe 2 is not 
a diviſor of A, agreeable to the third remark, and 


then I am to divide C by E. 


But becauſe the coefficient 1 of the firſt term 


x3 or 1x? of C, cannot be exactly divided by 


the coefficient — of E, and the number 2 1s 
neither 


Of Algebra. = 
neither a diviſor nor a multiple of any diviſor of 
E, therefore I multiply C by —2, which neither 
augments nor diminithes their greateſt common 
_ diviſor at all, according to the ſecond remark, 
and then in the room of the polynome C, I have 

the polynome F. = =» 

I divide F by E, and find the quotient x, which 
I neglect, and the remainer G, may be again di- 
vided by E. But in order to do this, becauſe _ 
the coefficient 3 of the firſt term of G cannot be 
exactly divided by the coefficient —2 of E, there- 
fore I multiply G by —2, and I have H. 

I divide H by E, and find the quotient 3, which I 
neglect, and the remainer I, which cannot any more 
be divided by E. becauſe the dimenſions of x in the 
firſt term of I are leſs than thoſe of & in the firſt 
term of E. | | ; 
Il divide the precedent remainer E by the laſt 
remainer I, and find nothing remains. 
L.aſtly, I multiply I (=x+1) by the common 
diviſor 2 (3) found at firſt, and the product K 
(—3x4-3)isthegreateft common diviſor of Aand B. 

IV. To find the greateſt common diviſor of 
3 5 - and adb - acd. N 

Theſe polynomes being ordered in regard to 
the letter b. I obſerve, iſt, that the letter a, be- 
ing found in every term of theſe two polynomes, 
is One of their diviſors, therefore I divide them 
both by a, which I ſet by it {elf at 
2, and the two polynomes with 35 — 432 
which I am now to proſecute the adb ad 
operation, are aabb—aacc and db . a. | 
—cd; and when I have found @* b*m—q?* 
their greateſt common diviſor, I db —4d 
am to multiply it by a, in order 5—42 
to have the greateſt common divi- = 55 — 
for of the two polynomes pro- ab —ac 
pos' d. - L ob- 
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I obſerve au, that all the terms of the poly- 
nomes aabb—aacc having aa for a diviſor, this 
polynome may be divided by aa, I divide it 


therefore by aa and J have for quotient bbh—=cc ; 
but becauſe aa is no diviſor of the other poly- 


nome db— cd, I do not put aa by it {elf as I did 
a before, but neglect it. I obſerve alſo that all 
the terms of the polynome ab- cd having d for a 


_ diviſor, the polynome it felt may be divided by 
d, which I therefore divide by d, and I have for 


uotient þ—c ; but becauſe þ is not a diviſor of 
= other polynome bb—cc, I neglect it. I now 
divide bb—cc by -c, and finding no remainer, 
I multiply — by the diviſor @ before reſery'd 
and ſet down at z, ſo that ab—ac is the greateſt 
common diviſor of the polynomes propos'd, as is 


evident. | 


If c had not been an exact diviſor of 55—cc, 


then, becauſe b—c is a polynome whoſe terms are 


ſimple quantities, the two polynomes propos'd 


would have had no other greateſt common divi- 
ſor beſides à found by the firſt part of the ope- 
ration. 3 

V. To find the greateſt common diviſor of the 
polynomes A. B. Becauſe theſe polynomes have 
no monome for a common diviſor, I divide the 


| ſecond B by 2, which gives me C. Then I di- 


vide A by C, but in order to this, I conſider 


that the two firſt terms aaxx—ccxx of A, where 


* is of the fame degree, may be reduc'd to this, 
ViZ. aa ccxx, and the two firſt terms 24x—2acx 
of C, to this, viz. 24=2acx, 


A. aaxx 


Of AE. 


A. aaxx ccxx-Aaαc e . 

B. 4aax - 4acx— 2a 203 

C. 2a — 2c -c oC}. 
Ae 

D. anx ＋ (XX—acc — 4 

E. 24x — cc Z 

F. Xxx c 


I next try if the coefficient aa—cc of the firſt 
term A 1s an exact diviſor of the two polynomes 
A and C, and finding that it is not, I then try 
whether the coefficients aa cc, and 244—2ac of 
their firft terms have not ſome common diviſor 
which may exactly divide the two polynomes A 


and C. In order to this I ſeek, by help of the 


{ foregoing rules, the greateſt common diviſor of 
the coefficients aa—cc and 244=—2ac, viz. I firſt 
divide 244—2ac by 2a, and there comes out 
6.6; I ſee now whether a—c will divide exactly 
| aa—cc,, which it happens here to do, and alſo 
whether the two polynomes A and C can be ex- 
actly divided by a—c, which likewiſe happens 
| to be the caſe, therefore I ſet a—c by it ſelf as 
24 Z. | : | | 

| The quotients D and E of A and C by ⁊ are 
what we are now to work withal, and becauſe the 
two firſt terms axx-cxx of D may be reduc'd to 


a-+cx?, I ſee whether its coefficient a--c be a 
diviſor of D, and finding that it is, I divide 
D by a--c, and there comes out F (xx—cc). 

I ſeek in the laſt place the greateſt common di- 
viſor of F and E, and finding they have none, I 
know that the two polynomes A and B have no 
other greateſt common diviſor than x (4—c). 
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VI. To find the — common diviſor of A 


and B. 


A. x z -r Ire, Laab 
B. — 24 —bx? 1.24* x—-44bx—3a*b 


C. — 2a h +40? gabe f x24" x : 


; s bx—2ab* K-24 5.74 b* 
D. 1 248313 x7 —=20* X=—=20* bx—2.4h* x 
L293 D L422 52. 


E. — 44-22 bæ.—2ab* bi 1 6a*bx 


o+-64*b? x 4-203 x—40*b—40* b—a?b3 
F. —247 b -A 8 
G. * — . 


Theſe polynomes being order d according to 
the letters x, Jobſerve in the firſt place that, be- 
cauſe the letter x is of the ſame degree in the two 
firſt terms —2axx—bxx of B, theſe two terms 


therefore may be reduced to one, viz. —24—bxxx 


Whole coefficient is = 24—bh, And becauſe the 


coefficient of the firſt term of B cannot divide the 
coefficient 1 of the firſt term A, I multiply A by 
—»24a—b, and I have C, which muſt be divided 
by B, and there comes out the remainer D which 
we muſt go on to divide by B. 

To do this I reduce the two firſt terms T2 aaxx 


—bxx of D into one 4-2a8Þbbxx, and becauſe 
its coefficient cannot be divided exactly by the 
coefficient —24—b of the firſt term of B, and 
that theſe two coefficients have no common divi- 
ſor, I therefore multiply D by —2a—b, which 


gives me E. 


I go on to divide E by B, and find the re- 


mainer to be F, whoſe three firſt terms may be 
reduced to one, vix. Da bÞ-40*b2ah**s 


and then try if I can divide the polynome F by the 
coefficient —24%b+44*b?—24þ? of that term. 


1 which 
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which I find'to ſucceed, ſo that by theſe means F 
is reduced to G (xy—a), _ 7 

I divide B by this remainer G, and, — 
no remainer, I know that G (-a) is the greate 
common diviſor of the polynomes A and B. 


GENERAL RULE. 


Io find the greateſt common of two polynomes 
then, is to divide the firſt by the ſecond; and if 
there be a remainer, to divide the ſecond by this 
remainer; and if there be ſtill a remainer, to di- 
vide the firſt remainer by the ſecond, and ſo on. 

But becauſe many times we cannot go through 
theſe diviſions directly, and without ſome previ- 
ous management by way of preparation, we muſt 
 1ft, See whether the two polynomes have not 
ſome diviſor common to all their terms; and if 
they have, we muſt divide them by ſuch diviſor, 
which diviſor we muſt ſet apart by it ſelf, in or- 
der to multiply by it the common diviſor which 
ſhall be found at the end of the operation. 

2!y, We muſt divide, if it be poſſible, each 
polynome by ſuch quantities as will exactly di- 
vide its firſt term, and neglect thoſe diviſors. 

3, Laſtly, If the coefficient of the firſt term of 
the dividing polynome cannot exactly divide the 
coefficient of the firſt term of the other polynome, 
then we muſt multiply this polynome by the 
quantity which prevents us from making ſuch di- 

viſion, that is, we muſt firſt ſeek the greateſt 
common diviſor of the two coefficients, divide 
the ſecond by this diviſor, and multiply the firſt 
polymone by this quotient only. 4 
Thus in the operation at Art. VI, if the coef- 
ficients of the polynomes C and B, had been 
a) Tabb, and ==2ag——ab, we muſt not have 
MM - multi- 
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multiply'd C by —2aa—ab, but only by —24 


b. And if they had been ag—ce, and aa—ac, 


we muſt not have multiply'd the polynome D by 
any thing but a, for theſe quantities having a—c 
for a common diviſor, it is ſufficient to multiply 
aa—cc by a, to the end that a3—acc may be ex- 
actly divided by aa—ac. 

VII. To find the greateſt common diviſor of 


three polynomes, A, B, C, or of four A, B, 
C, D, G&c. we muſt firſt find the greateſt com- 


mon ir M of the two firſt of them, and then 
the greateſt common diviſor N of C and M which 
ſhall be the greateſt common diviſor of the three 
A.B.C. After that ſeek the greateſt common 
diviſor O of D and N, which ſhall be the greateſt 


common diviſor of the four A. B. C. D, and ſo 


on, as in numerical quantities. 

VIII. To find the leaſt multiple of two poly- 
nomes, we muſt find their greateſt common di- 
viſor, then divide one of theſe polynomes by this 
diviſor, and multiply the other by the quotient 
of the diviſion juſt as in numbers. 

And to find the leaſt multiple of three poly- 
nomes, we muſt firſt find the leaſt multiple of 
the two firſt, and then the leaſt multiple of this 
and the third ſhall be the leaſt multiple of the 


three, and ſo on. Theſe rules need no nr 


to make chem underſtood. 


(708. „ 


To find all the diviſors of a polynome. Order 
the polynome with reſpect to ſome one of its let- 


ters, and divide by that monome which multi- 


plies all its terms, all the diviſors of this monome 
ſhall alſo be diviſors of the polynome, and it can 


have no others that are monomes beſides theſe. 
a: I, To 


— 1 TS. "I 
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I. To findall the diviſors that are monomes of 


the polynome A, order'd with regard to the let-. 
ter @ in the following figure. 

iſe, I divide the polynome A by 6bbg3 which 
exactly divides all its terms, and I have B for the 
quotient. And all the diviſors of the monomes 
6bba3 which are 1. 2. 3. a. a. a. b. b. are alſo divi- 
ſors of the polymone A, as is evident. 

2ly, To find all the binomial diviſors, of one 
only dimenſion, of the polynome A. After 
having found all its diviſors that are monomes, 
I ſeek for all the binomial diviſors of the poly- 
nome B, | KS : 

A. 64?a% 1.30b+a7 T1855 +54b *a* 

51. 2. 3. 4. 4. 1 
B. 46-55, . -g —945 
ab | | 

C. a —ba#*£6b? a3 —64'a* gb*a—9gb5 
D. a*+6b? a? 4-9þ* | 


a? 4-36? 


And in order to this, I conſider that it is ne- 


| ceſſary that the firſt term of ſuch diviſor ſhould 
exactly divide the firſt term of B, and that its 
laſt term ſhould alſo exactly divide the laſt term 


of B, without which the diviſion could never be 


exact, that is, there would always be a remainer, 


as is evident from ocular demonſtration in go- 


ing thro* the operation; and becauſe in this caſe 


x and & are the only diviſors of the firſt term of 
B of one dimenſion, and 1. 3. 9. b. the only di- 


viſors of its laſt term alſo of one dimenſion, this 
binome can be but either 1-5, or 1—. a1, 


Or. nat: 4-35 Or 23. a-j-9, or 429. ab, 7 
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I therefore divide, according to the rules for 
numerical quantities, the polynome B by every 
one of theſe binomes, and find that none will ſuc- 
ceed ſo as to have no remainer, but ab, which 


gives me the quotient C. 
I divide C by a -b again, lh becauſe there 


will be a remainer I divide it by a—b, and find 


the quotient D. 


I divide D again by a--b, but . there is 
a remainer, I know already that all the binomes 
of one dimenſion that can divide the polynome 
A, are 1. 2. 3. a. a. a. b. b. a gb. a—b. 
| zu, To find all the binomes of two dimenſi- 
ons that can divide D, I ſeek all the diviſors of 
two dimenſions of the firſt term of D, which are 
1. aa. and combining theſe with all the diviſors 
q two dimenſions of its laſt term, which are 

I. 3. 9. bb. 3bb. 9bb. I form the binomes 1 +6). 
1— bb. 4-1. 44 —1. Cc. aa bb. aa bb. 44. -30b. 


44—3bb. aal-gbb. aa—9gbb. 


I divide C by each of theſe binomes, beginning 
with the moſt ſimple, and find that aa4-3bb di- 


vides C exactly, and that the quotient is E (aa 
. 3bb) which J count for the laſt diviſor. So th 


all the prime diviſors of the polynome A are 1. 2. 
3. 4. 4. a. b. b. ab. a- -b. aa4-3bb. aa 3bb. 
4, If no diviſor neit her of one nor of two di- 
menſions would have exactly divided the po- 
lynome B, then I muſt have form'd after the ſame 
manner all the binomial diviſors 1435. 2 


2 +1. 2 —1. 3 3. 2 —3. 4 49. 4 —9. 4 


3, 255. 4355. a) —3b3, Ge. . tore 


dimenſions, andif none of theſe laſt diviſors would 


have divided the bn: ynome exactly, then I muſt 
orm the binomes 1 ＋-⸗5“1“. 10“. 

a* - ＋EI. 44— 1. 41 -g. 2%}, a* +9. a*—9, a+ 
18 4.—6“. TIE” 4.351. Ec. of the 
fourth 
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fourth dimenſion, and ſo on, and have gone 
through the operation as before, and this is to be 
underſtood in all other polynomes whatſoever. 
guy, To find all the diviſors, as well compound 
as prime, of the polynome A, we muſt, juſt as in 
numbers, ſer down 1. then multiply 1 by its ſe- 
cond prime diviſor 2 which gives 1. 2, then mul- 
tiply 1. 2. by its third ſimple diviſor 3, and this 
gives I. 2. 3. 6, then multiply the foregoing by 
a, which gives 4. 24. 3a. Ga, multiply theſe laſt 
again by a, and this gives aa. aaa. 3aa. baa, mul- 
tiply theſe laſt again by a, and this gives a. 245. 
343. 64. Then multiply all thoſe already found 
by b, and this will give b. 26. 3b. 66. ab. 2ab. gab. 
bab. aab. 2aab. 3aab. 6aab. a*b. 2a b. 3a*b. Gas bh. 
* Multiply all theſe laſt again by 5, which will give 
bb. 2bb. 3bb, &c. Then multiply all thoſe hi- 
therto found by 2a4-b, which will give a-+6, 
2a-4-2b. 344-3). Sc. Then multiply all thoſe . 
hitherto found by ab, and then all thus far found 
by as-34bþ; and laſtly, all thoſe found 
by this laſt operation by aa-|-35b* which * 146 
will be 868 diviſors of the polynome A. 
| TIE. To find the prime diviſors of the polynome 
B in the figure following, ordered with regard 
do the letter x. Becauſe no monome can divide 
all the terms of the polynome B, inſtead of form- 
| ing, as in the precedent example, all the binomes 
of the diviſors of the firſt term 1. c. cg. F. cf. cf. x. 
cx. ccx. fx. fx. ccf*. xx. cxx. &c. and of the laſt 
term 1. 3. 4. 3a. aa. 3aa. a*. 3a. Sc. the num- 
ber of which is very great, and of dividing the 
polynome by each a , thoſe binomes ; I ſhorten 
the work in this manner. : : 
1's, I part the polynome B into two ſums C. D, 
putting into the firſt C all thoſe terms where one 
of its letters þ is found, and the reſt into the ſe- 
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| cond D. I ſeek the greateſt common diviſor of 
* C and D, and in order to this, 


B. cs 4 fx? 1 a*b* cx—3a b+ 
[ = 0? 2x21-34*D? fx 
| | —30* fx? Pipes 
0 Jo - t - 345 
i | 3 e 
i 3b*cx 
bl. 12 8 
14 E. 0 * - ,? gab 
4 3% —307 fr 
| —35 x 
F. cx 42 
G. 3 fx +36 


— 2 (x; 


I divide the firſt C by —þþ, and Sit D hs 
Gx, and Thave E, F, Whoſe 3 common 
diviſor is cx — aa. 

It is plain that the diviſor cy—aa of each of 
the parts C, D of the polynome B, is a diviſor of 

the whole polynome. So that 

I divide the polynome B by F (cx—aa) and I 

io have G, and cx—aa is therefore one of the divi- 
1 ſors of the polynome. 


G. ofx* 3b fx-36t 
— box 
H. fa? a2, fox 
I. er 36+ 
K. cx—36? 
L. —cx+ 3b* 
M —fx--b> 


2, To find the reſt I repeat the ſame opera- 
tion with the quotient G, viz. I part it into two 
ſums H, I, putting in the firſt the terms where f 

is found, and the reli in the ſecond, I di- 


ET 2 > 
= — 2 
PB. LPT ng ae _ #214 


a noe; 


» — 7 
: re: ©: e 
. Foe 
e 


Bs S 
- Es 


we 4. Lot a k : "4 * * 
3 2 n . n 
_— SN — a 2 
AT bd 15 re N 
FF 


.. —— 


* 
NP 
vx” 


: 
da eo 


i a 

tee 
9 
* * 


—— 
* Py = = 
l - 
" N . 
2 r 
- as td lr > 
* EE 


Of Algebra, © 249 
I divide H by fx, and I by bb, and I have K 
and L, whoſe greateſt common diviſor is L (c 
: Then I divide G by L, which gives me the quo- 
tient M (—fx--bb). And the diviſors F (cx - aa) 
L (—cx+ 36?) M- =) whoſe product gives 
the polynome B, being prime, that is, cannot be 
farther ſubdivided; theſe three diviſors, I ſay, 
ſhall be the only prime diviſors of the poly- 
nome | | PEE 
3y, All che e may be found by 
multiplying theſe alternatively, as in the forego- 
ing example. Fa RIS 0 
HI. To find the diviſors of the polynome C 
ordered with regard to the letter c. b 


C. dif? adc—abdl-ax* 
Ic — bdeabx-bx* 
Lac ＋adx de 
— bxc+-bdx+#* 
A2 xc | 
| —2* * e 
D. de- adc-abd E. xc of 
— bad — bxc+ax* 


—2dxc+-bax w=22 *.bx* 


 nn2axtbix _ | > 
F. 0 — ac Tab G. c — ac a 
— be aN — be Ax 


| — XL 

„ 2c x H. d + X; | 
I, — ac = ab K. c*— bc-bx 
| 2K 


ax 
13 M. c — 4 — 


Iſt, I part the polynome C into two ſums D 


and E. putting into the firſt D, the terms where 


the letter d is found, and the reſt in the ſecond 
N 5 E, and 
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E, and then proceed to find the greateſt common 


diviſor of D and E. £ | 

In order to which I firſt divide D by d, and E by 
x, and I have for quotients F. G. And finding 
that G, which divides F exactly, is their greateſt 
common diviſor, I divide C by G, which gives 


me the quotient H (4x) the firſt diviſor of C. 


21y, I part the common diviſor E, which con- 
tains the other diviſors of C, into two ſums I. K. 
putting into the firſt the terms in which a is found, 
and the reſt in the ſecond. * 
I ſeek their greateſt common diviſor, by di- 


viding I by a, which gives L (— L- LY). Then 


I divide K by L, which gives me the quotient M 
(c—a—x) and nothing remains. So that H (dx) 
L (—c+b+x) and M (C4 -x) are the only prime 
diviſors of the polynome C. 8 

If after putting into the firſt part of the poly- 
nome whoſe diviſors we would find, the terms 
which contain a certain letter, and all the reſt in 
the other, we do not find a common diviſor, then 
we muſt make choice of ſome other letter, or elſe 


we muſt put into the firſt all thoſe terms where 


the ſame letter is rais'd to the ſame degree; or 
laſtly, we muſt put into the firſt all thoſe terms 
that have two different letters, or three different 
letters, c. and the reſt in the ſecond. 2 

And then, after having made this partition of 
the terms of the polynome propos'd in all poſſible 
manners, if we do not find a common diviſor, it is 
a certain ſign that this polynome is prime, or that 
it cannot be exactly divided by any other diviſor 
but it ſelf, or by unity. „ 

Thus, to find all the diviſors of the polynome 
A order d according to the letter x. | 


A. x+ 


A. „- 2 — 33s 4-150* - 18475. 
— c 3acx* —15abcx4-18ah*c 
—3bx* L10abx*— 3a*dx+ ga*bd 
+ — 2adx* + 3adex— gabcd 
＋ Sex *—12a0* x 
— dex + 6abdx 
＋ 6þ?x*— 6b? cx 
— 3bdx?.\- 3bcds 


If by putting into one ſum all the terms that 
contain the letter a. or b. or c. or only all thoſe 
terms which contain thoſe letters rais'd to the ſe- 
cond power, or to the third, &:c. we do not ſuc- 
ceed, then we muſt put into the firſt ſum all 
thoſe terms which contain two of thoſe letters, or 
oy Sc. and all the reſt of the terms in the 
er. 3 
In this example ] put into the firſt ſum all thoſe 
terms in which are the two letters à and d, and 
I have the parts B and C of A as follows. 


B. — XT T IOa bx TIA X- 1835 
+ 4 — 2ad — gabe 18426 
= 5b — 34 ＋ 9a 

— - + —— — Gabcd © 
a „„ | 
2 355 ＋ 6abd 
. 
; ＋ 3bcd | 

C. & 2a 34a D. x- 20% 3a * 

— + 3ac* — Cx-34ac 

E. x*——gbx 1727 | 5 * 

I dx —30d 


The letters x?, xx, x are only expreſs'd in the 
uppermoſt line, but are to be underſtood in all thoſe 
that follow, which is the common ulage. 2D) 
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I divide C by xx, and have D, I ſeek the 
greateſt common diviſor of B and D and find it 
to be D it ſelf. £2. is 
I divide A by D, and find E. Therefore I 
know that A is the product of D by E, or that 
D and E are exact diviſors of the polynome A. 
Then I ſeek ſeparately all the diviſors of D by 
the ſame method, and if I find none, E and D are 
the only prime diviſors of KA. 5 
But becauſe I find that x—3a and x+a— are 
all the diviſors of D, and that x—3b, and x— 
26+ are all the ſimple diviſors of E, therefore 
I know that all the ſimple diviſors of A are x— 3a. 
3b. x--a—c, and x—2b +4, that is, the pro- 
duct of theſe four polynomes is equal to the poly- 
nome A. „ 

And by multiplying theſe four polynomes al- 
ternatively, we ſhall find all the diviſors both ſim- 
ple and compos'd of the polynome A. 5 
But this may more commodiouſly be done by 
expreſſing each of the prime polynome diviſors by 

the letters a, b, c, d, for then the compound ones 
will be expreſs'd by ab. ac. ad. bc. bd. cd. abc. abd. 
bcd. abed, and from theſe we may form each par- 
ticular diviſor by ſubſtituting in the place of theſe 
letters the polynomes they expreſs: Thus inſtead 
of ab we ſhall have x —-3ax—3bx-|-gab, the pro- 
duct of z—3a which was calPd a, by x—3b which 
was call'd b. The ſame with the reſt. 8 
This article is of the greateſt importance, and 
therefore ought to be made very familiar. Al- 
gebra will indeed in the ſequel furniſh us with 
formula's, by help of which we may infallibly and 
without ſucceſſive tryal find all the diviſors of a 
polynome, and know at once which thoſe are that 
are irreducible. But theſe methods are always 
the moſt eaſy, and which ought to employ us at 
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firſt ſetting out. P RO- 


Of Alzebra. 253 
PROBLEM I. 

© go through the operations of Arithmetic in 

Fradtional polynomes. We mult join the rules 


lad down in whole quantities, to thoſe of numerical 
fractions. Thus 


(182.) . 
To divide à by b, we muft write . To di- 


FL R 12425565 
vide 12456? by 3aab*c, we muſt write 122” — 


To divide 340. L- bed by 2a—1b+ 4c, we e muſt 
write _ -# And ſo in others. 


And we Hhall find chat by ſubſtituting in the 
room of the letters, the numbers they ſtand for, 
theſe expreſſions will be transform'd to fractions 
exactly equal to the quotients requir d. Thus 

If 2=7. b=3. c=4. d=2, we ſhall have 


7. * which is the quotient of à divided * 63 

by b, or of 7 divided by 3, we ſhall alſo 

have e __ 147124 — 55 which is the 
27 


 24—l16b+46 14— 3+16 © 
Ju of 344.4 (15 5) by 25-4. (27.) 
he ſame in others. -” 
Whence it follows, taking in the rules of the 


ſigns + and —, and thoſe of fractions, that the 
quotient of o ga, or of a by Eb, 


e 
ſhall be | © Is JIE 
becauſe -|- by A gives * | | 
The quotient of +4 by —) ſhall be — 

The quotient — by ＋ ſhall be — 


becauſe — by + gives = — 


1 Ow ,- EY — r 
RJ . 0 3 * 
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The quotient of —a by —b ſhall be AA: 
becauſe — by — gives - 5 

which ought to be well obſerv'd. Thus, 


+12. 44 gives +12.=1-3 


+4 gives = 


— 3  — gives . 


only imagine ſo many parts in each unit of the 
number to be divided 3, as there are units in the 
denominator 4, and then it will plainly appear 
that ＋-12 quarters divided by —4 units, will give 
—3 quarters, or — 4; and that for the ſame rea- 
ſon that ＋ 12 divided by —4 gives — 3. The 
ſame in the other caſes. 

Hence we have a method of changing a nega- 
tive denominator into a poſitive & contra, and 


that is by changing the ſigns of the terms of the 


fraction, for = — and == 2 and — 


Of Algelral! © 255 
|, wo _ "hp 9 


To reduce the fraction 2? 2 — ·0 the loweſt terms, 
ve muſt divide each of its terms by their greateſt 


common diviſor 4a, and we ſhall 88 — — 


2 Thus 124 55 : 
— Thus r. 75, may be reduc'd to . by-di- 


viding each of its terms by 3aab3. Thus for 


wn, — we ſhall have , by 
dividing its terms by 2ab, which divides every 
term both of the numerator and denominator. 


‚ 242 WE 
But Le Lt * cannot be reduced to lower 


— 1042 
terms, becauſe though the two firſt terms of the 
numerator, and all the terms of the denominator 
may be divided by 24 exactly, yet the laſt term 
of the numerator cannot By divided by it. Thus 


| alſomay the fraction? hen. "be reduced to ee 
by dividing each part by a—b. And the fraction 


_ to — _ = , or to the whole 4aadb, by di- 
viding each part by 34 bl. And the fraction 


e to ab. And fo in others. 


The * e SEL 574 is reducible 
| to ab - . 1-3 | . 


To reduce two or more literal Ran to the 
ſame denominator, we muſt follow the rules of 


numerical mon, and for ; and 7 we ſhall have 


ad. 


* _ =>. S.-H 
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from ad, and I have their difference © 
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5 and . and for 3, 4 F, we ſhall have 5 
bef bde | 
baf baf* 

To reduce n quantity ab, or 25 and 


the fraction = = to the _ denominator, we 


ſhall have 2 and Fo 5 „ by multiplying the 
whole number ab by the denominator ab of the 
fraction. 

ab ac. 5 


If we reduce £ and © . to the ſame deno- 
Ax ac . * ab 


— 4 = 
cad af © ab X nd 
aaby-abb 2 | 


minator, we ſhall have = 
aur—buc—acd bd 


| or ac bead. - and acfbe—ad—ba* 


—_ 23 
And for == and A ſhall have firſt 
arab X 44 22—33 x 53 
Dann aa -ab x 2235, but becauſe 


aa -ab, and aab—b* may each of them be di- 


vided by 2, theſe fractions may, without 


changing their common denominator, be reduced 


a x a* | 24-33 xh3 a” 
to are and ac = Or r laſtly, 0 Js 1 
+ 5 
and _— = 0 . 
(185.) g IX. 


$: o find the ſum or difference of the fractions 


T4 ria ce IN to the ſame denominator and 


3. 5 
I have 7 7 7 and 7 7 2 J add their numerators toge- 


ther and I have their fum © <7 = I ſubtract bc 


ad be 
= . 
Thus 


07 Algebra. EE 
Thus we hall find that the Sum of the two | 


44 c q aal —-4ar 2 ae: 4 
fractions = ad x. 


= (by giving them the ſame 3 5 
which is done here by only multiplying each of 


Gar 4 - 


the terms of the firſt by c) is . 


e ; — . 

Af and that their difference 3 

i 24 — „, - 4 

= Dee SY a 5 5 
1 the ſum of gone ; and — of 


x an and 425 0 _ 3 them the ſame "Y 


a == * and their 


nominator as in Art. III.) is 
: i 7 OA TON 7 
) difference | 1 n 
Thus the ſum of 4 and © 2 189 +2, and hw | 


liffer ence is 2— 25 or by reducing the whole 


: quantity à to a fraction? 75 which has the ſame 
a denominator cas the * OPM has, we ſhall have 


| for their ſum <= and for cheir difference | 


1 


 ar—ab 
1 


. ab at—ab 
s | Thus the ſum of a and — B= = or => 


and their difference 1 is 4 or rect. 
| Thus the ſum of a+ and bs is ab 4- 


| | | 0 


„ by Adding the whole 4 to the whole b, _ 
| ad the fraction — 5 —Z And their diffe. 


"= 3 rence 


— 


EY 
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whole to actors chus 4 will become © — g 


_ abe 1 ac abe, abb , Bb 
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rence is _— STE , by ſubtracting +b from 


= from ey Or we may reduce the 
h 


. 

and —7 will become Y and theſe * d 

8 4 5 ab- 

to the ſame denominator, we ſhall have + 
Bbe—ace : ma. nk | 

and T2» whoſe ſum is — 2 and 


. 2—5⁵ _ | 
whoſe difference is * * * 


And if we would reduce the felt into whole 
numbers, we muſt divide its numerator abe abþ 


—|-bbc—acc by its denominator Lc, and there will 


be found in the quotient ab, and abb—acc re- 


maining, which being put into a fraction, we 


ſhall have a-b-|-—— —— After the ſame man- 


ner the ſecond fraction may be reduced to a—b-- 


| Shri | 


T- Oe | ” 
(186) v. 

Leet it be obſerv'd that any Ga ion whatſoever 
as — that has ſeveral terms in its numera- 


f a—b 
tor, may be reduced into as many fractions as 


the numerator has terms, thus the foregoing 


'ab 1 u 
fraction is equal to SH: Thus, i 
to perſuade 


bc 5 Mo ey 


our ſelves of the truth of this, * ** only add 
theſe laſt fractions into one ſum. The ſame 


fraction may alſo be reduced to 


abe 25 abb—act 


LIT 


1 


4, and I have — 


| a much better way, becauſe the denominator 20 
ad can be divided by the multiplier cd, J di- 


: or to = -— „Sc. hich may be de. 
monſtrated after the ſame manner. By help of 


this, we may ſepatate thoſe terms that 78 be 
divided by the ſame denominator, from thoſe that 
cannot a4 divided by it, and with much eaſe re- 
duce a fraction into whole numbers. F „ exams= 
7 b—bb 2—5 ab 
le, — may be reduced to 2 


Z and becauſe = =, therefore the ann 
| piopos'd is equal to — . A oe 
| (4820-5 att VL. n bY 


c, we muſt nee its numerator by the whole 


| member, and we ſhall have 5 for the product, or, 


when it is poſſible, divide its 1 by ſuch 
19 55 number. Thus to obtain the product of 


* by df, inſtead of multiplying a*b by df, which 


| would give 22 we may divide ad by df, and 
25745 
| we ſhall have for the product gg e by dl. 


viding each part by f. Thus to multiply © — = 
| by wg, I multiply the numerator . by 


aa Cd, 
— ee =. or, which is 


4c 44 


26—44 


vide it, and I have for product „ whence | 
ve may obſerve that the way by diviſion, when 
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quantities to fractions, and then I have 


it. is poſſible, is much more elegant than that by 
multiplication. 


To multiply a7 by b—=7, 1 tice the whole 
do 


bd : « 

multiply by == whoſe product is . 
1 aabg—abic—aace * 
—= 77 ab ab Ca 7 # ” bs 
1 might alſo do chis mul- 


ti lication after another man- , 44 B 
P «1 


ner as at B, viz. firft by mul! 
tiplying 2 by b, which gives - 


ab, then +> by 3, wllth Li 


” 5 3 
gives 5 þ = | 7 =—|ag. 4b += 
Then a by —7 „which gives — 7 


and wit, +>by— © 5 
ab 4a 77 


S cee and we 
have for the product 4.-＋H＋4a—7 as before. 


| bd 
To multiply a whole number x, or xz by 2 


fraction 3, inſtead of multiplying 4 by x, or xz, 


vhich would give 7 or F according to the rule, 


we write it in this manner, viz. 3x, or * x. So 
that 3 x and are two * expreſſions. 

24x 
It is the "ks with f xz and , with — and 
and 2ax, Oc. 


VII. (188.) 


—I Of Aleetha. . 
e vu. 


To divide one fraction © * by a whole — 


6; we muſt divide, if it be 7 oflible, the numera- 
tor ac of the fraction by the whole number c, and 


we ſhall have for the quotient ; but if this be not 
poſſible, then we muſt multiply its denominator 
þ by the whole number c, and # ſhall alſo be the 
quotient. Thus the quotient of 5 by d ſhall be 
8. | f 
To ? on Sr 4—c, I divide ad cd by 


4264 and I have — the quotient WE. But to di- 


a—A 
ad. | 
vide — by 243, I multiply 3 by 41, 


ad. 


| and I have for the mm — 


To divide ; by 3, I divide firſt 5 by c and FF 


| _ £ which I then multiply by 4. and I 24 
| = for the quotient. To divide a4-7F by b— 
I reduce them firſt into _— N and 2 5 


N 3 
I have — _ to divide by — _ = whoſe quotient is 
Abu | 
Db. 

Sometimes we content our ſelves with only put- 


ting the fraction to be divided over a line, and 


aa 


5 


— 
5 4 


F the die underneath after this manner 


abb FA 
7 as 5 ore. 


which we may reduce to 
S 3 When 


262 Nat hematic Leſns. 


When two fractions have the ſame denomina- 
tor, as ſuppoſe we were to divide ; by ;, then 


the diviſion is perform'd by. writing the numera- 
tor of the dividend for the numerator of the quo- 
tient, and the numerator of the m—_ for the 


| denominator of the quotient thus? =. by fol- 
1 lowing the rules we ſhould have bad which, is 
reducible to:? by dividing each part - b. 


= TE; 66, 
3 8 — q 


Thus the quotient of 


for by following the BE. - we ſhould 3 had 
8 which is reducible [0 2 


EUX aba 


each part by 34. 
To divide che polynome A by the ng 


I 2660 | as 
A, — 235 457 ax 44 


— — 2 


- by dividing 


36 85 3 4 . 
3 xx 3 E el | 
| B. 26 | e 


TY L reduce, all the 5 ions of the dividend 
A to the ſame denominator as may be ſeen at C. 

2, I likewiſe reduce all the fractions of the di- 
viſor B to the ſame denominator, as at D, and 


then CS A A. D=B. 


1 * 6x —aoars-þeateyacke—i 200k 
l 
D. 2. 


zy, 1 lech the two fraftions C. D. to the 
ſame denominator, as may be ſeen at E. F. and ö 


chen I dave EzCm=zA. F=D=B, 
K 1655 
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E. ! 6x* —30axx-1-gaax43 2abx—1 1249h- 

Ei 4.35 

? F 24xx—36ax+4846 


| ay I divide this fraction E=A by u the action 
FB, which is done in the moſt ſimple manner 
by writing the numerator of F under the nume 


rator of E, as at Q. 


1 6x3mm3oaxx4-gaax4-3 a a6 
2 24 —3 Gar 4846 9295 


And tie fraction Q by dividing each 15 its 


terms by their enn common diviſor 2XX— ax 
Aab, is reduced to — which is the quo- 


| tient of the two polynomes A and B, as is evi- 
dent. rs M 
| (149) + 15k: © 

But we may” ſhorten this calculus, whiich is 


very tedious when the denominator of the fracti- 
ons are very complex, or have many terms, by 
taking in the rules of the diviſion of whole num- 
bers, and of fractions in this manner. 

Suppoſe we are to divide the _  polynome 


| A, by the ſameB. 


E 3a 24. 45 
* 4 e 1 


Lo e 8 0 


2» 


2x ́ 2 
Q, 222 
= on” 


"$3. - 
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Tap, 5 divided * 2 the quotient 1 


36, 
which i is reducible to 75 which I put in the quo- 


tient Qu and firike out = putting o underneath. 
I multiply the reſt of the Aiviſor by this quotient, 


ſaying, —9 a 55 =—=, which I ſub- 
tract from ?: ol And to do this I reduce theſe 
fractions to the ſame denominator, and I have 


81 which L ſubtract from * 


8 84 
which I ſtrike out, and there remains —T 
which I Pur underneath at R. I'go on to multi- 


24 24X 


ply Tax 2E which I ſubtract from * 


which I ſtrike out, and put o under it. | 
I begin the operation again, and ſay, — 5 


2abxx 


divided by 7 25 — the quotient is — "IE — which 


I put in che quotient and ſtrike out - . I 
multiply the remaining part of the diviſor by this 


| quotient, and ſay, —z — — = \ whi ch 1 


ſubtract from ＋ 555 - which I ſtrike out. ax" 


| =— 4 which I Werl from — which I ſtrike 


Out. | 
And becauſe there is now nothing 8 
of the dividend A, the operation is finiſhed, an 
- i Know | that the quotient of A divided by B is Q 


7 or, * reducing t the 1 two fractions that 
| compeſs 


Of Agel. 2863 
— the fame denominator, , the 


fame as before. 
This manner of doing diviſion and multiplica- 
tion of literal fractions is very commodious, and 
of the greateſt uſe, and ould therefore be made 
familiar to us _ 


(i900 ich IX. 


We may alſo, b taking i in * rules of whole 

numbers x. thoſe of fractions; much ſhorten and 

facilitate the method laid down Art. 128. for find- 
ing the greateſt common diviſor of polynomes, 
3 we may eaſily perceive by the following exam- 
D | 
8 To find the an commom diviſor of the 


|  polynomecy A. B. 


Fi "SW 0 


"WS He ETON 
: B. 2x2 35K —3 

" Q | 7 3 5 3 ; 5 
_ . 
34 7x . 

88. 

* 2 | 

ls 83 

T. | 6 — — 

. 3 


1 1 7. x3 divided by 24x gives for 33 
E which I put down at Q. I multiply we di- 


viſor * by % ſaying, - —2x Lt 3% or 


*, 


7 = Mathemnatic. i Bids 

„ I put o under . To. which 
1 ſubtrat from —4xx, or from — and there 
remains = Which! put underneath atS. —x 
KD. Cu * hich I ſubtract from ge, or from 


>, and there remains 2 which I 2 underneath, 
3 bring down —2. 
| zx 


1 go on with the diviſion, and . — di- 
vided by —2x, the quotient is +-2, which I put 


at Qzthen I ſay, —2 * X ＋ . 25 or which 


* ſubtract from — — and there remains o, which 
1 put underneath * + gex[4= 2 SZ which | 
I ſubtract ur +5, or from 5 and A re- 


mains — „which I „ at T. 1. 

——2, Ghich Iſubtract from —2, or from — 
and there remains +2, which I put underneath. 

Il paſs by the quotient Q and only regard the 


remainer at T — 4, = by actually ſub- 


tracting - from 4 2 0 .- Er, by which I divide B 


according to the common rules, and finding the 
diviſion to ſucceed without a remainer, I know 
that this laſt remainer - -I is the greateſt com- 
mon diviſor of A and B. 


6970 nr 335 | 


By the ſame means alſo we may appraximate 
the true — of a diviſion, . where there is a 
4 remainer, 


* 
P «© 


f Agelra. 267 
remainer, _ —. — ſuch remainer - into an infi- 
nite ſeries of fractions, which is a thing of very 
great importance. 
For example, ſuppoſe aa—bb-|-1 i is to be di- 
vided by 4H, I find the quotient in whole num- 
1. * be a—4, and the remainer 1, or the frac- 


| den Fas 6 ſo that the 2 quotient is "IM 


53 | 
But if I would have the ah of the remainer, 
a rather of the fractional part of the quotient 


2 in an infinite ſeries, I proceed in this manner, 


viz. I ſay, 1 which, ſtands at S, divided by a, 
the firſt term of the diviſor ab, the quotient is 


- =, Which I put in che quotient Q. Then I ſtrike 
out 1, and multiply - by += which gives me. 
4+: which I ſubtract from the dividend A, by 


4» 


2 it underneath at S, with the contrary. 
. gn „ 225 
fo 2 
B. ab 
<4 a— — 


55 0. e 2 
1280 on to divide this remainer —* by a, and 
I have —5 wick put in the quotient, and 


4a 
ſtrike out —* ; of the dividend 8, and multiply 
| . | | a 1 g | b. 


I — fed 
4 


* Mlarbematic Leſſons. 

— by 5, and I have —Z, which I ſubtract from 
the dividend A, by purting i at 8 with-the con- 
. 7 dividing this remainer ET by a, 
and L have + which Iputinthe quotient. And 


ſo on to infinity. 
Thus I know that the quotient of 4—56-P-1 


divided by ab, which is exactly ba 
alſo equal to the infinite ſeries Gnbfn— 
ES LORE Ge. or that the fraction * 


— 3 Se. as before. 


5 ſhall not here give more examples of theſe 
approximations, becauſe I intend to treat of this 
affair more e amply 1 in another — 


: (9 XI. 


To raiſe a fraflimal 2 or a > nite - ſeries 


of fractions to any power. We may, it we pleaſe, 
reduce them to one only fraction, and then raiſe 


both its terms to the — requir d. 
Thus the ſquare or ſecond ”_ of ; ſhall be 


85 its A or third power 33 5 „c. an univer- 


fally 5; Ti - ſhall be the nth power of - where n ſtands 
for any mitaber at pleaſure, 

To raiſe — — to a ſquare, we muſt 1 * —4 
and oy each to a ſquare, and we ſhall have 


XN 
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2 


| | | 3 * — 
or we may write thus, 2/2. =—z 


for the . of In = for its cube, Ac. and 
— 4 
for its nes Jos 
* 


To raiſe *— to che — power, inſtead of 


7 we may take . whoſe ſquare will . 


| = TR” E 
But we may alſo do the fame ching by u 


plying : by —5 according to the rules of 


whole numbers, which will give the ſame pro- 
duct P as before, as m dn in * — 
fallowing. 5 


P. — 


1 an — 4 or + ects 


a cube, by following the rules for the formation 
of powers, and thoſe of the calculus of fractions, 
we ſhall find it to be | 
E foto HA 
IN" Ls Zac ＋ 21 


e (193) * 


- 
2 he — — — = ERIE = 


270 Mathematic Leſſons. 
6 - 


To extract any propos d root of a fraBfional "OY | 
nome or ſeries of fractions. We muſt, as before, 
reduce them to one fraction, then rn this 
fraction to its loweſt terms, by dividing its terms 
by their greateſt common diviſor, and extract the 

propos 'd root of each of the terms of chis reduced | 
ction. | 

But we may alſo follow the rules for extraction 
of the roots of integral polynomes, IL. to our 
aſſiſtance thoſe of fractions. Thus, 


To extract the ſquare or ſecond root of 25 — 
44 


* extract che ſquare root of aa and of bb, and 
11 ; 
I have 5. Thus che cube root of — 1 7, 


642 42 846 1 
and the "5m root of FT === is 78, and ſo 


others. And univerſally the nth root of 
aben a” "E | 
ae q . 5 
Thus to extract the ſquare r root of e 
4ZT R- 4 ax" at 
4 


we may reduce it to the fraction 


2*— 
whoſe root 18 — or . 


But we may alſo do it after the following man- 
ner, Viz. 

I ſet the polynome propor, in was manner of 
if FEY, A. 
A. au ax 4346 


Oo O 9 
— ern 
R. A4 
I, . 


And 
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And I ſay, Sw, root of xx is , Which J write 
in the root at R, ſinking « out xx 494 Putung 0 
underneatn. 

I double x, and I have 25. which J put at 3 
and divide —ax by 2», which gives me 
2 or ra, which I write in the og R. frrike, 
out PIG he and "us O underneath. 3 


1 form the ſquare of — , or of —1a, 6 
have + 4 ae, which I ſubtract from 


+344, and hers remains o, which I Tab under- | 


neath. 

And becauſe chere is now nothing more left. 
of the polynome A, the operation is at an end, 
and I know as before war — Is. its iquare 
root. 


To extract the third or cube root of A whoſe 
terms have fra Ctions. 


A. fe 17 _— 09.0 gi 


O 


: ack uſe of the Pho of the chird power, 
* 61-30 Dep 3atf oof) And, 

„Conſidering 3) as, repreſented by a? 'of | 
the formula, I fay, the third root of 4 is , and 
that of y3 is y, therefore I write 2) into the root 
R, and put o er 4y3 to ſignify chat 1t 1s ſtruck 
out. 


2ly : Con- 


7 


8 ack — * . 8 
— OP YI ——— ————— — ⏑—᷑. . c ů!t . — — — 
L 
5 Fab ot 1 = 75 EPR bin. FS \ — » 


14 

Þ 
= 

4 


272 Mathematic Leſſons. 0 

2ly, Conſidering 3 25 as repreſented by à of the 
formula; or having 0 , I fhall have 4 S gaa, 
which ſhall be the diviſor S 1 in the ſe- 


cond term of the formula, and which is to ſerve 


as à diviſor for finding all the terms of the root 
R, I divide —ay⸗ {2:57 by Siy*, making uſe 
of the diviſion I; facing: and I have — 4 i; 
which I write in the root R, and which I make 
Sb of the formula. 
I now form, by help of multiplication of frac- 
tions, the products which the remaining part of 
the formula, viz. 3 aab+4-3abb--b3 preſcribes, 
wherein a=3y and b OTF. and find + 


 gaab——ay*. | 
e eg, 5 
77 — ＋a - Wer 4 | 


which I ſubtract from the polynome A, by put- 

ting o under each term from which a ſubtraction 
has been made. 

And finding that there is now nothing left of 
the polynome A, I fee by this, that the third 

root of the polynome A is exactly Iy—2a-c, 


(194). 8 © 


Ts approximate the root of a pol nome as near as 
we pleaſe. We muſt follow the — 

Thus to approximate che ſquare root R of the 
polynome A. 
To find the firſt term of che root R. I fay, 
the er root of aa is a, which I put in the root 


A. 4a 


d Abu. 
J A; a- 
R. n 843 6 Gs 
S. 22— xx. * 
a 4a* | 
— . 
| 7 
; 48 
W E 2 


O N 5d Fra 
To find its ſecond term, I ſtrike out aa 11 


double the firſt term a already found, and I have 


24 * 24 for a diviſor, which 1 Put utiderneath 
at 


4 . — by 28, and find for quotient 
— — or — , which I write in the root R. 


To find hs third term of R. ft, J multip pl | 


the diviſor 8. * by the term of the root. 
found, viz. _ -XX, and I have -u, which I 
ſubtract from che polynome A. I form the ſquare 


Tax of the ſame ſecond term, and ſubtract it 


ale from the polynome A by writing it with the 
| ERP ſign, and I have the * remainer M — 


arr. I double the term —2 xx, of the root R 
laſt found, and T have | "ox, which I join to the 
diviſor S. I divide — by the firſt term 24 
of the diviſor S, and I have — which I put in 


| 843 
the root R. 
T 


( ABD A” OPTI D RY PITT > ” * 


a 
r 
ö I CERT = 


To 


„ 
* E . 
- — 8 8 
- — — — — — 
= —_— SoC - 
- 


* — — — 
— * — ef nm —— — — — — — = Co 


— - - oO = 


-- Bo bs 


b-, db. — a7 
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I 0o find the fourth term of the root R, I repeat 
the ſame * I multiply the foregoing di- 


viſor S. 24—:x* by the third term of the root 


r* laſt found, and 1 have -, 
Which I and from the polynome A. I form 
the ſquare - x of the ſame third term x 


of the root R, which I alſo ſubtract from the po- 
lynome A, and Lhave the ſecond remainer N. 
1 double the ſame third term, and I have 


i **, which I join to the diviſor S. I divide 


Par 0 the firſt term 2 of the diviſor S, and 


I have = ze, which I put in the root R. 


To find the find the fifth term of R. I repeat 
fame operation and find the third remainer O, 


whoſe firſt term I divide by the firſt term 


| 64⁰ 8 

2a of the diviſor S, and there comes out — —+—,,x8 
and ſo on ad inſinitum. 

We ſhall not give here more examples of ap- 

proximation of roots of polynomes, altho they 

are of great uſe in the mathematics, becauſe we 


ſhall elſewhere treat of this ſubject in a more com- 
modious and general way. 


End of the fixth Leſſon, : 
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THE 


SEVENTH LESSON. 


| contain Radical Quantities. | 


PROBLEM IL 


D . hp 


We have ſeen, that to have the 1 or diffe- 
rence of a radical and a whole number, or a ra- 
dical and a fraction, or a radical and a radical, 


0 go through the operations of arithme- 
tic with polynomes compoſed * radical 
numbers or quantities. 


there is not often ag other way but that of join- 


ing them together by the ſign - for the ſum, 


and with the ſign — for the difference, that 
154-445, for inſtance, is the ſum, and 15—7345 


is the difference of 15 and 345. That 2 145 


is the ſum, and le the difference o 245 
and 4. And that 345 68 7 is the Fan and 


748—9 12 the difference of 345 and 12. 
Neither 1s there any other way to add one ſe- 
ries of radicals, as 15 ＋ 543, to another, as 712 
5, but to join them together without changing 
their ſigns, (only expreſſing the ſign +, 3 


is commonly underſtood before the. rſt term) 
after this manner, viz. 15-|-245-+3 123 15. - 


Nor is there any other way to ſubtract them, but 


by DE al the ſigns oft the ſeries to be ſub- 


tracted 


of the Calculus of Polynomes which - 


7 b 
os [ 
«t | 
= : 
5 | 
3 { 
7 4 [1 
4 j 
I | 
8 { 
» 
- + j 
* 1 
; f | 
if 
h j 
# 
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tracted, . into — and — _ . _ will 
wel _— , unleſs ſuc icals are 
ace 3 (which we always 
) they cannot be reguceg- into one.; for 
5 can never happen but whey! they contain the 
fame number under the ſame ſign. Thus 345 and 
920 may be reduced to 3% and 27, and then 
Va +y20=335+235=525, 2 Ac the co- 
efficient 3 and 2 together. #11 

| And 45—y20=3 75 — 275 1 25=25,by ſub- 

_ tracting the coefficient 2 from che coefficient 3. 
Hence to find the ſum 8 of the two 13 ct 
A and * "> 


15 A. 749785 7499 s 
B. $345 —4/7 t 


8. 8 #4399 —97-|-2 79 
D. 27 ＋10%5—1½7 


We muſt ay , which wind be put 
2737 4405. —577—4 


997. —$39--539 9. Every where 
following che rules of TERS fp polynomes. 


And to find their difference D, we muſt change 
all the ſigns of the polynome B, and fay 7— 


=. 196-336 = =—+1075. =5t7 +447= 


I}. — e — 1 g. 
After the fame manner we ſhall find the ſum 


of the polynomes M and N to "BE 2 and they 
difference D. 


M. e bee, 
N. 5— 5 alf aD | 


Wk 


l CE A 


1 


. PIT . . a 2 — —— — — — — — — 22 —— I ES 1 
< how * Ap &4 nw * 8 * 2 : * — — 2 
8 - a hr a 1 1 « * r # : Ac - 4 * - » - c 7 * 9 
"> * 4 E & 51 - N . » * £. or . AE: . * - * pals PLES ay nn 
SY Ten 2 s n 2 ae * FI * „ oO BL ag * A 4 re * * TY FA 3 fs: "== 
WE * * * di 9 N VL >> = V2 TY 4 I RET: . 4 W * i "341 5 F rabies”) nA. 3 x Yo nx by RN FFT > 3 * 
* 3 4 _ — r n P ˙ err ove wie IL + i: n 2 „ n — — — 
* m 2 LA Tout tao en „ K ba a0, A; . A ; "8K; — 
# 5 * 0 - Fs * 
CAS . 
0 . 
* 
y 5 


1 


* A S. 4 

D. 6 794 IRE > 
And * in other le y 

baſh: 92 IL 


md — e n p — 


F 


3 mo 


496.) | big 


To multiply one ſeries of 1 75 another, we 
muſt reduce them all to a ſign that ſhall have 


the ſame exponent, and then multiply each term 
of the one, by each term of the other, obſerving 


the law of the figns + and , and following 
exactly the rules of other polynomes. 


Thus to find the product P of the two  poly- 


nomes A and B. 

A. 93-4225 —_— £ 

B. — I 
32915 —326 


—|-2 17 85 20 —65 1 
—376 8 18 


41-þ-4715—64 —12710 


I fay y3x23=29=3, which I put underneath. 
424 5X4 3=Þ2415. 32x f. 376. 1 
fay again 23x2%5 =-2315. j235x4-235=-þ- 


| 4925 =p 5==26 1 | 
* gan 5 257 $2 e 


V2 X—3y2=—4-9y44-9 X 


Ja. Laß I a et n e 


ducts into one — P, which is * total pr act 
requir'd, as is eyident fen all that has been hi- 
therto ſaic. | 

Thus the. polynome A, in the following ex- 


ample, multiply d by the 1 " gives for 


product the Polynome P. 


— 4 — * — d . : 
\ x . » 
5 * - . * 29 x _ a 
5 * 
. SE 
A , 


r e DANA ” 
= — — — . UU A. I. ate. Ha. COA. — 


ED - af — — — ID — 2 . 
＋ 5 4 . 
7 Ai 42 
42 < F - x4 =” MS d * 
—. I ner ee an wot 
„ — x tie — _—_ * « „ 8 2 , 


r 


— a 


88 


eee 3 
* AE" SS 3} 
5 2 
rg + N 2 
n 4 s 
—— 


. 
e 4 an 
* * a r 2 ** 
2 - at *»% * a 


2. 
+ ö 
Ws 
3 
14 
15 
9415 
bo * 
18 
et 
N 
+ 
= 
"It 
11 
* 
4 
„e 
1 
* 
* * 
e 
be * 
1 
= boy 
1 74 
POW 1 
4 43 1 
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1 
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& 
n 


A. C Ne We ry 7990 
B. — — 275 08 
waive 

T b bye 


V -e — 


P. a r jab 


and if a==5, "MOY c=2, we ſhall live P=6= | 
23-15% 

"Thus, M ——_—_ by N ſhall give Q for 
1 


* 


Ja +6 
N. Js Ye 


def 
wah —\bb4-3bc 
Tab 


9 ba Nerger 
And ſo i in other examples. - 2 


(197) 3 m. 


To divide one ſeries of radicals b another. The 
ee rule for doing this, is to form a fraction of 
em whoſe numerator ſhall be the dividend, and 
denominator the diviſor. Thus the quotient of 
5 %, 

5 vg divided by zn is 2. —. - 


But we may follow the general rule for the di- 


viſion of other xr polynomes. 


Pl 


Thus to divide AbyB 


A. 451648 912—9525＋-12715 : 
rt 00 
B. 234 —335 +433. 
Q. 244 +395 


"Wh + 6320 
I 


I fay 4316 divided by 234, the quotient is 294. 


which I put at Q, and put o under 4416, then I 


multiply the remaining part of the diviſor by this 
quotient, ſaying —3 /* -274 690, which 
I ſubtract from the dividend A (by putting it under- 
neath at S with the contrary ſign ＋) +433x+ 
234—=+8412, which ſtrike out of the dividend, 
putting o under that term. 3 
I begin the operation again, and ſay; +6320 
divided by 4-234 gives for quotient -3 %, which 
[ put in the quotient Q. I ftrike out 6320, and 
lay, —335x4335=—9325 which I ſtrike out. 
+433x+335=-|-12315, which I ſtrike out. 
And becauſe there is now nothing lefr of the 
dividend A and S, the operation is finiſhed, and 
1 1s the quotient of A divided by B. | 


To divide M by N, and find the quotient Q. 


M. 42 1 8 996-12 c 
„ ©. © 


N. 2537 -＋-4 c 1 
N 2-36 

8. ＋＋6 7% 
* 


- — 
— 


1 order theſe polynomes with reſpect to one of 


their letters a, and ſay, 


of Aker. 279 


ES © 4 
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44,0r 43aa, divided by 22:4, the quotient is 224, 
which I put at QT 1 it had been 4a, I ſhould have 


ſaid, — 4a, or A4, divided by ＋2 2a, the quo- 


tient is — 29a). I ſtrike our 4a, and multiply 


the remaining part of the diviſor by this quotient, 
ſaying, —335x-2ya=—dyab, whichT put un- 
derneath at S with the contrary ſign. hy 
23@=—+-84 ac, which I ſtrike m_ 

J begin the operation again, ſaying, 6Jab 
divided by 22a, the quotient is 3 yy which I 
write in at Q. I ſtrike out 16223, and ſay, 
—3 F which I ſtrike out. 
442x—-32b=+122bc, which ſtrike out. And 


becauſe there i is NOW nothing remaining, the work 
18 finiſhed. 


(498. IV. 


But becauſe it ſeldom happens but that Pal 
will be a remainer in theſe kinds of diviſions, we 
muſt obſerve _ 

1. That when the diviſor = but of one 
term only, the work may always be done with- 


out difficulty. Thus the 0 of A * B ſhall 


be Q. 


A. 915241744354 7912 
B. 275 


% VS A 85 


The quotient of A the whole number 
ſhall be K. hi : 


R. $15—43917+-53 2235—3512 
The quotient of A by the fraction 4 ſhall be S. 
S. 1-3) 738) 
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The quotient of M by N ſhall be Q, | 


7 M. aqbombyed=—ad "Row : ; 

"er, Se fl 1 800 
2728 be be» ec 
2. EPO . 


For 3315 i by 23 "9 or 2784985 
T4 ik RET or -,. 435(p2y5= 
Gr. 97. =—% Nec Tas. And ſo in 
other s. . 

II. To divide a polynome A compord of as 
many terms as we fag by a binome B. Let 
the letters u, a, b, p, q, 1, &c. Rane 4 hurnbers 
wan en whole or fractional. ". * iy | 


a 15 4 —— G. 100 5 


ow x 


* FF ˙ W es. 2 4.7 PF 4 


"4 $ a N 
* — 5 * VF 5 „ S : 
; 1 F 


After RL, 8 all the foun to: "the ame 
exponent n, and the coefficients of all the terms 
to unity, if we form a fraction whoſe denomina- 
tor ſhall be the binomial diviſor as we here ſee it, 
the value of this fraction ſhall be _ to che 
quotient requir'd ; and then 


iſt, If when the exponent n is 2, we now 
both terms of the fraction by the binome . 
(which differs from the diviſor of the fraction 
199 in this, viz. that its laſt term has the con- 
trary ſign to the laſt wr jr the diviſor) we ſhall, 
inſtead of the fraction — 5 = EEE - have ano- 
J | 

ther of the ſame value, whoſe. numerator ſhall be 


Jap vag Jar—2bp-+2bq—3br, and whoſe-de- 
nominator or. Ari ſhall be -=, which we may 


Nr to one ſingle term , by which. if 
we 


* 
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we divide the numerator, we ſhall have the quo- 
tient demanded, Viz. 5 


ven —5 daf ada. —5 0b. het 557 


For example, n being equal to 2, if a= 8. 
=3.  Þ=8. q=6. r=7. &c. then we ſhall have 


Y=v0-+v7 
— , I 
7 5 and multip ying both the 


$- this "ING by 2523, we ſhall have 


013041351244 y18—y2T_,, 
ic == 3x 07-72: . 1 
90-4 735 —1ÿ24＋-2018—3 21. 
2ly, If the exponent n is 3, then the multiplier 
which i is to reduce the denominator of the frac- 


I>T 


2 0, 


tion, or binomial diviſor, into another that ſhall 


conſiſt but of one term only, will not be the bi- 
nome of a , call'd the contrary binome, be- 
cauſe its laſt term has a contrary ſign to what it 
has in the denominator it ſelf 5a. 0, but the 
ſaid multiplier ſhall be the product of the faid 
binome Ja—3b by its firſt term, join'd to the 
ſquare ” 3bb of its ſecond term —J4. viz. it 
ſhall be 44. -ab. Lb, for we may eaſily ſee 
that the product of this polynome by the diviſor 
Ja -b, is a ö, which reduced into one 
term m. 

zu, If the exponent n is 4, the multiplier here 
ſhall be the foregoing multiplier affected with the 


exponent 4; viz. haahab4-+bb multiply'd by 


the firſt term 5@ of the contrary binome $a—9p, 
Jjoin'd to the cube — 5 of its laſt term —4þ, 
that is to ſay, the multiplier ſhall be 7 $02 


dab —8695. 


4, If the exponent n is 3, che multiplier ſhall 


be that immediately foregoing affected with the 


ent 52 gy Vd 455 the firſt term 8 of 
the 


of Agel. 2383 

the contrary binome a 5b, join'd to the fourth 
power +464 of its laſt term ; viz. it ſhall 
de Ja#=$a*b-+-4a*b* ab 456%. And ſo on 


= infinitum. _ 


ly, If the diviſor is %4—2b, we muſt take the 
contrary binome a- to form the multipliers 
withal, as before, and which will be the ſame as 
the foregoing, only here all the terms will be 
affected with the ſign 4. | 
5h, To divide a polynome conſiſting of any 
number of terms, by a Trinome, when the expo- 
nent of the radical is 2. e 2 TR 


2s Yp=i+r—i Ge. 


by va --f de 
Aſter they are ſet down in the form of a frac- 
tion as above, we muſt multiply both the terms 
of this fraction, by the contrary polynome 2a-[-2þ 
—2c, which is form'd by changing the ſign of 
the laſt term only of the diviſor, viz. + into — 
or — into , and this will reduce the foregoing 
fraction into another whoſe denominator ſhall have 
but two terms, which by the rules foregoing we 
can reduce to a third fraction, whoſe denomina- 
tor ſhall have but one term only, after which we 
may go thro? with the diviſion as before. 
And to divide a polynome by a Quadrinome 
where the exponent of the radical is 2, ſuch as 
Ja- -c -d, we need only, after they are 
writ down in the form of a fraction, multiply 
the numerator and denominator by the contra 
polynome a- - 7— 75% — , which is form'd by 
ing the ſigns of the two laſt terms of the 
diviſor, and this will reduce the fraction forego- 
ing to another fraction whoſe denominator ſhall 
have but three terms, with which we proceed as 
before. e 1 


* 
= 
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But when the diviſor is compos'd of 5 terms, 
the operation is more difficult. 

We fhall not further purſue the method of di- 
viding one polynome by another, becauſe the 
diffieulty of finding the multipliers which reduce 
the polynome diviſors to one only term, is ſuch, 
as cannot be remov*'d, but by help of analyſis, 

and beſides theſe are but of little uſe. 
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We may alſo ſometimes extract the ſquare, 
cubic, Sc. root of a polynome which has radi- 
cals included in it, by the general rules for ex- 
tracting the roots of polynomes, and find for ex- 
ample that the ſquare root of 144—24/0-. 
3100, is r2—J10, ſaying, the ſquare root of 144 
is 12, I ſtrike out 144. I double 12 which gives 
me 24; I divide — 24/10 by 24, and I have 
— 3710, which J put after 12. I ſtrike out 
24510 and alfo the ſquare yo of — ro; 
and becauſe there is now nothing left, I know 
that 12—J10 is the ſquare root of the polynome 


_— 

hen the general rules will not ſucceed, Ana- 
Iyfis will furniſh us with particular ones. It 
will ſhew us for example, that to extract the 

ſquare root of a binome, the EXPONENT | of whoſe 

radical is 2, as 4242493. 

xr, After having reduced the coefficient of 
the radical to unity, which gives 42-1728, 
we muſt ſubtract the number 1728 which is under 
the ſign, from the ſquare 1764 of the rational 
term 42, which gives 26. 

2, We maſt ſee if we can crack the juſt 
root of this difference 36, which if we cannot, it 
is a ſign that we cannot have the 9 

;& x 


1 


E * — 1 
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the binome vanes gd; but if we can have the 
exact ſquare root of this difference 36, as it hap- 
perk in this example, for the root of 36 is 6. 

zy, Then we muſt take the half of the ſum 
42-+-6 of the rational number 42 and the root 6, 
which is 24, whoſe root 324 or 2% ſhall be the 
firſt term of the root of the polynome. | 

We muſt alſo take the half of their difference 
42—6, which is 18, whoſe root 18 23% ſhall 
be the ſecond term of the root of the polynome. 
Thus we know that the ſquare root of 42 
2443 8, 256-3 /, and that the ſquare root of 
42—24 7% 18 2/6—3 52. 

Thus we ſhall find that the ſquare root of 
37 ＋2073 is 5+2933 but we cannot extract the 
exact ſquare root of 37 +1243. 

. We ſhall not here ſtay to give a full account. | 
of theſe particular rules, nor their demonſtrations, 
| becauſe we have here to do only with thoſe that 


are general, and becauſe theſe FEIGUIIGNS, « are but 
of little uſe, 


(200). * 5 
To extract any root n of a pol nome that 
either has, or has not radicals included in it, when 
wee either have not a mind to, or elſe cannot, ex- 
tract it by the foregoing rules. 

To do this we muſt write the ſign before the 
polynome, and draw a line over the terms, to ſig- 
nify that they all belong to the firſt radical ſign 3. 
Thus to extract the nth root of the polynome 
al-%— 3d, we muſt write 92 Id. To ex- 
tract the ſecond or ſquare root of aa -ab. bb, 
we muſt write Y-. And to extract the 

cube root of it, we muſt write Jaa—abF3z. Sc. 
To extract the ſecond or ſquare root of oa, 

or —a, we muſt write 4. And - is its 

cube root, c. e Hence 
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Hence ariſe complex or compound radicals, 
which, like ſimple ones, may always be reduced 
to a fraction, whoſe terms are infinite. 


For example, the radical -= If a=2 
and =, ſhall be 2: ==. The radical 


which will give 124-721 — 7. 

21y, By approaching equally, as far as we pleaſe, 
the root of theſe fractions, which will reduce 
theſe radicals to ſo many fractions that ſhall all have 


the ſame denominator, and which we may conſe- 
- quently reduce into one. | 


zu, By extracting the neh root of this laſt 


fraction, which we may approach ad infinitum, 
and which ſhall be the approached value of the 
radical propos d. e 


PROBLEM I. 


O go through all the operations of arithme- 
tc with complex radicals. Ba 
Complex radicals, of which we have juſt 
ſpoken, being, like ſimple ones, to be reduced 
to a fraction, whole terms are infinite, ought to 
be conſider'd as ſimple radicals; fo that what- 
ever operations we may make with theſe radi- 


cals, we muſt follow the ſame rules that have 


been laid down for ſimple radicals themſelves. 
Tha, a 


L N (201.) I. 
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If we would add up to the monome a, 
we mult write a--1222—2353z. If we would ſub- 
tract it from a, we muſt write a==1 Y-. 
If we would multiply it by a, we muſt mul- 
tiply its coefficient 1 by a, and we ſhall have 
a-. If we would divide it by a, we 
muſt divide its coefficient 1 by a, and we ſhall 
have . ls. ü „ 

If we would add this laſt radical to the mo- 
nome ab, we muſt write ab+2 . ee. If 
we would ſubtract it, we muſt write -- 
J. If a=5, bg, then this polynome 
is reducible to 15—y19=15—} x5 0 

If we would reduce the coefficient of a}2;—<a3Þ-33 
to unity, we mult raiſe its coefficient a, to a 
power which ſhall have the ſame exponent as that 
of the radical ſign, viz. to the ſecond power aa, 
and multiply the polynome which is under the 
ſign, by this power aa; and it will give 
IV aaxaa—ab b=4\/ a*%==g Ara. 85 
If we would reduce this laſt complex radical 
to the moſt ſimple terms aJzz—aF#, we muſt 

divide the polynome which is under the ſign, by 
the greateſt power aa, of the ſame degree as the 
ſign, and multiply its coefficient by 4 the root of 
1 5 In Jac——at+bb 
that power. Thus rene a = 1 
1 b , bb « f[aa==a gent 2 
and — == * 3 (by | reducing all 
the terms of the polynome that are under the fi 
to the fame denominator) and this is reducible to 


| Laar Xx 
: vas. Thus, Vx [EE xx — _— 22 


is reducible to En, by dividing the fraction 
| . : | Which 
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is under the ſign by che ſquare = and _— 


ing the coefficient I by 3 root - ” of this 
fracuon, Sc. ; 


— - 


(02) | Wc II. 


If we would add a * * 9 to 
a polynome abb, we muſt write 4-55 
Vi-. And if we would ſubtract it, we mu 
write abi-bb—\/aa—38. 

If we 1 multiply = by abbb, we 
muſt write zZF33yaa—bb, drawing a line over the 
terms of the multiplier, to ſignify that they all 
belong to the coefficient of the radical. If a=5, 
Tr will abo. — 

Vaa—bb=15 16=15-4-36=51, which 
Ty to be well LE ew Par in this laſt ex- 
preſſion, ab does not belong to the coefficient of 
the radical, but makes a term alone by it ſell, | 
and bb only! is the coefficient of it. 

If we would reduce the coefficient of 77 
yaz—4 to unity, we muſt raiſe the coefficient | 
ab—bb" to the nh power, and we ſhall have 


il j1 87a, aa—5. If n—2, then we ſhould have 

had 1b —243b* J-2ab5 —bs, which may be 
reduced to the loweſt terms 2>—3yaa—b5, by di- 
viding the polynome which is under the ſign, by 
the ſquare a —2863-4:þ+, whoſe ſquare root is 
ab—bb, and multiplying the coefficient I by this 
root. 

Thus zFx/x*—caxi ga ri —70 x is re- 
duced to — moſt eee TE % —2axt, 
by dividing the polynome which is under the ſign 
| by the cube x*—3ax?j-3a*x—43, and multi- 
plying its coefficient * by the root x of 
ſuch cube. ä 
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Vers ax 
we may alſo reckons ar equal toe 
Ama 5 


| of which laſt fraction both the terms are affected 


K-22 a4 
with a radical ſign, i into another — — — 
Dr, where the numerator only ſhall be af- 


fected with a radical ſign, viz. by multiplying both 


the terms of che fraction — by its denomina- 
tor, which will not change its value, for 


— __ —— 


2 1 4 75757588 a V - aN 4 ab : 
ax 2 = 22 "a 7 = 
ASENTH TY "WD * 4 . cM . 
3 14 4 4 ; 81 $1 


We may alſo — che numerator from A.  radi- 


cal ſign, and for ax = - have 2. by mul- 


va - 4a, 
tiplying both che terms of the frachon by its nu- 
merator. 

We may allo reduce the exponent of a 
complex radical a$737—2233F3# to lower terms 
a i, by dividing the exponent 6 of the radi- 
cal by ſome one of its diviſors 2, and extracting 
ſuch root of the polynome compris'd under the 
lign, as is fignify'd by ſuch diviſor 2. 

__ Laſtly, we may reduce two complex radicals, 
ſuch as 22 and b344+33, to the ſame ſign 


a\/ aa—64” and Wap „ by taking the ſign 5, 
whoſe exponent 6 is the product of the exponents 
2 and 3 of the foregoing, and by raiſing mutual- 
ly the polynome under one of the ſigns, to the 
power ſignified by the exponent of the ſign of the 
other; viz. aa—bb to the tturd power, 

and ab+ bj to the ſecond, * which does * 164 
not change their value. 


ww (203.) III. 
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6050 5 III. 


Fo. add two complex radicals together, ſup- 
poſe a Td 724+, we muſt join them 
together by the An I. in this manner, viz, 
492635 —— 555 Lib And to ſubtract one from 
another we muſt join them with the ſign — after 
this manner, a Ib. 

And if after two complex radicals are — 
to the moſt ſimple terms, they happen to have 
the ſame ſign, and the ſame polynome under the 
ſign, ſuch as are 2955 and ba-, then their 
ſum will be -=, found by. adding their 
coefficients; à and h together. And their diffe- 

+ 4 rence will be Iz, found by 
* 167 ſubtracting their coefficients one from the 

2 7: ter 

And we 1 we multiply or divide one e complex rack 
cal 4237-3 by another e s (after having re- 
diced them to the ſame ſign) by multiplying or 
dividing the coefficient a of the one, by the co- 
efficient 6 of the other, and the pohynome aa 
which is under the ſign of one, by the polynome 
ab b which is under the ſign of the other, and 


Nee product ſhall be 457 N ab 
a? 5 —45. 5. 9 ABT their quotient 
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2.1 4 2. — ¹ÿ.t1J4—¼¼4 
28 ſhall be 3 22 D* * Vis xb. | - 
But the ert of e by be- ſhal! FF | 
be Das —abxaa——db. And their quotient 


tbh a 2 


ſhall be; — 227 2 Which ought to be 


| Il "5x Jay ao, 


cs — ot my _ 
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204.) IV. 


Having thus gone through the addition, ſub- 


traction, multiplication, and diviſion of two 
complex radicals, it will not be difficult to do 


the fame things with two ſeries of theſe radicals, 


fuch as 229 | \ 
ab- VU. = -V 
| - und 3 7 

ed-|-D\/ ac+46—c V 2a—4b 
For in addition we have no, more to do but 
Join them together by their ſigns, taking care to 
expreſs the ſign , of the firſt term of the ſecond 
quantity, which 1s ny underſtood. 

And in ſubtraction we nee 
ſigns of the coefficients of the laſt ſeries + into 
—, and — into ＋, without meddling with thoſe 
which are under the radical ſigns, and to reduce 


all the like roots into one only term both in addi- 


tion and ſubtraction. : ; 
And in multiplication and diviſion there is no- 
thing more to be done but to multiply or divide 


all the terms of one, by all the terms of the other, 


obſerving the rules of the ſigns - and — as be- 
fore in the ſeries of ſimple radicals. . 
We may alſo extract any root, the nth ſup- 


poſe, of a ſeries of compound radicals aa? 


baer by putting the ſign " before 
ſuch ſeries, and drawing a line over all the terms 


after this manner, viz. Va. -b ca; 


whence ariſe radicals yet more complex, with 
which we may work after the ſame manner as be- 
fore, by conſidering them as ſimple radicals. And 
ſo on to infinity. folk 
5 5 1 (205. ) V. 
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(205.) V. 
There is only one caſe wherein there is any dif. 


ficulty, and that is in the affair of imaginary 
roots. We have ſeen that the even roots of a 


4 6 
negative number —a, as v—a, -a, Ya, c. 


are impoſſible numbers. But this does not hinder 


but that, in multiplying them by themſelves a 


certain number of times, their products may be- 
come real quantities. 

For example, —a being g by che ſuppoſition the 
ſquare of „-a, tis plain that the ſquare of —a, 


or, which comes to the ſame thing, the product 


of „—a by -a, ſhall he — a, which is a quan- 
tity abſolutely negative. That the fourth power 
of -a ſhall be —a, and ſo on. 
Th being ſuppos'd, tis plain, that, following 
the general rule of the multiplication of 
* 168 ſigns ＋ and —, and that of radicals, 
* which | is to multiply that which is with- 
out the ſign of one, by that which is without the 
ſign of the other ; and that which 1s under the 
ſign of one, by that which is under the ſign of 
the other, tis plain, I ſay, that the product of 
La, or of bx La, or of 


＋ „-a by Lea Is bc x —a = —abc 
+ b—a by — 24 18 e * — 2 = atc 
5 2 by 12 a is —bc x —a = abc 


wb?! 4 by =C,—4 is -* —a = abc 

Tis A plain that the caſe is the ſame, when 
the coefficient of the radical 15 unity, and that 

＋ 94 by 121 is +I x 4 —4 
＋1—4 by — 1a 18 — I x —-4 = 
Lys by - 1-4 iS * To 
— by — 1a is EI x 42 — 

'T hat 


en 
lat 


lat 
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That is, if we do not expreſs the unit which is 


the cocficient of theſe radicals, but ſuppoſe it to 
be underſtood, as is uſual, 


+y—a by +}—2 is is —3 
+v—a by —y—a is ＋a 
—.— by ＋—21 is +54 


' ==/—2 by = 18 —4 


Whence it is obſervable, that, having. regard 
only to the ſigns which ſtand before the radicals, 
| like figns E by +, and — by —, give —in the 


product, and that unlike ſigns — by — and — 
by T, give + in the product, which 1 18 directly 


contrary to che general rule of multiplication; 


and yet this rule for imaginary roots is at bottom 


no other than a conſequence of the general rules. 
Hence it follows that if we divide 


Ia by Va 2 ——2 
24-4 d — 2 = -j—e 
— by +j—a 4 +j—a 
—a4 by —=/—a 2 —\/— 


And if we divide 


| by 575 —4 2 —cY—a 
| Jr 67 —5—4 2 = ＋ 4 
 ——abc by bj——a 5 S eye 
—abc by —by/—a $ —cy—a 


PN 40 


zuononb 203 


Becauſe the product of the quotient by the divi- 


ſor will give the number divided. 


We may alſo expreſs the ſquare of an imagina- 


2 


* k 
ry root, as a, after this manner, via. Ma, 


which ſquare is always equal to —a. 


But we muſt never uſe the expreſſion y — 45 


ſome do, becauſe It is equivocal, and a contra- 
h 2 diction 


e K n * 0 oy — _ * 
9 r 8 F p- y » % * , £ : 4 I 
4 ; * 212 3 * = r „ 
— — — — 1 : _. 5 
2 — =D 


OY II OI RG OS OR HT or nn erm y — — * — — 8 _ 


* 


4 


P 
Nele 52 _— w DB 


U nnen WY n 
ee c 8 
5 by g þ 7 "Sh Br 7 
Dig luis e AE.” A as" = bo Eee ce, 4 2 


3 
= ES : 


r mum 
* a - * 1 "yy 


IE» ooh, pr EY ES : 
OSS ISCY ded... n m — 


exponent of the radical ſign. 
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diction to all the general rules of the calculus ; be. 
cauſe the root of an imaginary ſquare aa, can nei- 
ther be -|-a, nor —a; and *tis for this reaſon, that 
when we read ſuch authors, we ought to ſubſti- 


tute the expreſſion V Ly — inſtead of their 
equivocal one Z—aa, which is equal to nothing, 
otherwiſe it will be difficult to underſtand what 
they ſay as to the calculus of theſe imaginary 


roots. | 


To multiply 4-33—a by —2, we muſt mul- 
tiply the coefficient -g by the whole number —2, 
and we ſhall have —63}—4 for the product. Thus 
—I2—2. or —} —2 by —3 is ＋3—2, Sc. 
Too multiply v by 2—a, we muſt write ſimply 
va x a, but the 1 of ＋273 by —-12—; 
is — 2% x 2—5,, for the product of the. coefh- 
cient -2 by the coefficient — 1 is —2, The 
product of -a3a by —y—b is -a2ax3Z—). 
The product of {a?—a by —}—bÞ is not —a7 


ab; but —a}—ax3—-b. For the multipli- 


cation of imaginary roots does not reſtore the true 
negative quantity whoſe root is imaginary in any 
other caſe, but when the imaginary root 1s raiſed 
to the power whoſe exponent is the fame as the 


858 | . 
To divide —2 by 3 we mult write 5 n 
| . 


The quotient of a divided by ;—þ is . That 
"SS 5 
of b by —4 is =, That of Jab by —56 is 


2/25 | | | 
S.. 
y—bb . ; ; 


But when the ſame imaginary quantity is found 
both in the numerator and denominator, we muſt 
Krike it aut of both, | 


Thus 


3 


tient will 


that of—bb, by a}—bb,is ————=: 0. 
WF, = 

W 1 1 
= that of ay—bb, by —bb, u. 


b (206.) | "3 


ginary radicals, 
B the multiplier, then P ſhall be the product. 


Of Algelra: + | 29 5 
Thus che quotient of 5 —3 1 —2—3, is 
2 . That of a2 —bb- by bj—bb i 13 


—y—} 

Wn = To divide —b, by 2—þ, we muſt 

ö » 

change b, into bx 2. and then the quo- 
Y _y 

be —— — And the quo- 


7— 
tient of 2—5 by —b i * . — And 


e ws. I 


vb dat we have now ſaid of radicals a real 1 
_ imaginary, is ſufficient to carry us through —_ 
all the operations that we may be obliged to make, 
either wit thoſe that are ſimple, or any ſeries of 
them, ſo that we ſhall content our ſelves with only 
giving ſome 1 more examples. | 


An example of multiplication in a which are ima- 


Let A be the number to be multiply'd, and 


* 
2M 
"BJ 
* 4 
-*30 
444 
b 
1 
14 
N 
38. 
I. ＋ 
„ 


1 
N 
1 


! 
| 
| 


5 * * eee, dere e Er, + N 
— * lee . 25 l * A > 


—— 3 
* = A — , 
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IA. * A2 —24—5b 
aa * 52 ag 


＋ „cc 
B. * 


* — 3 xnh3 | 
— x2 "Mia cc b -A- JP | 
d- bx? -- a4 
＋= * 6 Comma? 5 
. a x59 — c IAQ 
— — CC Xx — 4 


A 
— — . —— 
* 


„ Kb: Lax — 25 
2x --. ͤ — 35 
* Sem T2544. L- ce 

| bby = COX 244 | 

An example of diviſion wherein are imaginary 


P. 


radicals. 


Let A be the dividend, D the diviſor, the 


3 quotient, and R. R. ſeveral remainers. 


A; ”— = 
'X* © 8 
2a O —a*x* © | 
+ Lbx? © - R 
＋ cx? O | 
d2abh*x O - a*x © Laat—bb O 
+ a O auxo EO bb « O 


g ＋aabb o 0 800 
＋ a ä ＋a 2—5⁵ th 
＋ bbcc. © acc = © 
D. #—a—2—bb | 
Q. x? Ter Laax — 4 


* I—bb-\-2ax2—bb \-aa:—b 
+ cox ＋Tacc 
55 
Examples 
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Examples of multiplication of complex radicals. 


A. A. Ma Lebe 
B. Ns — ve 


ac + 25 


— 
wy 


— — — 


| 
| 
| 
. 
| 
x 
1 
1% 
| 
13 
4 
1 
1 
! 
1. 


a. 


A WES 2b; | 
Second Example. 

A. 57% Lr Gs | þ 

B. Mete Nd : | f 


: : = 
| aa v ac aaybc i 
"no aa? ad -a = 
| 2 jon DD | | 

F B Maag. Yb ENAd 1-300 na i 


mabV3acl-30544ad+3bd 
Third Example. 


__ 27 1 
A. V 
B. — é 


+ 2971-246 2 
1＋ 44777 
2 —.— 


P. 3344—z; Ae of 


| VV | Fourth 
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rourth Example. 


e 75 Tap 
nia; b* 


„ 
VVV of 
Fifth Example. 


A. aba = -b, b 
B. cd--b\ag-\-bb—cyag—bb 


P. abecd acd aa 
eee 

—— 5 4A 
a3 — abe = —5.＋. 
Dabbe abe. 


Sixth Example. 
To divide the polynome A by D. 


; 2 
A. A846 eee e. 


D. 4 2 2 
Q -I 


"4 by * 0 
© 2” PER r Þ 4 5 
44 28 . 32 2 
* 1 2 2 8 AAS = 338 a Wo mom dent ee It SÞ; 
; 7 - — — = : L - — => CG BE. — 


. 
r oe 
= - - 
2 — . G 4 — 


„I divide the coefficient as by 4, which 

95 a for the quotient, which I put down at Q. 
hen J _ the polynome which is under the 
ſign 5 


= ab. 


75 " 5 ee n * oj $ * 
— 
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ſign of A, by that which 1s under the ſign of D, 
and I have the quotient QO. 

Theſe examples may fuffice to give an idea of 
the method which ſhould be taken in the opera- 
rations of the more compounded polynomes, the 
Analyſis of which will point out to us the moſt 
conciſe and commodiqus ways of proceeding, 


End of the ſeventh Leſon, 
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THE 


EIGHTH LES SON. 
of the Calculus of Poets by their 


Exponents. 


DEFINITIONS. 


—_— I. 
9 E have hitherto given the 

1: * name of Power, to ſuch num- 

bers only as are generated by 
the multiplication of a number by it ſelf. 
Thus, the product 14, of unity 1 by a, we 
have calPd the frft power of the number a. 

The product 14a of its firſt power 1a, by a, 
has been calPd the ſecond per of a. 

The product 14aa of its ſecond power 14a by 
a, we have calPd the third power of a, and ſo 
Ws. | 

And theſe products we have expreſs'd much 
ſhorter thus, viz. 194. Ig*. 14%, 14. 

149. 43. 

The number n which denotes the degree of the 
power to which the number à. is elevated, we 
have call'd the exponent, and the ſaid number n 
has hitherto only been put for any poſitive whole 
number, ſuch as 1. or 2. or 3. or 4. Ce. 

But now we muſt look upon the word power 
as a term which has a ſignification of a much 
greater latitude ; for hereafter we ſhall attribute 
it to all numbers that can be ended, not only 


by 
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by multiplication, but alſo by diviſion, and the 
extraction of roots of the ſame number a, and of 

its powers. 


(208. : II. 


We have ſhewn * that by * unity " --109 
to the exponent n of any power aof a 
number a, whoſe exponent n 1s a poſitive num- 
ber, we raiſe the power an, of à one degree higher; 
that is to ſay, we multiply i it by its root 4. And 
by ſubtracting unity from the exponent ® of the 
| Power a, we depreſs it one degree, that is, we 

divide 1t by i its root a2. 

; I-41 2 2-1 2-7-1 ; 

Thus, bens a. po. hos. * =8 Oc. 
„ 3 333˙¾ „ ²Ü—'ùn 

And, 8s g 8 


Whence it follows that 
14 4” Þ OI —_ — 
a or 4 =j3=1.4 8 8 or 
— 1 —2—1 —3 1 
g me = Ge. 
Hence we diſtinguith two ſorts of powers in the 


general expreſſion a of the ſame number a. 
e 1 > 3 p | 
The One a. a. 2. da. 2 + » „ a where the wes cd 


nent is polttave, VIZ. * A 

The other 4. a 2 42 8 5 4 1 whoſe 
exponent p 1s negative, viz. -p. 

That is to ſay, the exponent. n of the ge- 
neral expreſſion a of the powers of the ſame num- 
ber a, may be equal either to a poſitive whole 
number +, or to a negative whole number —p. 


oy T?, 
And chat 4 1 well as a is an expreſſion that 


is known, and of which we can find the value. 
Ws i - 20 
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9: by wc} i n+p 
For if a=-þp. p=3- a=10. Then 4 4 
8 2 = 
4 = 21000. 


ll 


SER h E WP 
And if np. Then a S4 —=Þ = = 


Whence it follows that when the firſt power 
of a number @ is a*, its ſecond power 1s a*, 
Its third power 18 a3, its + Pech power is a or 


Its o power ſhall be 4 20 
Its — 1 power ſhall be rr. 
Its —2 power ſhall be a *= A. | 

Its —3 power ſhall be f. Ge. 

1. 80s power ſhall be a P. 


„„ 


Me have ſeen that to extract any root q of a 
power a of a number a, whoſe exponent p being 
poſitive, could be divided by the exponent q alſo 
poſitive, without a remainer, we have no more 
to do but divide p by g, and that then the ch root 
For example, the ſecond root of a or a, is 
. PE | 
4 u“, for a*xa©=24"," Its 34 root, or 34" 
is 4:2=—=6*, Its 47h root, or $a", is a* = 4. 
| | 2 CE: 
Its 6*® root, or Ja“ is a a. Its 12% root, 
or v, is a . 


But 
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But the calculus we are now upon, is not ſo 
confin'd ; for I ſay that any root 9 of any power 


af or a of a number a, whether its exponent 


be poſitive as -|- „ Or negative as' — , and whe- 
ther the exponent p, can be exactly divided or not 
by q the poſitive 8 of the root requir'd, 


ſhall always be 272 or 4 * ; becauſe we can al- 
ways find the value of theſe expreſſions, as we ſhall 
ſee preſently. | 

And this introduces cher diſt inction among 
powers, viz. of ſuch whoſe exponents are fracti- 
ons either PO or bs 


For if „A ＋gor—3 9 Þ=3: 74. a4 10, ton 


n 3 1 J p 
a — 2 30 2 4 . 

n 3 161 
a — 4 4 vad looo. 


n REN pL „„ 
8 SY a — a "3280 7. you 
2222 300 VI Mace © A”... 
a =a4=Va "EV == F,z; = 
9 | ya $1000 © 


+3, whoſe juſt value we may approximate as 
near as we pleaſe. | 


Whence1 It follows, that as before the firſt power 
of à was a”, the ſecond 42, the third a3, the 


1 a, or of. So here its : power ſhall be 
af Va N e : 

Its 4 power ſhall be Fe 
Its 4 ö power ſhall be a =Ya". 
Its 4 18 ſhall be abe; Ec. 
10 6 4b power ſhall be GeV? 
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'a was a”, 


And as before the —1 2 N 
—2.— 


Its —2 power 4 . 


Its —3 power 4 = =23, EE. Hiker. 
Its —7 power a *=; os ad 
So here its —; power, ſhall be a” = = 
Its — 3 power a er. Sc. 5 

Its —2 power 4 er „ 
Its —+ power gel. Se. 


1 Ws EPS. Ji: 
Its —4 Power 4 wes  £ 


(and) * 
Having therefore, from what has i aich i in 


the foregoing articles, a e l. 1 == cs 
r 


=. av. 4 dr aa, we may now ſub- 
ſtitute the new expreſſions 


Mo, 9 
1 © 249 a g— 


for the old ones 


and, vice verſa, the old for the new. And be- 
cauſe we have 3 been taught to go through 
all the operations of arithmetic with the old ex- 
preſſions, it will follow, that, if by ſuch ſubſti- 
tution it appears, that what we find by calcu- 
lating with the old expreſſions, be the ſame with 
that found by the new, then the operations we 

are 
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are going to lay down for the new, will be ſuffi- 
8 ogra 


PROBLEM I. 


10 go through all the operations of Arith- 

5 metic, with the powers of a number a, 

whether the exponents for thoſe powers are whole 
numbers or fractions, poſitive or negative. 

To do this we muſt follow the very ſame rules 
that have been laid down for the ers of a 
number a, whoſe N are e poliv whole 
numbers. Then 


(224) — 


A. to addition and fubtraftion, we have ſeen, 
that to add any power a, or 14* of a number a, 
whoſe exponent n is poſitive, as 3, to it ſelf; we 
need _ augment its coefficient. with unity. 
Thus a3 +a?, or 14 14) =243. 24 ＋14 
345. 3a CIA =443, GM. 

And univerſally, 14. 14%=24". 2 Lr ga- 
34 CIA 4. &c. 

And to have the ſum or difference of two 
powers 7a? and 44?, or univerſally of pa“ and 
gan of the ſame quantity a, whoſe exponents n, 
n, are the ſame poſitive whole number, we need 
only take the ſum or difference of their coeffi- 
cients. Thus, 743 +40) = 7+4x4* = 1147. 


| pagan — x an, and pa -g ==; * 4", 
ark. = the 6.5 Sake 72 : 9 numbers 

or fractions, poſitive or negative. 
The ſame method is to be follow'd when the 
exponents of thoſe powers are negative whole 


numbers, or fractions either poſitive or negative, 
| as 


1171 ß AER. 


74 4a = 5—, x 4 = . And univerſally 


7 


= TEE mae — 2 


3 3 - — 
* * 9 — = 1 "4 he 
— == > + 1 


. 


* — 
* 1 By 1 S 7 
83 | p — 
8 9 . Nl 22 = 
1 | * Fe". 


<— — 


therefore, 5 x 705 742 ＋3 * 7 J 8 80 * 
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as we ſhall fee by 2 the old expreſſion 


inſtead of the new. | 
of \ 


Thus, 7a e nd +” þ —. For ge, 


therefore, X a IXa II 
4 * 2 | 
Thus, ale = =34a*, For al = vas, there- 

3 2 | 


fore 74 — 5 239 =2a% 
79% 4y 294 23 3 


755 


Thus, 5a A3 — = For a 


— 


It will be nhcdlek to give any more examples, 


only let it be obſerv d that 11 x == and 
3 8 ; 

8 x + ow Ta 125 - | | 

But when the two powers whoſe ſum or diffe- 
rence: we would find, have different exponents, 
as 7a? and 4a, then they cannot be reduc'd into 
one term, for the ſame reaſon that 7a, 4a*, or 
74*—445 cannot be reduced to one term. 


Neither can na 140 pe reduced to one on- 
ly term, nee they have the ſame ex- 
e and the reaſon is, becauſe one of them 

— the other negative, and theſe cannot 
be brought 1 into one term, en the ſame account 


that 7 ＋ = 747 EI „cannot be brought 
into one and the ſame n. which ought to be 
well obſerv'd. 


(212. 8 2 II. 


For multiplication and diviſion, we ws ſhewn 
that in order to have the product or quotient of 


two. 3 am and a“ of the ſame number 4, 


whole 


SIE * 


„ that che product of a? by 43 is 273 —_ 


40 


| their quotient ſhall be 4 
| vided by $a? =$a" = 


divided by 733 =04” = 45. 
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whoſe exponents are poſitive whole numbers, we 
need only take the ſum or difference of their ex- 
ponents m and n, ſo that the product of am by 


an is am n, and their quotient a" that the 


pro duct of an by | a" 18 auI, and their quotient 


8 


4H, and their quotient a7 3 = kt.. 
And there is no manner of difference when the 
exponents m, n, of theſe powers are whole num- 

bers or fractions, poſitive or negative. 


| „ $ | & ww ng” 
Thus the quotient of a3 by a?, or 57 18 * 
3 | hg | 
MP For —, =—,=4 125 


The product of a/ by 423 = 5, ſhall be 2703. 


4 | 2 | o | . s 
Dal. For af * 3 = —4*, And their quotient 


ſhall be 27 5 =. For 4“ divided by & = 


— 


The product of a3 by az ſhall be 21 
45. For q x Ya" =ya* x $a? =547 =gs. And 


3 
+. 


The product of 4¹ by 4 ſhall be Feng 
| . I 6.43 "4 | 


1 
Aa 0 . for ya * y 4 X 9a == 9 =; 95 


And their quotient ſhall be FLEE = gs > for va 


2 . 


And univerſally, the product 
of ar by aa is al N. 1 | 
X 2 of 
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v7 by a— is Pais. 5 
fo? by avis o . 
5 24. i is 3 
P —＋ 1 
of ar by 4s 1 arte . &c. 
| And the _ 
of af by a? is "hits 
of af by 4 is 41.4. 
of a by a N 
of a py a is a T1 
2 1. T3 
of ar by a* is a Oc. 


This rule is founded upon this, viz. that the 
operations we went thro' with the exponents ol 
two radicals, ſuch as ae and , in order to find 


their product or quotient, are the ſame with thoſt 
we make uſe of with the two fractions E and; 


(which are the exponents of the powers of the 
number à in the new expreſſions, which anſwer 
to thoſe radicals) f in order to have their ſum or 
difference. 

For that we may have the product or quotient 


of * af and Vas, we muſt, % ſc, 1 them to the 
ſame ſign which gives Va and Va 2, We 
muſt multiply or divide that . is under the 
ſign of the one, by that which i is under the ſign 


of the other 5 which gives for product Vr, 


ps+ qr 8 


e = 9 and for the quotient = 


4 T2 And 
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And to have the ſum or difference of the frac- 


tions & and 2, we muſt firſt give them the ſame 


denominator which gives 2 and = 2, We muſt 


take the ſum or difference of the numerators, 


which gives for the ſum | * * , and for the dif- 
ference A EX 

8 585 
(213.) III. 


For the Compoſition of Powers: 


We have ſeen that to raiſe any power 4“, whole 
exponent n is a poſitive whole number to the 2. 
3... 8 1 we muſt multiply the expo- 
nent n by 2. 3. 4. . . P, and write a a". 4. 
am. a. 

That to raiſe, for example, a* to the 24 power, 
we muſt multiply 5 by 2, which gives 4". 

That to raiſe a* to the third power, we muſt 
multiply 5 by 3, which gives a, and ſo on, and 


we muſt do the fame thing in EVE other caſe. 


Thus afrais'd to the 2. —2.2.,—2 powers, 
or to powers whoſe Indexes are expreſs d by the 


numbers | 

2. — 2. 3 —& | ſhall become 

10 —o 2 AA 

a . 4 . 
9 1 
2 raisd to the powers whoſe indexes 3 are ex- 
preſs'd by the ſame numbers 

2. — 2. 3. — 2 ſhall be 


—10 10 * | mo” 
„% - «8 
3. 


4 rais'd to powers whole exponents are the fame 


numbe is M2 -: 2.5 
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2. — 2. 43. ; ſhall become 


. | 2 
r 


a rais'd to powers whoſe exponents are che 
ſame numbers 5 


+ 
-] 
v 
— 
v] 


or a » 0 .Q « Q 


And univerſally to raiſe a“ to the Þ = . 


141 or to powers whoſe indexes are ex- 
preſ'd ad thoſe I 


pn DOE 


2 » 02 * | . 


; — n 
2, To raiſe to the ſame powers we muſt 


pn pn 
pn Pn 7 . 
A 5 

1 5 

ly, To raiſe am to the ſame powers we muſt 
1 E 

4, To raiſe a ® to the ſame powers we muſt 
= = = 


write a * am , . amn. 


For 1ſt, Let a c. We have learn'd already, 


chat to raiſe the number to the p. PE. 1 
e e 
ty AR. 69 


N i 5 | 8 2 
powers, we muſt write x⸗ũ .c 
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ir remains therefore to demonſtrate that 2 
| „ n E 2 — — | | n 
"of 8 4 . 424 6 a 2 7 Now ff 5 
becauſe c=. for like powers of equal numbers 
are equal numbers, which muſt be underſtood in 


| {© a 1 
all the . nn r 
| | | 4 q | 
2a becauſe . 8 * — . RE) 
# 4 | | 2 . a — 
4, Den en Cant ws be- 
n G 4 . : 
cauſe cr A we 


eee I : . es 
zu, LM „e c, then it remains to be 


P 
2 chat 5 „ 3 5. Sm 


T3 . 
a 4 * "a Now 7 7 becauſe 


| 1 a 5. 1 pn 
"0 . a Ve=y = BE 


val a 
x F*_2 
T7 T x r divided by dan 5 
zu, Let gn or or V. c, and we are to nn; 
pn _—. 7 2 - 


ſtrate that Pac =g 8 ann, 4 


— — 


| m Mp | m 
a W. Now V , becaule « 6 Ve. 
po ec 


ak N 
* £94 
ny 
AT 
. 
. 
7” 
S 
1 
75 1 
1 
#81 
Ty 
I #1 
e 
$4 
2 
[If « 
8. 
LET: 
2 4 
_ 
* * N 
1 
1 4 N 
a i 
7% 
48 4 
BY 4 
"> 
KA + \ 
48 
— N 
1448 
— 
1 
1. . 
. 
. 
. k [ 
4 
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30 * by, 
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1 
= 
ll 
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pn 
pn : = 
, becauſe T 2 9 


1.4 — 
* 2 FRY 
Vo Yd V es tops 


4, Let a "or —=, and we are to 88 


ba 


e . 
ſtrate that c a 3 _—= x _ TT: ov 

pn 1 — 2 
wy . Now c= _ 1 ON > 


a 


n *, pn — 
—— 


4 — 7 7 divided by Jr we 1 


1 
a tk 


ER 
aum 
(214.) IV. 
To extract : EO TIS * 9 . ——7.— 
= | 3 4 Ts 
root of any power whatſoever . ” 23s 
a", a m. | | 


We muſt divide the exponent of the x propos'd 
power of a, by the exponent of the root pro- 
pos'd, 0 the rules of the ſigns ꝙ and —, 

that 
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that is, we mult act quite contrar here to what 
we did in the foregoing 30 hus 


The ſecond root of 4 ſnall be bY becauſe | * 

rad d to the ſecond power is . | 

For the ſame reaſon the ſecond root of * 
— — 

ſhall be a „ becauſe a+ © raig'd to the ſecond 


es. | 
po 4 
The —2 root of ſrl be a 5 


The —2 root of a ? ſhall be a 
20 The 4 root of cf ville ef 


e * ſhall be 2 | 
The — = root of 5 D be ny 
8 


The - root TD * ſhall be a 
And univerſally 


9 


The £4 root of an wal be a bu, becauſe 4 
is d to * power £ 7 is 4 Ge. 


Whence it follows that it is the fame thing to 
extract the 


2 . —2 e 


of any power whatſover, ſuch as 
2 


42. 4 4 4 as to raiſe ſuch power to 
| Fo 1 

5 the e O pow- 
er, where the terms of 2. — 2. 3. — Cc. or 
To —+ +45. —+3 Sc. are only inverted, for the 
| reſult 


2. 
pm 
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reſult in both caſes will be the ſame. And this 
ought to be well obſerv'd. Os 209 at Bibs ao 


PROBLEM W 


O go through the operations of Arithme- 
tic with powers of different numbers, a, b, 
e, d, &c. and with ſeries of ſuch powers whoſe 
exponents are either whole numbers or fractions, 
either poſitive or negative. We muſt follow the 
fame rules as we did for powers, and ſeries of 


powers, whoſe exponents are doe whole num- 
bers. Thus, 


(215.) a = | 
The powers 4 and Y being propos d, their 
ſum ſhall be — — 


their difference dns — 


their product — — — 3 


their quotient 


For * 5 Therefore 4 13 or ab 
& .. 
a divided by "= @ divided 


From whence I make the following remarks, 
which ought to be well obſerv'd, viz. 
1, That it is the ſame thing to divide any 
power whatever, as 6", by another , whoſe 
S — 
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exponent is poſitive, as it is to multiply a by 
— n 

by whoſe exponent is negative, for *tis plain 


n 
that 4 N N f 
. n m 
" 9p 4 b . 


21%, That it is the ſame thing to divide Fs by | 


þ „ whoſe exponent is negative, as to multiply 


'® by "ug , -whoſe I is poſitive ; for *tis 
N 


plain — divided by . a * 


(216.) | . 
Hence we have a method of freeing a product 


from its negative exponents. If, By putting the 

letter whoſe exponent is negative in the numerator 
with the ſame exponent, but poſitive. 2, By put- 
ting the letter whoſe exponent 1s negative in the 
denominator, into the numerator with the ſame 


exponent, only making it poſitive, 


5 | 
Thus, ab C 3 * d. = 


2244 
Ber. 

Thus, 1 (or a* x 5 x c. divided by 
* * ene 

Thus, 2; (or * 3 dige IF: 3 
x X = 4 e „ 


Hence 


4 
4 
KF} 
4 
. 
* 
* 
4 
1 5 , 
7 
= 
Dar 
E 
1. 
1 £1 
"14 8 
, Fw *4 
'Þ 
. 
22 
4 
£ 
4 . 
wn 
. 
1 


— Seo es "258 7 2 We 3 —— ne Pp: 
* 4 1 * N 
„ A rrnet ne wer tn ok 2 2 


234 
2 * "Ie 


<A 
FF 
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Hence we have a way to reduce a fraction into 
the form of a whole number, viz. by putting the 


letters of the denominator into the numerator, 


with the ſigns of their exponents chang'd. 


a 1 1 —1 22 2. —2 4 
— — &X — = þ 5 5 = 
Thus, 0 * 
ꝶm—: 03 nz r m —n 
& - OS = 4&4 © _— — @q * 
8 8— a2 2 o 


Fractions being thus turn'd into whole num 
bers, we may perform all the operations of arith- 
metic with 3 by following the rules of whole 
numbers, and thoſe of exponents, explain'd above, 

in' d together. Thus, 

The ſum of A and B is S, and their diffe- 


rence D. 
A. 4 — * 
B. 34) ＋3ab 2 
8. 7ay EY 
D. ray —44⁴⁵ 5 Yo 
The _ of ax by ax is ar That 
of ab " by a is a c . That of ax by 
woe { @ Jour] 2 — 


ax is ax , That of ax by ax i 
3 | 
ax ._ | 
The quotient of ” a by ia , or 3 ll Is 
(by changing all the ſigns F the exponents N the 


diviſor) ab c d. The quotient of adæ by 
| | ax 
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5 18 ds 25 ih The quotient of a * by EE 


TY . tm 7 . IN 


* 


8353533 b. to the p.. ·— 5 


or any other power, we muſt multiply each of 
the exponents of ſuch R by the exponent 
of the power propos'd. 

Thus, as 451g rais'd to the third power - is 
a hugs, ſo, for the 096 __ the pch power 


of ab © ſhall be a And its p root, 
or which is the ſame thing, its = , pawn ſhall be 


ap h bad · The 3 power of 4b '4 ſhall be 


4 
2 And i its — root, or, which comes 
to the ſame thing, its —+ power, ſhall be reg 
—_— 3. —1 — 

5 * 4 2 All which is evident from what 
has been hitherto ſaid. 


The product of A by B is P. 


A. 92 * 
B. W. 5 


"I ba 8 
— mb 


NG TC 
Found by multiplying that which ſtands be- 
fore the ſign of one, by that which ſtands before 
the ſign of the other; and that which is under 


the ſign of one, by that which is under che ſi 
of the other. The 
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The quotient of A by B is O 


A. WIN hen . be 
B. B. . For 1 ⁰⁰ 
Q WV. 


Found by dividing that which is before the 
ſign of the one, by that which is before the ſign 
of the other; and that which is under the ſign of 
the one, by that which is under the len! of che 


other. 


3 


(218.) 3 


To expreſs the 2 „ 
7 9 
powers of a polynome a4-b—c— Cc. we muſt 


draw a line over all the terms of ſuch polynome, 
and put the exponent of the power at the end of 


it, thus, abbr. abb=c . And then we 
muſt work with theſe POE in the ſame 
manner as if "cy were — 


Thus if U anc and Ps ts propos'd, their 
Jum would be = — „their difference 


a} Sg 
their — — — —  xX-d 


their quotient — — — ab X ad 
by changing the a — of the exponent 9 in- 


to +, and that for the ſame reaſon as the quo- 


I n 
tient of @ , be „or = ba xc, 
N 


Thus 
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Thus the quotient of 4A by c—d (= =—— 


— — ERIN 


x) 1s r . wy Fo of 


FP by cd Is ab xi=d, by changin 
ay N of the FIN — of the he av 
into. 


Thus alſo we may « come at the p. —.5 — 


powers, or roots of the powers of a KEE AE 


of 2. 3. 4. Sc. or even of * infinite — TRINNNS 
— n 


of terms, ſuch as a--b . . 2D 
eee Se. Cc. by only 


working with the exponent n of ſuch powers, as 
we did with thoſe of a. For we may conſider 
the polynome which is under the line as reduced 


to ons only — a. Thus the 2 power of 
2 ſhall be a+ , and the .Þ root ſhall be 


a4 b. And ſo in other examples, juſt as the p 


wer of an is abe, and its root 5 

But becauſe we have often occaſion to reduce 
the powers of theſe polynomes into their infinite 

ſeries, this ſhall be the ſubject of the — 


problem. : 
PROBLEM W. 


T O reduce any power 2 of a binome ab 


into an infinite ſeries, whether its exponent 
n be a whole number or a fraction, poſitive or 


negative, viz, whether it be p, or _—_ „ Or 
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Preparation. 


We make uſe of the formula E, which we may 
2 continue ad inſinitum, by conſidering, 
1 


„That the numerators 


10. 1—1. 22. 
#—4, Fc. of the fractions 
which ſerve to form the co- 
efficients of the products 


120 0 Ne I Nm 2 
8 . 


R 


a . 54. Ce. are all 
compos'd of the letter n, 


which is the univerſal expo- - 


nent of the power ab , 


and go on decreaſing from 


unity. 
2h, That the denomina- 
tors of thoſe very fractions 


| Increaſe according to the or- 


der of the poſitive whole 
numbers 1. 2. 3. 4. 5. &c. 
and exceed by an unit the 
negative whole numbers 


—0.—1.—2.—3.—4. Cc. 


which are the numerators. 
3, That the exponents 
10. — 1. H==2.N—3.TO 


Hein D 


F n—o © 


18 5 


1 | 
n—g 1—10% 10 
S 


n—10 n—11 17 


„ | 
n—11 n—12.12 G. 


4 b 


12 


of the powers of the letter a, go on decrea ſing 
by unity, whilſt the exponents O. 1. 2. 3. 4. &c. 


of the letter þ proceed on 
This being ſuppos'd, 


increaſing by unity. 


 (220,) II. 
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(220 A 
The conftruflion of the 9 feri 2 


The bit term of the infinite ſeries A of che 


OY ab of the binome ab. 
| A 


„ 
the wn 13 m_— 
p 


e — n—2 
he third term — —=+1 x" . 


0 =D n—2 45 3 


the fourth +1 KO IE 
the fifth IX N at ne e- 
and fo on to infinity. 5 


n—0,0 


That is to lay, x, That the products a 5 


n—1 I 


a 3. Ec. of every term of the ſeries A ſhall 
be the ſame as thoſe of the formula F. 

21y, The coefficient of the firſt term of the ſe- 
ries A, ſhall be the ſame as the coefficient of the 
firſt term of the ſeries F, viz. unity 1. 

3!y, The coefficient of the ſecond term of the 
ſeries A, ſhall be the product of the two firſt co- 
efficients of the formula F. 

4, The coefficient of the third term of the 
ſeries A, ſhall be the product of the three firſt 
coefficients of the formula F. | 

And ſo on to infinity. And we may ſet this 
formula A in one ſingle line, as my be ſeen in 


Tab. 1. at the end, where, inſtead of = — we have 
„„ put 


4 5 
7 
} 
8 
7 
* 
©2J 
. 
Ly 4 
= 
* oP 
f * 
; 3 
l * 
4 
I 
22 * 
+ ö 
: 4 
17 * 
* IJ 
? * 
++: S 
+: 
is 
„ 
4.9 
+ 
1-4 
.F® 4 
2 6 
$48 
\ i 
a 
44 
ES. 
a, 
Ws 
a 
1 
wo 
58 "Bi 
* '£1 
, 7 : 
, „ 


W 
= 7 2 A Fe 4 
— . A 
NI "Dc; LY 
2 „ 5 
. SR 8 
. 1 . LS 4 Wal 
Cs Ars — 
— —ée % A 


— 


1 as 
1 — 2 * 4 28 9 

: | — 

5 . * 2 N 

4 © Was _— S 
7 2 — Vs 

we ASS 2 > : 

PPP 
— 


ä 
t 
—.. .. ̃ ̃˖—ßL Bb PI 
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* 

* —, and inſtead of a = we have put 
3 n, and 50 1. 

(221 NF 3 III. | 


The tents of determinate ſeries. 


We ſhall have the determinate ſeries of any 
poyrr we pleaſe of the binome ab, ſuch as 2 that 


of 2 T5 or aA , or a--b*, or 9% ths „ by 


ſubſtituting the given exponent 2, or — 2, or 
+3 „ or = inſtead of n in the ſeries A. Thus, 


„The ſeries of Ty ſhall be 10. Laab. H.. 
ror . firft term of the ſeries A, viz. I= 14 


The ſecond term of the ſeries A, viz. 1 * 


0 © We 2 Soul, 3 2—1 


ra b Saab, for a SD D. 


The third term of the ſeries A, viz. 1 x 7 


. ͤ 2—1 * 2 | 
AT" 6 D =<-IXFh 7” b =1b , for 


The fourth term of the ſeries A, viz. 1 * 


N—1 n—2 n— 3, 21 2—2 2—3 
ä 7 4 Y =1X Pre op OG Po, 


becauſe the fraction go, and becauſe the 


product of any number whatſoever by nought is 


always nought. 
And becauſe the reſt of the terms of the ſeries 


A, will always have the fraction * = o for a 


; e 3 
multiplier, when 2 2, tis evident that all thoſe 
terms will be nought, and conſequently the ſe- 
4 "a 


eh 


chang d, becomes % = 
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ries A will become the fiuite ſeries 4 2a be, 2 


when is equal to 2. 
Acſter the * manner we ſhall find that the 


| ſeries for a+b?, will be 43455 7-34 -A. 53, 


by ſubſtituting 3 in the room 1 of u, ad ſo in . 


others. 


2b, The ſeries of Is 2 DEED al be 
1 25 25 =” 


— * Sc. to infinity. For, 


The firſt term bod the general ſeries A, being 


1 


BE: | | 
—2 3 2371 
The 3 ter m 1X 1 55 —ͤ— 22 35 
; 2b | 
| 


—2 —2—1 —2—2 2 
The chird term Ax fx —— 


4 342 73 == and fo on to infinity. 


The ſame mathod.; is to be purſu'd for other ſe- 
ries of determinate powers of the binome ap. 


We may find theſe ſeries, and make theſe ſub- 
ſtitutions with much greater eaſe, by making uſe 


| of the formula F in the following manner. 


it, We mult firſt of all ſubſtitute the ex expo- 


nent propos d, as —2, in the place of n im the 


coefficients of the terms of the formula F, which 
will give 1. — 2.2, 2, —4.—4 Se. 


2, Then taking the ſucceſſive products of 


5 theſe fractions, we ſhall find that the coefficient of 


the firſt term of the ſeries propos'd will be 1, 
that of the ſecond term 1x—2——2, that of the 
third, —2 x —-£—.4-3, that of the fourth term 
-|-3 x —£——4, and ſo on, by multiplying con- 

Y 2 tinually 
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tinually the coefficient laſt c found by che fraction 
which follows. 

Thus, 1.—2.-] 3 24. ＋45.—6. Ge. ſhall 
be the ſeries of the coefficients. 

35, We muſt, after the ſame manner, ſubſti- 


tute the exponent — 2 in the place of n, in the 
products of _ * F, and we ſhall have 


1 2 2 Þ 
. 4 5. a 3 4 55. Ge. or = =P „ 
J. Sc. which we muſt multiply each by its co- 
efficient before 3 and then we ſhall have the 
ſeries 77 - * T Sc. requir d, equal to 
the power = =it IT" 


If we would find the ſeries of the power ab 
SV 2404-03. 


P. / HT .  _ . —3 8 4. Se. 


„r 
—_—— 2 4 »- M4 84 > Roe 
% end , nd . — , Oc. 
. 3 =; Ti ==:h; pf; Ge. 
V. 81 Fas, . SH 4 553 n Se. 
| b 5² 53 54 
X. va 55 Tat 3g+ 3a7 * 3.710. Oc. 


= 4 r 2437 08 


We muſt ſubſtitute the given exponent £ 4 
Þ oi in each: of the numerators P of the N 
ons of the formula F, and we ſhall ve the ſeries 
of determinate numerators Q. 


5 2, We 


* 


— 
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2!y, We muſt divide theſe by the denominators 
R, and we ſhall have the ſeries of fractions 8, 
whoſe ſucceſſive products T ſhall be the coeffi- 
cients of the terms of the ſeries propos d. 
3, Inſtead of the exponents P of the products 
of the formula F, we muſt ſubſtitute the fractions 
Q, already form'd, and we ſhall have the deter- 
minate products V, or X, each of which we muſt 
multiply by its coefficient, found before in the ſe- 
ries T, and then we have the ſeries Z which we 
deſir'd. „ 5 
Whence we may obſerve, that thoſe ſeries of 
powers only whoſe exponents are politive whole 
numbers, are finite, all others, as well thoſe whoſe 
exponents are negative whole numbers, as thoſe 
whoſe exponents are fractions, either poſitive or 
negative, have an infinite number of term. 


(222.) , he V. 


Now to demonſtrate that the ſeries A is in 
effect the infinite ſeries of the univerſal power 


a+ þ of the binome a-|-b, whether the exponent 
n of that power be a whole number or a fraction, 


poſitive or negative, viz. p, or =P, 2 or — E 
We muſt obſerve in the firſt place, that, to 
find the ſum S of any two ſucceſſive coefficients 
N. M of the ſeries A ( /ee Tab. 1. at the end) when 
n is a whole number either poſitive or negative, 
we need only augment n in the latter coefficient 
M, by +1. I 8 
That is, if we put an 1, we have only to 
ſubſt itute 4 in the place of u, in the coefficient 
M, in order to have the ſum S of the two coef- 
ficients M and N of the feries &. 
„„ 2 M. 1x 


5 
r: en 
J 0 . — — »* 8 4 1 n 
* 
2 


p \ 1 , n 
— =, ee Cady ie ans 
© WY i - I " 1 pak 

22 * -_ * rener < . r * . 


'$ 
-$ 
4 
U 
1 
3 
4271 


* 
4 
$ 
2 £ 
4 
a 
f 
= 
8 
5 
LF 


LANE Fo aa” 


r 
3 FE 22 4 600 


- 
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NO 1—1 1 —2 n—3 
— X X 3 


3 
8. 3 u 0 — X u—2 = 
For two b bes Sosibcie N NI. of the ſe. 


—_ — 


ries A, whatever they be, never differing one 
from another but by the laſt fraction, if we mul- 
tiply the former __ theſe coefficients N, viz. 


I x> ** == by — +1 (that is, by the laſt 
fraction encreas'd = — the Pros which 


n 1 N—? 


comes out ſhall be the exact ſum 1 * 1 * 3 


of the two coefficients 


M mk as 1s ect 


But — i= += — ———— Mi „ which 
will a happen whatever the laſt fraction of 


M be, becauſe the negative number of all the 
fractions which form theſe coefficients, and which 
is in the numerator, is always leſs by unity than 
the poſitive number which is in the denomi- 
nator, ; 

Therefore che ſum MN of the two coeffi 


cients M and N ſhall be 


M. 1 XI x NR 
N. N 
Ay SE x—— multiply'd by Ih 
25, TI 4 * ens Hs | | 
IX1 xn —IXH—2X/1+1I 


ah. —_-— — 
N Ri 4x 300. 


: 4), = 


oe the Calculus 4 18 by wok Z. xp 30 7 


DA. 12 
IX I X2Xx 3 * 4 

5, =1x7x Dx xD a 

_ ie, From what was faid jul above. 

2, Becauſe 4 2 5 
Zu, Becauſe to have the product of ſeveral 
fractions, is to take the product of all their nu- 
merators, and the product of all their denomi- 
nators. 
Ju, Becauſe in a product, che order of the 
parts of which it conſiſts, does not change its 
value. 
5ly, * 1 being put , we have 


n 1 n u. 1 1 u. 2 
ir r Ta 6 

'F ie in order to have the ſum of two 
ſucceſſive coefficients N and M of the ſeries A, 
we muſt ſubſtitute in the latter M, Au- -I for 


N, that Is, we muſt increaſe HA by unity. 


7 4, = 


S abs 2-VE 


Mie 3 ce in the ſecond place, that, to to 
multiply the ſeries A. (/ee the ſame plate) by a gb, 
which? is the root of all the powers repreſented by 


aÞb, we need only increaſe n both in the coeffi- 
cients and products by unity. 

That is, putting 4 =#—1, we muſt change 
into ꝝ in the ſeries A, in order to have the pro- 
duct of this ſeries by aÞ+h. For 

i, To have the product of the ſeries A, by a, 
we muſt change the an into a in the products on- 
ly, without meddling with the coefficients, as 


may be ſeen at * | 


" "3" 4 1 —_ 
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For 12 ase BY =14 , becauſe . 


And INA | þ XA AI * 3 "b=+r | 
„aa 5 becauſe ui; 5 and o on to in- 
8 4 


„To have the product of the Gries A by b, 
we 1755 change all the a into a, and give che 
coefficient of the product of the firſt term of A, 
to the product of its ſecond term: the coefficient 
of the product of the ſecond, to the product of 
the third, and ſo on, as "Oy be ſeen at C. 


For 1a + OS a b, becauſe Un, and 

conſequently z=4—1. 
n— — 
And +1 * 14 5 535 =1 1x2 12 for the 
_— reaſon ; and fo on to infinit 

, To have the total product of the ſejies = 
by 1 we muſt add the ſeries B and C toge- 
ther, which is to be done by adding the terms of 
the ſeries C to thoſe of B. 

But to add the terms of the ſeries C to thoſe 
of the ſeries B, becauſe they have the ſame lite- 
ral product, we muſt put the coefficient of one to 
the coefficient of the other, which, by the' fore- 
going article, is to be done by encreaſing „ in 
the ſuperior coefficient by unity, or, which comes 
to the ſame thing, by changing all the of that 
coefficient into , as may be ſeen at P. 
The ſeries P then, ſhall be the product of the 
ſeries A by a-|-b, therefore, to multiply the ſe- 
ries A by a--b, we have no more to do than aug- 


ment its exponent n by unity, which ought to 
be well remember d. 10 5 N 


| (2 24.) VI. 


Of 1 Of the Calculus / Powers 4 their Exp. 25 : 


a „„ 8 
A demonſtration of the firſt caſe. 


To demonſtrate now that the ſeries A is in 
effect che ſeries of all the powers of the binome 
 a-+b, whoſe exponent n is a poſitive whole num- 
ber, we muſt obſerve * 

I, That if in the ſeries A we make Aro, 
then we ſhall have A=1, that is, the whole ſe- 
ries A will amount to no more nor no leis chan 


unity. 
1 
For 14 a =I, becauſe 4 5 a and be- 
cauſe 1x1==1. 
O 211 


Allo Lx 2 SIX 1a b =0, becauſe 
* 2 So, and becauſe the product of every number 


by o is always o. 


And as the fraction = Do, therefore hen n O 


is found in all the reſt of the terms of the ſeries 
A, all thoſe terms multiply'd by nought vaniſh, 
ſo that the ſeries A amounts to 1 when =. 

2ly, Since therefore when A g＋α“ in the ſeries A, 
then the ſeries A—1. If in the ſuppoſition that 
uo, we multiply the feries A by a -b, (which 
is done by increaſing » by unity, that is, by put- 
ting 1 in the ſeries A, inſtead of 1 So) it is very 
plain that the ſeries A will by this change become 
equal to ab, becauſe 1 x -a E=. There- 
fore when ul, the ſeries A=ab. 

zy, We have juſt ſeen that if in the ſeries A 
we make ==, we ſhall have Ama. There- 
fore if in the ſuppoſition that »=1, we multiply 
the ſeries A by a-+b (which is done by Art. pre- 


cedent, 
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cedent, by augmenting # by unity, that i is, by 
putting 2 in A in the room of z=1); it is plain 
that the ſeries A u will, by this E 


become equal to a--bx ab = aa--2ab.-bþ = 


a-. And GPL when #=2, the {cries 


Ama. 
4, Ver the 1 manner we ſhall find, _ 


when g, the ſeries A ſhall be equal to a+, 
and fo on to infinity. 

Therefore the —4 A is an univerſal ſeries for 
every power of a-{-b, whoſe exponent is a poſi- 
tive whole number. And there is no more to do, 
in order to obtain any particular one we have a 
mind to, _ to ſubſtitute ꝓ the exponent of the 


= ad propos'd, inſtead of x in the ſe- 
ries A. 


(225.) VII. 
the demonſtration of the ſecond caſe. 


And to demonſtrate that the ſeries A is alſo in 
effect the ſeries of every power of the binome 
a-, whoſe exponent is a negative whole 
number. 

We muſt obſerve that the products mp. 92 of 
two numbers x and m by a third p, can never be 
equal but when the numbers n and z are equal, 
which is evident. This being ſo, 

Let us ſuppoſe, 1ſt, —1 to be ſubſticured in 
the place of x in the formula A, and then we are 
to demonſtrate a —_ this ſuppoſition the ſe- 


ries = fined ==. 5 


; In 


"FP 
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In order to this, multiply the ſeries A on that 
part where we ſuppoſe #=—1, by eb (which 
is always done by increaſing n by unity, that is, 
by putting —1-+1 or © into A in the room of 
1——1) it is evident by the precedent article, 
that by the ſubſtitution of o in A for u, we ſhall 


have A==1. 


Multiply - 57 on the other part by ab, and 


it is plain the product will alſo be 1. Whence 
it follows, that when #=1, then the ſeries A 


=p —=ab „ becauſe by multiplying both 
t eie quantities by the ſame quantity ab, we 
aave the very ſame product 1. 
25, Suppoſe now that in the ſeries A we ſub- 
ſtitute —2 in the woe of u, we are to demon- 


ſtrate that A = _ = Pa -U, and to do 


this we muſt follow the ſame method. 
Multiply the ſeries A, on the part where we 
ſuppoſe 1-2, by 4. A5 (which is always done 


by augmenting » by unity, that is, by putting 
—2-|-I, or —1 into A inſtead of »——2) it is 


evident from what has been juſt ſaid, that by the 
ſubſtitution of —1 in A. inſtead of u, we ſhall 


have A N 


Multiply 5; onthe other part by a-|-b, 
_ it 1s plain that the product ſhall likewiſe be 


| 2 
e for the ſame * as before, Sn 


ab „ when n=—2. 


Alter the ſame manner ric may be ini 2 
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the ſeries ſhall be equal to ab * when we make 
#—3. And ſo on ad infinitum. . 
Therefore the ſeries A is an univerſal ſeries 
for every power of a-|-b, whoſe exponent is a 
negative whole number ; and to have any parti- 
cular one p, we need only ſubſtitute p the expo. 
nent of the power propos d, in the room of z in 
the formula A. | 5 


(226.) 32 
Corollary. 


Hence it follows, that if we ſubſtitute 22, or 
Zu, Sc. or univerſally px in the room of z in the 


formula A, we ſhall have the ſeries AA of the 
ſquare, or of the cube, or of any other power 


whatſoever p, whoſe exponent p is a poſitive 
whole number, of the binome ah, whether u 
be a whole number or fraction, poſitive or ne- 
gative. 

1't, The thing is clear when u is a whole num- 


ber poſitive or negative, for *tis plain for exam- 
ple, that the ſer ies of the ſquare of the power 


| PTY or = he ſhall be the ſeries of the power 


ab or ab , and that we ſhall obtain this 
ſeries by. ſubſtituting 10 or — 10 in the for- 
mula A. . wo N | 
2ly, The caſe is the ſame when is a fraction 
either poſitive or negative. For 
In the firſt place, whether the exponent n of 


the ſeries A bea whole number or a fraction, po- 


ſitive or negative, we may always find the ſquare 


of it A A, by multiplying firſt, all the terms by 
the firſt term , which will produce the ſeries Q 


for the firſt partial product, then by r, which 
| gives 


bb 4 | 
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gives the ſeries R for the ſecond partial product. 
And fo on infinitely, the work being very eaſy. 
Bur *tis evident by the precedent article, that 
the ſum of all theſe partial products ſhall be the 
ſeries AA (which we find by ſubſtituting in the 
formula A, 21 for ) when u is a whole number 
poſitive or negative. Wo | = 

And when 7 is a fraction poſitive or negative, 
it is an eaſy matter to conceive how, in the fore- 
going operation, all the a of the ſeries A are 
chang' d into a, but the whole difficulty lies 
here, viz. to ſhow how it comes about, that in 
the ſum of all the coefficients of each term there 
always comes out 2, inſtead of u, in the pro- 
duct A A (ſee Tab. 1. at the end.) 

For example, how the ſum of the coefficients 
which compoſe the fourth term T can be tranſ- 
form'd into G. „ 


n n—1 2 n—2? 
+rx px ox 
1 3 | | G 
4 IX Xx 5 1 
c — | zn 21—1 2n-2 
| T 4 1 2 rn ws _— 
# n, 1 | L 3 
FIX X= 
| n nMn—T —2 
I o+Ix2, — * 
C 1 - 3 J 


8 | 
This transformation is neceſſary when u is a 
whole number either poſitive or negative, as we 
have Juſt ſeen. 1 | | 
It is therefore alſo neceſſary when n is a fracti- 
on poſitive or negative, it cannot be true in one 
caſe, but it muſt be ſo in all others. It carries 


with it the force of an axiome that if na- Lu ,, 


when 2=5, or #=—5, then we ſhall equally 
have za-nub=2% when „=, or n=—+. and it 
will be the fame, whatever other ſeries we put 


n the place of aa. Tub, and of 2y, It 
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It is plain therefore, that in order to have the 
ſquare A A of the ſeries A, whether n be a 
whole number or a fraction, poſitive or nega- 
tive, we need only ſubſtitute in it 2 inſtead 
of u. TAW 

The actual transformation of T into G in this 
and all other caſes, is to be done by actually per- 
forming the operations according to the directi- 


ons of the ſigns , —, x, and fo we ſhall find 


— "2-10 


— 
2 * 


After the ſame manner we might demonſtrate 
(by multiplying the ſeries A A by the ſeries A, 


which would give the ſeries of the cube of A in 


partial products) that we ſhould obtain this ſame 
ſeries A A A, by ſubſtituting 3 in the place of 
u in the formula A. And ſo on to infinity. 
And univerſally that we fhall have the ſeries 
of any power (whoſe exponent is a poſitive whole 
number p) of the ſeries A, by ſubſtituting in the 
ſeries A, pn in the place of 2, whether be 
a whole number or a fraction, poſitive or ne- 
gative. 7 


7.) 3 


A demonſtration of the third caſe. 

To demenſtrate that the ſeries A is alſo the 
ſeries of 2 8 a power of debe ab, whoſe 
exponent - is a poſitive fraction, by only ſubſti- 
tuting in the ſeries A, the exponent b in the place 
of 7. 


Ift, Sub- 
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if, Subſtitute in the firſt place - P and you will 
| have a ſeries S, which ſhall be the {cries of the 7 


root of a-l-b; that i is, you will have S =o +þ - 
For if you elevate the ſeries S to the q pow 


(which muſt be done, according to * an- 


article, by multiplying i Its exponent - which will 


q 
: give r, and by ſubſtituting this Product? Lor 


1 the ſeries 8, 8 


ſeries A) you will have another ſeries, whoſe ex- 
nent ſhall be 1, and which ſhall conſaquently 
be equal to ab. 3 it follows, that the 


ſeries 8, whoſe exponent is = is equal to the q root 


of ab, or S= 97F3, becauſe this ſeries S being 
elevated to the q power, will become a-|-b. 

21y, This being ſo, if you elevate the _ 8 
to the 5 power (which, according to the 
dent a muſt be done by 1 its wank 


ponent — - by p, which will give 2 75 and by ſubſti- 
| ruting the product; inſteadof © in the ſeries 8. 
or of in the ſeries A) you will evidently have 


the ſeries whoſe exponent is 7 and this feries ſhall 
be (on to that of the 9 root of the power 


ad „or to the ſeries Va Ib +5 =" Which 
was to be — | 
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(2 50% | 3 XI. 
4 demonſtration of the fur 4. 
T0 demonſtrate, in the laſt Face chat che ſe- 


„ 


ries A, is alſo the ſeries of HET 2 a power of 
ab whoſe exponent is — any negative fraction, 


by only ſubſtituting — ? for z in the ſeries A. 


if, Subſtitute in 1 firſt place DAN and you 
will have a ſeries 8, which for the ſame reaſon as 


in the TY article, _ * 1 5 to the 
root of - — that i is, 8 =p 2 WW 


4 Then raiſe the ſeries & i a? exponent is 


2 to the power 2 (which, by the preceding co- 


rollary, 1s to be done by pig _ by p- 


and ſubſtituting the product — inſtead of — 


in the ſeries 8. or of ꝝ in the ſeries A) and you will 


find that this laſt ſeries whoſe exponent 15 OE? 


ſhall be the ſeries of the 7 root of the e power 


— — 


| * 
a4b ; or the ſeries of Val Fees * 


Which was to be demonſtrated.” 
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The ſeries A therefore, is the infinite ſeries of 
all the powers of the binome 4. fl, whether their 
exponents 


x * 
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exponents are whole numbers or fractions, poſi- 
tive or negative, as 3, or ===, a Or — 2 „ Or uni- 


verſally p, or =p 45 © or . And to have each 5 


of them in particular, we need only ſubſtitute i in 
the ſeries A, the .determin'd exponent 3, or 


2 P 


— 4 or = .Þ Or -D. or ol thoſe W- 
en, nn 


ers inſtead of n.. 

I ) he ſame ſeries A may alſo be e as the 
infinite ſeries of all the roots of the binome a-＋b, 
whether their exponents are whole numbers or 
fractions, poſitive or negative, as 3 or 3. 3 or 


. or univerſally p- or — 7 or —. And to 


have each of theſe in particular, we have no more 
to do but ſubſtitute i in the ſeries A the derermin a 


exponent | + or —+ 4 or 
5 | 1 CE EH 5Y q 
or univerſally — — or -- — 1 Or ea 


in the room of u. 
For tis the ſame ching to 88 che 3 n 3 


2, 1 or 4; root of a number, as 


4 . : | T I 
to raiſe it to the 4. — 1. 4 +; 2 = 


5 . 4 power, where the terms of the fraction 
are inverted, viz. 3 or 4 into & C. 
Whence it follows that the ſeries A may be 


look'd upon as an univerſal formula for all the 


powers, and all the roots of any binome what- 


ever aro. 
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The ſeries. A ſhall alſo be a general formula 


for all the powers, and all the roots of any hi- 


nome a—b, if we only ſubſtitute l in the place 


of -1-þ in the formula A. 


Which makes no. other alteration but this, viz. 


that in the powers of a—b, whoſe exponents are 
poſitive whole numbers as 3 or p, all the terms of 
theirſeries,which are infinite, are alternately poſitive 


and negative. And in thoſe whoſe exponents are 


negative whole numbers, as —3, or —p, all the 


terms of ſuch ſeries, which will alſo be infi- 


nite, will be all poſitive. Quite contrary to the 
ſeries of powers of the binome ab, as is evi- 
dent by the operation it ſelf of ſubſtituting —b 
for -+b. : 


. 


PROBLEM V. 


power n of a polynome of three, four, 
five, Sc. or of an infinite number of terms, ſuch 
as a4b4-dd-e+f+g-+-hb, Sc. or more generally 
of the polynome ay* +by* boy om e 
gy? Sc. which is the fame as the oregoing, 


when y=T. | | 
(231.) J. = 
We muſt ſubſtitute in the formula A, table 
the firſt, or in the formula A, at the top 


* Table2. of tab. 2d. ay" for a, and by? for b*, and 
we ſhall have the ſeries 1 A. 1 A. 


1 A. Sc. which ſhall be the ſeries of the general 


power z of the binome ay*-+by*. For inſtea 


O raiſe the infinite ſeries of the general 


of 


we. na e 95 1 5 „. . Sc 
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And as the particular ſeries of a any power of 
the binome a-{-b, ſuppoſe the fourth M, 


M-þ-a*+-44*b-64*b? 4446) +þ+ 

may ſerve as a formula for elevating a trinome 
te to the ſame fourth power, by put- 
ting a for 

the * term cy? of that trinome. 

So the ſeries A of any power # of the Wan 
ar, may alſo ſerve as 4 forngurs to elevate the 
ſame trinome ay4-by*{£y3 to the ſame power 
u, by putting à for the two firſt terms ay-þby?, 
and b for its third term +cy*. For, 

_ x, As we find the firſt partial product of the 
fourth power of this trinome, by putting the 
firſt term a+ of the formula M for it, and ſubſti- 


tuting ay-by* inſtead of à in 44, that is, by 


raiſing ay—by® to the fourth power, which gives 
a+ 144-42 $98 642% o+4ab3 y7 545%, which 
we $9. by ſubſticuting in the 2 M, ay in- 
ſtead of a, and 552 inſtead of 6. 

So we may find the ſeries 1 A. 1A. 1A of 


the firſt partial product of the x power of the 


lame trinome, by repreſenting this product by 
the firſt product a of the formula A, and ſubſti- 
tuting in 4a*, ay y inſtead of a, that is, by 
raiſing ay-by* to the 7 N which we have 
2 Waal done art. 1. 

So that the ſeries of the terms 1 A. 1 A. 


1 A, Sec. which is that of the x power of the bi- 
| & 2 R 
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of a0 we ſhall have any g | inſtead af © 74 N we 


e two firſt terms ay+by*, and b tor 
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nome ay--by?, is alſo the ſeries of the firſt par- 


tial product of the trinome 4 ey. 
2), And as we find the PERRY dale product 
of the fourth power of the ſame trinome, by repre- 
ſenting this partial product by the ſecond pro- 
duct 4a of the formula M, and ſubſtituting 
there, ay4by* inſtead of a, that is, a 55 + 993 
55 Tgab- yi.+b3ys inſtead of a“, and cy? inſtead 
of þ, which gives 44a*cy5*-|-4x ga Ax 3ab? 
cy * AX D. 5 
So we may find the ſeries of the ſecond par- 
tial product 2 A. 2 A. 2 A. c. of the x power 
of the ſame trinome, by repreſenting this par- 


tial product by the ſecond product 24 5 of the 


formula A. And becauſe in this product, à has 


one dimenſion leſs than in the foregoing a. It 
is evident that we ſhall have the ſecond partial 
product 2 A. 2 A. 2 A. by ſubſtituting z—1 in- 
ſtead of x in the firſt 1 A. 1 A. 1 A. Cc. as well 
in the coefficients as in the exponents, and mul- 


tiplying each of its terms by — x cy*. 
Thus inſtead of any we fhall have r 
n—1 3 n n—1 m2 | 
Inftead of TE Tue we ſhall have _ x 1 
n— 1 n—2, n-I+i+3 nn n—1 n—2, nz 
— 7, bcy — MX * Ben . 


zu, And we may find the ſeries of the third 

partial product 3 A. 3 A. 3 A. Sc. of the n 

power of the ſame trinome, repreſented by 2 
' 


4 
n 
e 
d 
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1—1 NM? 2 


third product _ r b of the ſeries A, 


by ſubſtituting »—2 inſtead of x in the firſt 1 A. 


1 A. 1A. Sc. and multiplying each of its terms 


by * xc And ſo on to infinity. 


% 


(233. | "4," 


By following the ſame method, we ſhall find 


the infinite ſeries of the n power 8 or ua 
nome ay--by* d-cy3 4-dy*, by maki e of the 
ſame —— 4 = „ — three firſt 
terms ay- EY ＋cy ; by a, and the fourth term 
dy“ by b. And 3 . 

It, The firſt product of this ſeries being re- 
preſented by a“ of the formula A, ſhall be the 
very ſeries 1 A. 1 A. Sc. 2 A. 2 A. &c. 3 A. 


3 A. Cc. 4A. 4 A. c. compleat of the x power of 


the trinome 4 A 2 +cy? juſt before found. And 
2h, We ſhall find the ſeries of the ſecond par- 
tial product 1B. 1B. 1 B. c. repreſented by 


mn n 


14 b by ſubſtituting 21 inſtead of u in the 
firſt, and multiplying each of its terms by - 


Tg 
* dy . 
3, We ſhall find the ſeries of the third par- 


tial product 2B. 2B. 2B. Sc. repreſented by 


-X==— >, by ſubſtituting 2 inſtead of 


u in the firſt 1 A. 2 A. 3 A. Sc. and multiply- 


N—_ 28 


xd y. 


. . n 
ing each of its terms by - x 


Z 3 And 
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And proceeding in this manner ad infinitum, 
we ſhall have the ſeries of the quadrinome re- 
quir'd, a 20 baſe DEA vel 


C 

And if we ſtill go on after the ſame manner, 
we ſhall find the infinite ſeries of the power 
of a polynome of 5, of 6, of 7, and at the ſame 
time of a polynome of an infinite number of 
terms. 1 E N 

Thoſe terms that are marked 1 C, are the 
firſt terms of the ſeries of the n power of the 


= 


* 


polynome of 5 terms. Thoſe that are marked 


1 D. of the polynome of 6 terms. Thoſe that 


are marked 1 E. of the polynome of 7 terms. 


And the whole ſeries which is in table 2, (which 
may be eaſily continued to infinity) contains the 
7 firſt terms of the general ſeries of any power 2 
of the polynome ay-{-by* c. of an infinite num- 


-ber of terms. 


To have that of the polynome -T cy 
+ Sc. = M by" ey? yr Ge, becauſe 
ay? Sa, we need only ſubſtitute in the fore- 
going ſeries 5 in the place of all the y®, as is 
evident by the precedent conſtructioun. 

This infinite ſeries therefore will ſerve as a for- 
mula to raiſe any polynome whatever, as gæ 


b ix EA I c. or g8%|bx* L-ix* 


+ Sc. to any power p. 9.7 — we pleaſe, 
7 


or to extract any root p. E. Hof the ſame. 


And we have no more to do, but ſubſtitute 
in it the quantities Rx. g. h. i. K. I. Oc 
in the place of quantities . 4. b. c. d. e. &c. 
2 4 an 
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Ferre 
7 7 * 2 #% 
— inſtead of u, in order to have the ꝓ. —p. 
5 


— p;pover or root of it that we deſire. 


and the exponent p i — . 


| 


And when the exponent which we ſubſtitute 


for x: is a poſitive whole number, then the ſeries 


will terminate and become finite ; but in all other 


caſes will be infinite. | 
| Theſe formula's are of very great uſe for the 
finding other general formula s, which ſerve to 
diſcover the reſolution of problems that are more: 
compounded, and conſequently we ſhould render 
them very familiar to our ſelves, 


XE MA R K 


There are two other ſorts of calculus's that are 


in uſe in the Mathematics, viz. the Differential 


and the Integral. 

But theſe being rather an application of the 
foregoing calculus s to Geometry, than true arith- 
metical ones; we may be aſſur*d that theſe firſt 


eight Leſſons contain generally all that is neceſ- 


ſay to be known of numbers, in order to be in a 

condition to attempt the ſtudy of the Mathema- 

tics, and to make a great progreſs therein in a 
little time. 5 1 

Me ſhall ſee in the following Leſſons of what 
extent the ufe of theſe calculus's are, and with 


what eaſe the moſt difficult queſtions are reſolv'd. 


by them. 
. 20 JY 66 

End of the eighth Leſſon. 
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